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PREFACE 

TO THE FOURTH EDITION 


Advantage has been taken of the preparation of the fourth edition of this 
work to add a few additional references and to make a number of corrections 
of minor errors. 

Our thanks are due to a number of our readers for pointing out errors 
and misprints, and in particular we are grateful to Mr E. T. Copson, Lecturer 
in Mathematics in the University of Edinburgh, for the trouble which he has 
taken in supplying us with a somewhat lengthy list. 

E. T. W. 
G. 3 ST. W. 

June 18, 1927. 
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CHAPTER I 


COMPLEX NUMBERS 


I'l. Rational numbers . 

The idea of a set of numbers is derived in the first instance from the 
consideration of the set of positive* * * § integral numbers , or positive integers ; 
that is to say, the numbers 1, 2, 3, 4», .... Positive integers have many 
properties, which will be found in treatises on the Theory of Integral 
Numbers; but at a very early stage in the development of mathematics 
it was found that the operations of Subtraction and Division could only be 
performed among them subject to inconvenient restrictions; and consequently, 
in elementaiy Arithmetic, classes of numbers are constructed such that the 
operations of subtraction and division can always be performed among them. 

To obtain a class of numbers among which the operation of subtraction 
can be performed without restraint we construct the class of integers, which 
consists of the class of positivef integers (+ 1, +2, 4*3, ...) and of the class 
of negative integers (— 1, — 2, — 3, ...) and the number 0. 

To obtain a class of numbers among which the operations both of sub¬ 
traction and of division can be performed freely J, we construct the class of 
rational numbers . Symbols which denote members of this class are 3, 
0,-^. 

We have thus introduced three classes of numbers, (i) the signless integers , 
(ii) the integers , (iii) the rational numbers. 

It is not part of the scheme of this work to discuss the construction of 
the class of integers or the logical foundations of the theory of rational 
numbers§. 

The extension of the idea of number, which has just been described, was not effected 
without some opposition from the more conservative mathematicians. In the latter half 
of the eighteenth century, Maseres (1731-1824) and Frend (1757-1841) published works 
on Algebra, Trigonometry, etc., in which the use of negative numbers was disallowed, 
although Descartes had used them unrestrictedly more than a hundred years before. 

* Strirtly speaking, a more appropriate epithet would be, not positive, but signless. 

f In the strict sense. 

£ With the exception of division by the rational number 0. 

§ Such a discussion, defining a rational number as an ordered number-pair of integers in a 
similar manner to that in which a complex number is defined in § 1*3 as an ordered number-pair 
of real numbers, will be found in Hobson’s Functions of a Beal Variable , §§ 1-12. 
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A rational number x may be represented to the eye in the following 
manner: 

If, on a straight line, we take an origin 0 and a fixed segment 0P X 
(P 1 being on the right of 0), we can measure from 0 a length 0P X such that 
the ratio 0P x /0P 1 is equal to x ; the point P x is taken on the right or left of 
0 according as the number x is positive or negative. We may regard either 
the point P x or the displacement 0P X (which will be written OP x ) as repre¬ 
senting the number x . 

All the rational numbers can thus be represented by points on the line, 
but the converse is not true. For if we measure off on the line a length OQ 
equal to the diagonal of a square of which 0P X is one side, it can be proved 
that Q does not correspond to any rational number. 

Points on the line which do not represent rational numbers may be said to represent 
irrational numbers; thus the point Q is said to represent the irrational number 
^2=1*414213.... But while such an explanation of the existence of irrational numbers 
satisfied the mathematicians of the eighteenth century and may still be sufficient for 
those whose interest lies in the applications of mathematics rather than in the logical 
upbuilding of the theory, yet from the logical standpoint it is improper to introduce 
geometrical intuitions to supply deficiencies in arithmetical arguments; and it was 
shewn by Dedekind in 1858 that the theory of irrational numbers can be established on 
a purely arithmetical basis without any appeal to geometry. 

1*2. Dedekind’s* theory of irrational numbers . 

The geometrical property of points on a line which suggested the starting 
point of the arithmetical theory of irrationals was that, if all points of a line 
are separated into two classes such that every point of the first class is on 
the right of every point of the second class, there exists one and only one 
point at which the line is thus severed. 

Following up this idea, Dedekind considered rules by which a separation+ 
or section of all rational numbers into two classes can be made, these classes 
(which will be called the Z-class and the 12-class, or the left class and the 
right class) being such that they possess the following properties: 

(i) At least one member of each class exists. 

(ii) Every member of the Z-class is less than every member of the 
12-class. 

It is obvious that such a section is made by any rational number x ; and 
x is either the greatest number of the L-class or the least number of the 

* The theory, though elaborated in 1858, was not published before the appearance of Dede¬ 
kind’s tract, Stctigkeit und itrationale Zahlen, Brunswick, 1872. Other theories are due to 
Weierstrass [see von Dantscber, Die WeieretrattSsche Theorie der irrationalen Zahlen (Leipzig, 
1908)] and Cantor, Math. Ann . v. (1872), pp. 123-130. 

t This procedure formed the basis of the treatment of irrational numbers by the Greek 
mathematicians in the sixth and fifth centuries b.c. The advance made by Dedekind consisted in 
observing that a purely arithmetical theory could be built up on it. 
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-class. But sections can be made in which no rational number x plays this 
irt. Thus, since there is no rational number* whose square is 2, it is easy 
see that we may form a section in which the IE-class consists of the positive 
tional numbers whose squares exceed 2, and the i-class consists of all 
her rational numbers. 


Then this section is such that the jB-class has no least member and the 
-class has no greatest member; for, if x be any positive rational fraction. 


id y = 


_ x(a?+ 6) 


then y—x = 


2 * (2 - ^ 


and y 2 —2 = 


(a?- 2) s 


so a?, y * * § 


3^+2 ’- 3^+2 9 —( 3 a 8 + 2 )** 

id 2 are in order of magnitude; and therefore given any member x of the 
-class, we can always find a• greater member of the i-class, or given any 
tember x of the IE-class, we can always find a smaller member of the 
I-class, such numbers being, for instance, y and y. where y' is the same 
motion of rf as y of x. 

If a section is made in which the IE-class has a least member A 2 , or if the 
-class has a greatest member A l3 the section determines a rational-real 
umber; which it is convenient to denote by the same f symbol A 2 or A l , 


If a section is made, such that the IE-class has no least member and the 
i-class has no greatest member, the section determines an irrational-real 
umber l. 

If x, y are real numbers (defined by sections) we say that x is greater 
han y if the i-class defining x contains at least two§ members of the IE-class 
efining y. 

Let a, ft, ... be real numbers and let A l3 B l3 ... be any members of the 
orresponding i-classes while A 2> B 2 ,... are any members of the corresponding 
S-classes. The classes of which A u A s , ... are respectively members will be 
ienoted by the symbols (J^), (!4 2 ), .... 


Then the sum (written a + j3 ) of two real numbers a and ft is defined as 
;he real number (rational or irrational) which is determined by the i-class 
[A x 4- Bx) and the JB-class ( A a + B 2 ). 


It is, of course, necessary to prove that these classes determine a section of the rational 
lumbers. It is evident that A l + B 1 <A 2 +B 2 and that at least one member of each of the 
ilasses (Ai+B{) 3 (i 2 +A) exists. It remains to prove that there is, at most, one rational 

* For if pjq be such a number, this fraction being in its lowest terms, it may be seen that 
2q -p)j{p - q) is another such number, and Ocp - q<q, so that p/q is not in its lowest terms. 
The contradiction implies that such a rational number does not exist. 

+ This causes no confusion in practice, 

% B. A. W. Bussell defines the class of real numbers as actually being the class of all L-classes; 
the class of real numbers whose L-classes have a greatest member corresponds to the class of 
rational numbers, and though the rational-real number z which corresponds to a rational number 
x is conceptually distinct from it, no confusion arises from denoting both by the same symbol. 

§ If the classes had only one member in common, that member might be the greatest 

member of the L-class of x and the least member of the iLclass of y. 
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number which is greater than every A x + B x and less than every A 2 +B 2 ; suppose, if possible, 
that there are two, x and y (y > x). Let be a member of (Jj) and let a 2 be a member 
of (A 2 ); and let Y be the integer next greater than (<h-<h)l{b(y-x)}- Take the last of 

the numbers aj, (where 0, 1, ... N), which belongs to (A x ) and the first of 

them which belongs to (A 2 ); let these two numbers be c u c%. Then 

c 2 ~ ci » j r (<h -<*i )<4 ty -*). 

Choose o?i, d 2 in a similar manner from the classes defining & J then 

C 2 4- d 2 - c x - d t < y - x. 

But and therefore c 2 +d 2 -c 1 —d- i '^y-x\ we have therefore 

arrived at a contradiction by supposing that two rational numbers x y y exist belonging 
neither to (A 1 + B{) nor to (A 2 +B 2 ). 

If every rational number belongs either to the class or to the class (A 2 +j5 2 )> 

then the classes (.dj+Pi), (A 2 + B 2 ) define an irrational number. If one rational number x 
exists belonging to neither class, then the X-class formed by x and (Aj +BJ and the 
A-class (A 2 +B 2 ) define the rational-real number x. In either case, the number defined 
is called the sum a+$. 

The difference a—£ of two real numbers is defined by the Z-class (Ai—B 2 ) and the 
£-class (A 2 ~B{). 

The product of two positive real numbers a, /3 is defined by the i?-class ( A 2 B 2 ) 
and the Z-class of all other rational numbers. 

The reader will see without difficulty how to define the product of negative real num¬ 
bers and the quotient of two real numbers; and further, it may be shewn that real 
numbers may be combined in accordance with the associative, distributive and commuta¬ 
tive laws. 

The aggregate of rational-real and irrational-real numbers is called the 
aggregate of real numbers; for brevity, rational-real numbers and irrational- 
real numbers are called rational and irrational numbers respectively. 

1*3, Complex numbei'8. 

We have seen that a real number may be visualised as a displacement 
along a definite straight line . If, however, P and Q are any two points in a 
plane, the displacement PQ needs two real numbers for its specification; for 
instance, the differences of the coordinates of P and Q referred to fixed 
rectangular axes. If the coordinates of P be (f, 17 ) and those of Q (f +x, 17 +y), 
the displacement PQ may be described by the symbol [ x , y]. We are thus 
led to consider the association of real numbers in ordered* pairs. The natural 
definition of the sum of two displacements [x , y], [x, y'J is the displacement 
which is the result of the successive applications of the two displacements; 
it is therefore convenient to define the sum of two number-pairs by the 
equation 

0, y] + O', y f ] ~[x + x\y + y']. 

* The order of the two terms distinguishes the ordered number-pair [x, y] from the ordered 
number-pair [y, *]. 
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The product of a number-pair and a real number x is then naturally 
defined by the equation 

x' x [>, y] = [*'#, afy]. 

We are at liberty to define the product of two number-pairs in any 
convenient manner; but the only definition, which does not give rise to 
results that are merely trivial, is that symbolised by the equation 

[x, y] x [>', y'] = [xx' - yy\ xy + x'y]. 

It is then evident that 

0 > 0] x [ x , y] = [as®', xy] = ® x O', y ] 
and [0, y] x [®, y] = [- yy, x'y] = y x [-y', a?']. 

The geometrical interpretation of these results is that the effect of 
multiplying by the displacement [®, ^3 the sams as that of multiplying by 
the real number x; but the effect of multiplying a displacement by [0, y] 
is to multiply it by a real number y and turn it through a right angle. 

It is convenient to denote the number-pair [x, y] by the compound 
symbol x + iy, and a number-pair is now conveniently called (after Gauss) 
a complex number ; in the fundamental operations of Arithmetic, the complex 
number x -h %0 may be replaced by the real number x and, defining i to mean 
0 -1- il, we have i* = [0, 1] x [0,1] = [— 1,0]; and so i 3 may be replaced by — 1. 

The reader will easily convince himself that the definitions of addition 
and multiplication of number-pairs have been so framed that we may perforin 
the ordinary operations of algebra with complex numbers in exactly the same 
way as with real numbers, treating the symbol i as a number and replacing 
the product ii by — 1 wherever it occurs. 

Thus he will verify that, if a, 6, c are complex numbers, we have 

a + b = b + a, 
ab — ba, 

(a + b) -h c = a + (b -h c), 
ab . c — a . bc f 
a (b + c) = ab + ac, 

and if ab is zero, theu either a or b is zero. 

It is found that algebraical operations, direct or inverse, when applied to 
complex numbers, do not suggest numbers of any fresh type; the complex 
number will therefore for our purposes be taken as the most general type 
of number. 

The introduction of the complex number has led to many important developments in 
mathematics. Functions which, when real variables only are considered, appear as 
essentially distinct, are seen to be connected when complex variables are introduced: 
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thus the circular functions are found to be expressible in terras of exponential functions 
of a complex argument, by the equations 

cos sin e ” te ). 

Again, many of the most important theorems of modern analysis are not true if the 
numbers concerned are restricted to be real; thus, the theorem that every algebraic 
equation of degree » has n roots is true in general only when regarded as a theorem 
concerning complex numbers. 

Hamilton’s quaternions furnish an example of a still further extension of the idea 
of number. A quaternion 

w+xi+yj+zk 

is formed from four real numbers ic, x, y, z, and four number-units 1, % j, in the same 
way that the ordinary complex number x+iy might be regarded as being formed from 
two real numbers x, y, and two number-units 1, z*. Quaternions however do not obey 
the commutative law of multiplication. 

1 * 4 . The moduhi8 of a complex number . 

Let x + iy be a complex number, x and y being real numbers. Then 
the positive square root of a? 4 y 2 is called the modulus of (x -f iy), and is 
written 

\x + iy\. 

Let us consider the complex number which is the sum of two given 
complex numbers, x + iy and u 4 iv. We have 

(x 4 - iy) + (u+ iv) = (x+u) + i(y + v). 

The modulus of the sum of the two numbers is therefore 

{(x 4 uY 4 (y 4 v) 2 ft, 

or {(a * 2 4y*)4 (ic* + v 2 ) + 2(xu,+ yv)}-. 

But 

{(#4iy|4|w4wj} 2 = {(a 3 4 y*ft 4(w a 4 v 2 )-} 2 

= (x* + y 2 ) 4 (w 2 4 v 7 ) 4 2 (a 2 4 y 4 )^ (u 2 4 v-)~ 

= (a? 4 y 2 ) 4 (u 2 4 v 2 ) 4 2 {(xu + yv) 2 4 (xv - yw) 2 } 
and this latter expression is greater than (or at least equal to) 

(a * 2 4 y 2 ) 4 (u 2 4* v 2 ) 4 2 (xu 4 yv). 

We have therefore 

\x + iy\ + \n + iv\>\(x+ iy) 4 (u 4 iv) |, 

i.e. the modulus of the sum of two complex numbers cannot be greater than the 
sum of their rnodxdi ; and it follows by induction that the modulus of the sum 
of any number of complex numbers cannot be greater than the sum of their 
moduli. 



COMPLEX NUMBERS 


9 


1*4, 1-5] 

Let us consider next the complex number which is the product of two 
given complex numbers, #4 iy and u 4 - tv; we have 

(x 4 iy) (u + iv) = (xu — yv) 4- i (xv 4- yu\ 
and so | (x 4- iy) {it 4- iv) | = {{am — yv )* 4- (aw 4- 

= {(«» + y»)(« a + » 5 )} 4 

= | # 4* iy I I u 4- iv |. 

The modulus of the product of two complex numbers (and hence, by in¬ 
duction, of any number of complex numbers) is therefore equal to the product 
of their moduli. 

1 * 5 . The Argand diagram. 

We have seen that complex numbers may be represented in a geometrical 
diagram by taking rectangular axes Ox , Oy in a plane. Then a point P 
whose coordinates referred to these axes are x y y may be regarded as 
representing the complex number x + iy. In this way, to every point of 
the plane there corresponds some one complex number; and, conversely, to 
every possible complex number there corresponds one, and only one, point of 
the plane. The complex number x 4 iy may be denoted by a single letter* z . 
The point P is then called the representative point of the number z\ we 
shall also speak of the number z as being the affix of the point P. 

If we denote {x? + y 2 $ by r and choose 6 so that rcos9 = x, rsin# — y, 
then r and 8 are clearly the radius vector and vectorial angle of the point P, 
referred to the origin 0 and axis Ox. 

The representation of complex numbers thus afforded is often called the 
Argand diagram f. 

By the definition already given, it is evident that r is the modulus of z. 
The angle 6 is called the argument , or amplitude , or phase , of z. 

We write 0 — arg z . 

From geometrical considerations, it appeal's that (although the modulus of a complex 
number is unique) the argument is not unique %; if 6 be a value of the argument, the 
other values of the argument are comprised in the expression 2nrr +6 where n is any 
integer, not zero. The principal value of arg z is that which satisfies the inequality 
- 7r < arg 2 ^ 7T. 


* It is convenient to call x and y the real and imaginary parts of z respectively. We fre¬ 
quently write x = R (z), y = I{z). 

f It was published by J. R. Argand, Essai sur une vuiniere de reprise titer Us quantiles imagin - 
aires dans les constructions geometriques (1806); it had however previously been used by Gauss, 
in his Helmstedt dissertation, 1799 (Werke, in. pp. 20-23), who had discovered it in Oct. 1797 
(Math. Ann. lvii. p. 18); and Caspar Wessel hod discussed it in a memoir presented to th/« 
Danish Academy in 1797 and published by that Society in 1798-9. The phrase complex number 
first occurs in 1831, Gauss, Werke , n. p. 102. 

X See tlie Appendix , § A*521. 
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If Pj and P* are the representative points corresponding to values z x 
and Zi respectively of z t then the point which represents the value z x + z 2 is 
clearly the terminus of a line drawn from P Xi equal and parallel to that 
which joins the origin to P*. 

To find the point which represents the complex number z x z 2> where z x and 
z i are two given complex numbers, we notice that if 

z x * r x (cos 6 X + i sin 9 X ), 
z 2 = r 2 (cos + i sin 0 2 ) 

then, by multiplication, 

z x z % =» nr 9 {cos {6 X + 0 2 ) + i sin (0 X + 0 2 )}. 

The point which represents the number z x z 2 has therefore a radius vector 
measured by the product of the radii vectores of P x and P 2 , and a vectorial 
angle equal to the sum of the vectorial angles of P x and P*. 
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Miscellaneous Examples. 

1. Shew that the representative points of the complex numbers l+4i, 2+7i, 3+10t, 
are eollinear. 


2. Shew that a parabola can be drawn to pass through the representative points of 
the complex numbers 

2+( 4+4t, 6-f*9ij 8+16», 10*4-25t. 


3. Determine the nth roots of unity by aid of the Argand diagram; and shew that the 
number of primitive roots (roots the powers of each of which give all the roots) is the 
number of integers (including unity) less than n and prime to it. 

Prove that if & ly d 3l ... be the arguments of the primitive roots, 2 cospd—0 when 

p is a positive integer less than —p where a, b, c ,... h are the different constituent 


primes of n; and that, when P~ ^ 
the constituent primes. 


2 cos pB= 


(-r~ 

abc...k 


, where p is the number of 


(Math. Trip. 1895.) 



CHAPTER II 


THE THEORY OF CONVERGENCE 


2 *1. The definition * of the limit of a sequence . 

Let z 1} z 2> z S) ... be an unending sequence of numbers, real or complex. 
Then, if a number l exists such that, corresponding to every positive f 
number e, no matter how small, a number n 0 can be found, such that 

for all values of n greater than n 0 , the sequence (z n ) is said to tend to the limit l 
as n tends to infinity . 

Symbolic forms of the statement J * the limit of the sequence (z n ), as n 
tends to infinity, is l' are: 

lim z n = l, lim z n —l, z n —*l as n— >oo. 

ns* oc 

If the sequence be such that, given an arbitrary number N (no matter 
how large), we can find Uq such that \z n \> N for all values of n greater than 
n 0} we say that ‘ | z n | tends to infinity as n tends to infinity,* and we write 

In the corresponding case when —x n >N when n > n 0 we say that 
oo. 

If a sequence of real numbers does not tend to a limit or to oo or to — oo, 
the sequence is said to oscillate . 


2 *11. Definition of the phrase ' of the order of * 

If (f n ) and (z n ) are two sequences such that a number n® exists such that 
I (£n/s») | < K whenever n>n 0 , where K is independent of n 3 we say that is 
‘ of the order of* z ni and we write§ 

£n ~ 0 (z n ) J 


thus 


15n -f 19 Q fl\ 
l+n* U Uv 


If lim (? n /^n) = 0 , we write = o (z n ). 


* A definition equivalent to this was first given by John Wallis in 1655. [Opera, i. (1695), 
p. 382.] 

+ The number zero is excluded from the class of positive numbers. 

£ The arrow notation is due to Leathern, Camb. Math. Tracts, No. 1. 

§ This notation is due to Bachmann, Zahlentheorie (1894), p. 401, and Landau, Primzaklen , 
i. (1909), p. 61. 
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2 * 2 . The limit of an increasing sequence. t 

Let (x n ) be a sequence of real numbers such that x n+l ^x n for all values c 

of n; then the sequence tends to a limit or else tends to infinity (and so it does 
not oscillate). t 

Let x be any rational-real number; then either: 

(i) x n ^x for all values of n greater than some number n 0 depending on t 


the value of x. 

Or (ii) x n <x for every value of n. 

If (ii) is not the case for any value of x (no matter how large), then 
a? w -»oo. 

But if values of x exist for which (ii) holds, we can divide the rational 
numbers into two classes, the Z-class consisting of those rational numbers x 
for which (i) holds and the 12-class of those rational numbers x for which (ii) 
holds. This section defines a real number a, rational or irrational. 

And if e be an arbitrary positive number, a — belongs to the L-class 
which defines a, and so we can find % such that x n ^ a — whenever n > ; 

and is a member of the R -class and so x n <* + Therefore, 

whenever n>n u 

\a-x n \<e. 

Therefore x n -*a. 

Corollary. A decreasing sequence tends to a limit or to - ao. 

Example 1. If lims m =» lim z m ‘=l\ then lim (xm+2 m ') 

For, given c, we can find n and n' such that 

(i) when m>7i, (ii) when m > | z m '- V | < 

Let nj be the greater of n and n'; then, when m > n lf 

i (**+*»;)-(i+n i<i(*m-*)i+i w-o i, 

<«; 

and this is the condition that lim (z m +z m ')=sl+l\ 

Example 2. Prove similarly that lim (a**-«»,')=*£—2', lim {z m z ir l)—U\ and, if V 4=0, 
lim WO-W' 

Example 3. If 0 < x < 1, x n -*■ 0. 

For if j?=(l+a)“ 1 , a > 0 and 

0 ^ x * 1 s - ——— ^- 

(l + a) w ^l+na > 

by the binomial theorem for a positive integral index. And it is obvious that, given a 
positive number *, we can choose 71q such that (1 +na)“ l < e when n > Hq ; and so x* -*■ 0. 

2 *21. Limit-points and the Bolzano-Weierstrass* theorem . 

Let ( x n ) be a sequence of real numbers. If any number G exists such 

* This theorem, frequently ascribed to Weierstrass, was proved by Bolzano, Abh. der k. 
bokmUchen Get. der Wise. v. (1817). [Reprinted in Klatsiker der Exakten Wist., No. 153.] It 
seems to have been known to Cauchy. 
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that, for every positive value of e, no matter how small, an unlimited number 
of terms of the sequence can be found such that 

Cr — e < # n < (r + e, 

then G is called a limit-point , or cluster-point, of the sequence. 

Bolzano’s theorem is that, if \ ^.x n ^ p, whei'e X, p are independent of n> 
then the sequence (x n ) has at least one limit-point . 

To prove the theorem, choose a section in which (i) the 22-class consists 
of all the rational numbers which are such that, if A be any one of them, 
there are only a limited number of terms x n satisfying x n > A ; and (ii) the 
Z-class is such that there are an unlimited number of terms x n such that x n ^a 
for all members a of the Z-class. 

This section defines a real number G; and, if e be an arbitrary positive 
number, G — and G + are members of the L and 22 classes respectively, 
and so there are an unlimited number of terms of the sequence satisfying 
(2 — € < G — Je<# n :$ 6 r + i€<Cr-he, 
and so G satisfies the condition that it should be a limit-point. 

2 *211. Definition of 4 the greatest of the limits! 

The number G obtained in § 2*21 is called 4 the greatest of the limits of 
the sequence (a? n )/ The sequence (x n ) cannot have a limit-point greater 
than G\ for if G f were such a limit-point, and € = £((?' — <?), (?' — e is a 
member of the 22 -class defining G , so that there are only a limited number of 
terms of the sequence which satisfy x n > G' — e. This condition is incon¬ 
sistent with G f being a limit-point. We write 

G= lim x n . 

n-*-ao 

The 4 least of the limits/ L f of the sequence (written lim x n ) is defined to be 

_____ n-*»x> 

- lim (- x n ). 

2 * 22 . Cauchy’s* theorem on the necessary and sufficient con¬ 
dition FOR THE EXISTENCE OF A LIMIT. 

We shall now shew that the necessary and sufficient condition for the 
existence of a limiting value of a sequence of numbers z u z 2 > ••• is that, 

corresponding to any given positive number e, however small , it shall be 
possible to find a number n such that 

| %n+;p “ | < € 

for all positive integral values of p. This result is one of the most important 
and fundamental theorems of analysis. It is sometimes called the Principle 
of Convergence . 


Analyte Algibriqne (18*21), p. 1*25. 



14 THE PROCESSES OF ANALYSIS [CHAP. II 

First, we have to shew that this condition is necessary , i.e. that it is 
satisfied whenever a limit exists. Suppose then that a limit l exists; then 
(§ 2*1) corresponding to any positive number e, however small, an integer n 
can be chosen such that 

\ z n ^ I < | z n+p — l\<> 

for all positive values of p; therefore 

| Zn+p-*n | = I (^ n + p - 0-(^-0 | 

^ I z n+p ““ l | + | z n —’ ^ I < 
which shews the necessity of the condition 

| z n+p z n | < € ) 

and thus establishes the first half of the theorem. 

Secondly, we have to prove* that this condition is sufficient, Le. that if 
it is satisfied, then a limit exists. 

(I) Suppose that the sequence of real numbers (x n ) satisfies Cauchy’s 
condition; that is to say that, corresponding to any positive number e, an 
integer n can be chosen such that 

\x n+p -X n \<€ 

for all positive integral values of p. 

Let the value of n, corresponding to the value 1 of €, be m. 

Let pi be the least and greatest of x lt x*, ... x m ) then 

A* — 1 < x n < p! 4-1, 

for all values of n ; write A* — 1 — A, p l + l*= p. 

Then, for all values of n,\<x n < p. Therefore by the theorem of § 2*21, 
the sequence (x n ) has at least one limit-point G. 

Further, there cannot be more than one limit-point; for if there were 
two, G and H {H < G), take e < £ ((? - H). Then, by hypothesis, a number 
n exists such that | x n + p — x n | < e for eveiy positive value of p. But since G 
and H are limit-points, positive numbers q and r exist such that 

| G-X n+q \<€, | 2?-# n+r |<€. 

Then | G-x n + q | +J x nJrq -x n | + ] a?»-a? n+r |.+ | x n+r -H\< 4e. 

But, by § 1*4, the sum on the left is greater than or equal to | <? — jBT|. 

Therefore G — if < 4e, which is contrary to hypothesis; so there is only 
one limit-point. Hence there are only a finite number of terms of the sequence 
outside the interval (G - 8, G + 8), where 8 is an arbitrary positive number; 


This proof is given by Stolz and Gmeiner, Theoretitche Arithmetik , n. (1903), p. 144. 
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for, if there were an unlimited number of such terms, these would have a 
limit-point which would be a limit-point of the given sequence and which 
would not coincide with 0; and therefore G is the limit of (x n ). 

(II) Now let the sequence ( z n ) of real or complex numbers satisfy 
Cauchy's condition; and let z n = x n -f- iy n , where x* and y n are real; then for 
all values of n and p 

| &n+p | ^ | %n+p z n | > | Vn+p J/n | ^ | &n+p ~ &n | • 

Therefore the sequences of real numbers (x n ) and (y n ) satisfy Cauchy’s 
condition ; and so, by (I), the limits of (x n ) and (y») exist. Therefore, by 
§ 2*2 example 1, the limit of (z n ) exists. The result is therefore established. 

2*3. Convergence of an infinite series. 

Let u l9 v 2i u s , ... u n , ... be a sequence of numbers, real or complex. Let 
the sum 

be denoted by S n . 

Then, if S n tends to a limit S as n tends to infinity, the infinite series 

+Wa + i / 3 + W 4 + ••• 

is said to be convergent , or to converge to the sum S. In other cases, the 
infinite series is said to be divergent . When the series converges, the 
expression £ — S ny which is the sum of the series 

^n+i + '**»+» 4“ •••» 

is called the remainder after n terms , and is frequently denoted by the 
symbol R n . 

The sum u n+l *+■ Wn +2 4- ... 4- Un+ P 

will be denoted by S niP . 

It follows at once, by combining the above definition with the results 
of the last paragraph, that the necessary and sufficient condition for the 
convergence of an infinite series is that, given an arbitrary positive number €, 
we can find n such that | S^p | < e for every positive value of p. 

Since = $ Wfl , it follows as a particular case that lim u n ^. l = 0—in other 

words, the r?th term of a convergent series must tend to zero as n tends to 
infinity. But this last condition, though necessary, is not sufficient in itself 
to ensure the convergence of the series, as appears from a study of the series 




In this series. 




'n,n - 


1 . 1 , 1 , 

n+1 n+2 n+3 


+ 4- 


The expression on the right is diminished by writing (2ti)“ 1 in place of 
each term, and so S n , n >i- 
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Therefore jSs^i *— 1 4 j 4- 2 4 4 8 4* $ig, 1® 4 -.. 4 s* 

> 2 ( n 4“ 3) —» °o; 


so the series is divergent; this result was noticed by Leibniz in 1673. 

There are two general classes of problems which we are called upon to 
investigate in connexion with the convergence of series: 

(i) We may arrive at a series by some formal process, e.g. that of 
solving a linear differential equation by a series, and then to justify the 
process it will usually have to be proved that the series thus formally ob¬ 
tained is convergent. Simple conditions for establishing convergence in 
such circumstances are obtained in §§ 2*31-2*61. 

(ii) Given an expression 8, it may be possible to obtain a development 

n 

S % 4 Rn> valid for all values of n; and, from the definition of a limit, 
j»=i 

00 

it follows that, if we can prove that R n —> 0, then the series 2 u m converges 

m=l 

and its sum is S . An example of this problem occurs in § 5*4. 

Infinite series were used* by Lord Brouncker in Phil. Trans . n. (1668), pp. 645-649, 
and the term convergent was introduced by James Gregory, Professor of Mathematics at 
Edinburgh, in the same year ; the term divergent was introduced by N. Bernoulli in 1713. 
Infinite series were used systematically by Newton in 1669, De analyst per aequat. num. 
term, inf., and he investigated the convergence of hypergeometric series (§ 14*1) in 1704. 
But the great mathematicians of the eighteenth century used infinite series freely without, 
for the most part, examining their convergence. Thus Euler gave the sum of the series 

•••+ji + ^ + ^+ 1 + z + ?J -t'* 3 +.(a) 

as zero, on the ground that 

*+**+ i3 +-- r zi.•(») 


and 


l+i+U...- 

z z* 


z 

z -1 


.(c). 


The error of course arises from the fact that the series (6) converges only when J z j <z 1, 
and the series (c) converges only when 1 2 1 > 1, so the series (a) never converges. 

For the history of researches on convergence, see Pringsheim and Molk, Encyclopedic 
des ScL Math., 1 . (1) and Reiff, Geschichte der unendlichen Reihm (Tubingen, 1889). 


2*301. AbeVs inequality f. 

Let f n >f n+1 > 0 for all integer values of n. Then 2 a 7 f n 1 ^ Af, where 

n=l I 

A is the greatest of the sums 

|ai|, |ai40s|, |a 1 4a a 4a 3 |, ..., j 4 0,4 ... 4 a w |. 

* See also the note to § 2*7. 

i Journal fur Math. 1 . (1826), pp. 311-339. A particular case of the theorem of § 2*31 
Corollary ( 1 ), also appears in that memoir. 
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For, writing <h + a* +... + a*«= we have 

I 0»/n = «i/i + (*a~«i)/a + («» - «*)/. + ... + (s m - S m _,)/ OT 
n—1 

“ s i (.fi fa) + $s (fi fs) + • • - 4* S m — l ~~fm) + &mjm* 

Since f — /„/ a — / 8 , ... axe not negative, we have, when n * 2, 3, ... ra, 

| ^n— 1 1 ( fn—i fn) ^ A (fn—i ./») 5 also j | ^ Af m> 

and so, summing and using § 1*4, we get 

I 2 Onfn ^Af. 

I n=l 

Corollary . If aj, « 2 > — w is w 2 , ... are any numbers, real or complex, 

I 2 0***1 < A {V[t** +x -w*| + |te w |}, 

i*=i I J 

where A is the greatest of the sums i a* L (p~l, 2, ... ja). (Hardy.) 

I n~l I 

2*31. Dirichlet’s* test for convergence . 

p 

Let 2 a„ < K, where K is independent of p. Then, if f n 3 s / n+1 > 0 

n-1 

CO 

and lim/ n — 0 “f% 2 a n f n converges . 

»=i 

For, since lim f n = 0 , given an arbitrary positive number e, we can find m 
such that /w+i< e/2K. 

m+q m+q rn 

Then 2 a* < 2 a n + 2 a n < 2K, for all positive values of q; so 

»=w+i »=i »=i 

that, by Abel's inequality, we have, for all positive values of p, 

m+p 

2 CLnfn ^ A fm+i i 

»=m+l 

where A < 2 K. 

m+p * 

Therefore 2 a n f n < 2Kf m+l < €; and so, by § 2*3, 2 Onf n converges. 

*=m+l n=l 


Corollary (i). AbeVt test for convergence . If 2 converges and the sequence (u*) is 

n=l 

monotonic (i.e. u n ^u n+1 always or else always) and | i4 n ] < k, where k is 

oo 

independent of n, then 2 a n u* converges. 

n=l 

For, by §2*2, Un tends to a limit u; let \u-u n \—f n . Then f n -*~0 steadily; ancl 

oo 

therefore 2 a n /„. converges. But, if (u n ) is an increasing sequence, f n =u-ii %1 and so 

n=l 

oo ao CO 

2 (m-«»)«» converges; therefore since 2 ua n converges, 2 u n a n converges. If (u n ) is 

a=l n=l n=l 

a decreasing sequence /*=Mn—w, and a similar proof holds. 


* Journal de Math . (2), vn. (1862), pp. 253-255. Before the publication of the 2nd edition 
of Jordan’s Court d’Analyte (1893), Dirichlet’s test and Abel’s test were frequently jointly described 
as the Dirichlet-Abel test, see e.g. Pringsheim, Math. Ann. xxv. (1885), p. 423. 
t In these circumstances, we say f n -*>0 steadily. 
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Corollary (ii). Taking in Diriehlet’s test, it follows that, if /»^/ w+1 

and lim converges. 

Example 1. Shew that if O<0<2<r, j 2 sin nd Jccosec id ; and deduce that, if 

<B « 

f % —~0 steadily, 2 f % smnd converges for all real values of d, and that 2 /* cos nd converges 

»=l «=1 

if 0 is not an even multiple of v . 

00 

Example 2. Shew that, if steadily, 2 (—) n f n co&nd converges if 6 is real and 

n=l 

X 

not an odd multiple of ir and 2 (- )*/ n sin nd converges for all real values of d. [Write 

n=l 

ir+d for 6 in example 1.] 

2*32. Absolute and conditional convergence, 

oo 

In order that a series 2 Wn of real or complex terms may converge, it is 

n=l 

00 

sufficient (but not necessary) that the series of moduli 2 | u n j should 

»= i 

GO 

converge. For, if <r^ p = | it„ + , | + | u„ +2 j + .. . +1 Un+p | and if 2 | Un | converges, 

n=1 

we can find n, corresponding to a given number €, such that a njP < e for all 

00 

values of p. But | S„ iP | $ <r n>p < e, and so 2 u n converges. 

*= 1 

The condition is not necessary; for, writing f n = 1/a in § 2*31, corollary (ii), 
we see that ^ —^ + ... converges, though (§ 2*3) the series of moduli 

I + g + g + * s known diverge. 

In this case, therefore, the divergence of the series of moduli does not 
entail the divergence of the series itself. 

Series, which are such that the series formed by the moduli of their terms 
are convergent, possess special properties of great importance, and are called 
absolutely convergent series. Series which though convergent are not abso¬ 
lutely convergent (i.e. the series themselves converge, but the series of moduli 
diverge) are said to be conditionally convergent 

® 1 

2*33. The geometric series , and the series 2 — . 

»=i ir 

The convergence of a particular series is in most cases investigated, nol 
by the direct consideration of the sum S n>p> but (as will appear from the 
following articles) by a comparison of the given series with some other serie* 
which is known to be convergent or divergent. We shall now investigate 
the convergence of two of the series which are most frequently used ai 
standards for comparison. 
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(I) The geometric series. 

The geometric series is defined to be the series 

1 +Z + **+2?+Z l + .... 

Consider the series of moduli 

l + |^j + |^ |*+ |^ 

for this series S n<p = | z | B+1 +1 z | B+1 +... +1 z |“ +p 

- I z in+i 1 ~ 1 1 
' ' 1-1*1 
I z l n+1 

Hence, if | z | < 1, then 8 ntP < z*——* for all values of p, and, by § 2*2, 

A-|*l 

example 3, given any positive number €, we can find n such that 

| Z [ n+1 {1 —• | £ | J” 1 C €. 

Thus, given e, we can find n such that, for all values of p, S n , p < e. Hence, 


by § 2*22, the series 


1 4-1 2 I -f-1 # I s 4-... 


is convergent so long as | z | < 1, and therefore the geometric series is absolutely 
convergent if\z\<\. 

When \z\ >1, the terms of the geometric series do not tend to zero as n 
tends to infinity, and the series is therefore divergent. 

(II) The series p + ^ + ^ + ^ + gi + —• 

» 1 

Consider now the series S n = 2 —, where s is greater than 1. 

m=i n* 

We have 


Jj. 1 2 1 

2* + 3* < 2 # "" 2*~ l 9 


1 1 1 1 4 1 

3 * + 5 * + 6 * + V < 4 * 4 *- 1 ' 

and so on. Thus the sum of 2* — 1 terms of the series is less than 

1111 1 1 
p-i •>*—i ^ 4*-i g*-i + ... + g( m) ^ j __ 2 1 ~ 8 y 

and so the sum of any number of terms is less than (1 — 2 1- *) - ’ 1 . Therefore 

n 

the increasing sequence 2 m~ e cannot tend to infinity; therefore , by § 2*2, 

m=l 

» 1 

the semes 2 — is convergent if s> 1; and since its terms are all real and 

n=l W. 

positive, they are equal to their own moduli, and so the series of moduli of 
the terms is convergent; that is, the convergence is absolute. 
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If s = 1, the series becomes 
l 


4--+i + i-f-. 
l‘2^3‘4^ 


which we have already shewn to be divergent; and when s < 1, it is a fortiori 
divergent, since the effect of diminishing a is to increase the terms of the 

series. The series 2 - is therefore divergent if s^ I. 


-I*' 


2*34 The Comparison Theorem. 

We shall now shew that a series 4- + n z + ... is absolutely con - 

vergent, provided that | ift» | is always less than C J v n |, where C is some number 
independent of n } and v n is the nth term of another series which is known to 
be absolutely convergent . 

For, under these conditions, we have 

| Mjh- 1 I + I tt »+2 I + • * * + I u n+p\<C{\ v n +1 | 4* I V n +2 ! + ••• + ! v n+p | } i 
where n and p are any integers. But since the series 2v n is absolutely 
convergent, the series 21 v n | is convergent, and so, given e, we can find n 
such that 

| v n+1 1 4- ! v n+2 | 4- ... 4- 1 v n+p | < e/C, 
for all values of p. It follows therefore that we can find n such that 
| | + | a | 4" ... 4“ | u n +p | < e, 

for all values of p, i.e. the series 2 | u n | is convergent. The series 2 u n is 
therefore absolutely convergent. 

Corollary. A series is absolutely convergent if the ratio of its nth. term to the nth 
term of a series which is known to be absolutely convergent is less than some number 
independent of n. 

Example 1 . Shew that the series 

coss 4-^ cos cos 3scos 4 z+... 

is absolutely convergent for all real values of z. 

When x is real, we have | cos nz ] ^ 1 , and therefore j —^ —. The moduli of 

j n £ I n £ 

the terms of the given senes are therefore less than, or at most equal to, the corresponding 
terms of the series 

+ 32 + p-f 

which by § 2*33 is absolutely convergent. The given series is therefore absolutely 
convergent 

Example 2 . Shew that the series 

1 1 , 1.1 
** (*-* 1 )& {z - H ) + 3* (2 - 23 ) + 42 (z - z 4 ) + ""*’> 

wbere (n-l, % 3, ...) 

is convergent for all Vflltff** of r. Whir>h ■ r® nnt, mi th ' at ml I - t 1 
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The geometric representation of complex numbers is helpful in discussing a question of 
this kind. Let values of the complex number z be represented on a plane; then the 
numbers z u z 2 , z 3i ... will give a sequence of points which lie on the circumference of the 
circle whose centre is the origin and whose radius is unity; and it can be shewn that 
every point on the circle is a limit-point (§ 2*21) of the points z n . 

For these special values z n of z, the given series does not exist, since the denomi¬ 
nator of the nth term vanishes when z—z n . For simplicity we do not discuss the series 
for any point z situated on the circumference of the circle of radius unity. 

Suppose now that |z|4=l. Then for all values of n, |z— 2 H | {1 - jz]} i>c _1 , for 

some value of c ; so the moduli of the terms of the given series are less than the corre¬ 
sponding terms of the series 

which is known to be absolutely convergent. The given series is therefore absolutely 
convergent for all values of z, except those which are on the circle |z| = l. 

It is interesting to notice that the area in the z-plane over which the series converges 
is divided into two parts, between which there is no intercommunication, by the circle 
1 * 1 - 1 . 

Example 3. Shew that the series 

2sin|+4sin |+8sin^ + :..+ 2 * sin 
converges absolutely for all values of z. 


Since* lim 3* sin (z/3 n ) =z, we can find a number k, independent of n (but depending 

n- 

on z), such that 13*sin (z/ 3*) \<k; and therefore 

Since 2 k (^j converges, the given series converges absolutely. 


2’35. Cauchy'8 test for absolute convergence +. 

__ ao 

If lim j u n | 1/n < 1, 2 u n converges absolutely . 

»=1 

For we can find m such that, when n^m, | u n \ Vn ^p < 1, where p is 

00 

independent of n. Then, when n>m } \u n \< p n ] and since 2 p n converges, 

nasJH+l 

00 / 00 \ 

it follows from § 2*34 that 2 u n (and therefore 2 u n ) converges ab- 

n=m+\ \ u=l / 

solutely. 


[Note. If lim | u n \ 1/H >1, u n does not tend to zero, and, by § 2*3, 2 u n does not 

H=1 

converge.] 

* This is evident from results proved in the Appendix . 
t Analyse Alglbrique , pp. 132-135. 
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2'36. D'Alembert’8* ratio test for absolute convergence. 

We shall now shew that a series 

U x + Ui + Us + W 4 + ... 

is absolutely convergent , provided that for all values of n greater than some 
fixed value r, the ratio ~~ is less than p, where p is a positive number 
independent of n and less than unity . 

For the terms of the series 

\Ur +1 \ + \u r+t \ + \u r +i\ + 

are respectively less than the corresponding terms of the series 

I Ur+i | (1 + p + p 2 4 - />* +..•), 

00 

which is absolutely convergent when p< 1; therefore 2 (and hence 

*=r+l 

the given series) is absolutely convergent. 

A particular case of this theorem is that if lim | (u n+1 /un) | = l < 1, the 
series is absolutely convergent. 

For, by the definition of a limit, we can find r such that 

< i (1 — Z), when n > r, 

and then < i (1 + 1) < 1, 

u n * 

when n > r. 



[Note. If lim |un+i4-tt»|>l, u * does not tend to zero, and, by §2*3, 2 u n does not 
converge.] 

Example 1. If | c j<l, Bhew that the series 

I 

*=i 

converges absolutely for all values of z. 

[For t^ +1 /w n =d w+1 ) a_,t:! e*=c 2,l+1 as n-*-oo, if |c|<l.] 

Example 2. Shew that the series 

. (a-b)(a-2b)(a-Zb) , J 


~i_ -2 i -« i w t V* — **fl — wj 4 , 

2! 3! * s “iT * 

converges absolutely if | z|<|6 |“ l . 

[For *-»•- bz, as n-^oo ; so the condition for absolute convergence is 

l&*|<l,i.e. \z\<\b\~\] 


Oputeules , t. v. (1768), pp. 171-182. 
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Example 3. Shew that the series 2 —— ^ j 3[ — converges absolutely if | s |<1. 

[For, when \s\<\, |*»-(l+n- 1 )»|>(l+n-J)»-| 2 ?‘|>l + l+^^+...-I>l, so the 
moduli of the terms of the series are less than the corresponding terms of the series 

oc 

<5 n J z*” 1 1; but this latter series is absolutely convergent, and so the given series con¬ 
verges absolutely.] 

2*37. A general theorem on series for which lim p^|=l. 

fi-*»oo | u n j 

It is obvious that if, for all values of n greater than some fixed value r, 
| u n+ 11 is greater than | u n [, then the terms of the series do not tend to zero as 


■ x, and the series is therefore divergent. On the other hand, if 


■ l n+\ 


Un 


is less than some number which is itself less than unity and independent 
of n (when n > r), we have shewn in § 2*36 that the series is absolutely con¬ 
vergent. The critical case is that in which, as n increases, j^p - 1 j tends to 
the value unity. In this case a further investigation is necessary. 

We shall now shew that* a series u Y + u 2 + 2/3 + ..., in which lim 
will he absolutely convergent if a positive number c exists such that 


= 1 


lim n 


Un+i _ ^ 


= - 1 — C. 


For, compare the series 2 | u n | with the convergent series 2 i> n , where 

v n = An~ 1 ~^ c 

and A is a constant; we have 


l+lc 


»n \n+lJ V n) 


n -( 1 +i c) = i _ Lt± ^ 

n \n 2 J 


As n x, n — 1 - —> — 1 — ^ c, 

and hence we can find m such that, when n > m. 


* Vn. 

By a suitable choice of the constant A , we can therefore secure that for 
all values of n we shall have 

| Wn | < V n . 

As 2v» is convergent, 21 u n | is also convergent, and so 2 u n is absolutely 
convergent. 

* This is the second (D’Alembert’s theorem given in § 2*36 being the first) of a hierarchy of 
theorems due to De Morgan. See Chrystal, Algebra , Ch. xxvi. for an historical account of 
these theorems. 
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Corollary. If 


Un±l 


U n 


A. /i \ 

= 1 + + 0 f —J, where A x is independent of n, 

then the series is absolutely convergent if A x < — 1. 

Example. Investigate the convergence of 2 n r exp ^—£2 when r>k and when 
r<L 

2*38. Convergence of the hypergeometric aeries . 

The theorems which have been given may be illustrated by a discussion 
of the convergence of the hypergeometric series 

i , a- b _ , a(a+ 1)6(64-1)^ , a (a + 1)(a + 2) b (6 + 1)(6 + 2) . 

+ l.c 1 . 2 . c (c +1) 1.2.3. c(c + l)(c + 2) 

which is generally denoted (see Chapter XIV) by F(a, 6; c; z). 

If c is a negative integer, all the terms after the (1 —c)th have zero 
denominators; and if either a or b is a negative integer the series will 
terminate at the (1 — a)th or (1 — 6)th term as the case may be. We shall 
suppose these cases set aside, so that a, 6, and c are assumed not to be 
negative integers. 

In this series 


ttn+l 

U n 


\ (a-hn-1) (fr 4-n — 1) 


n(c +7i — 1) 

as 7i—» oo. 

We see therefore, by § 2*36, that the series is absolutely convergent when 
| z | < 1, and divei'gent when \z\>l. 

When \z\ = l y we have* 


ttn+i _ 


1 + 


a — 1 


1 + 


6 - 1 ! 


n 


i- c -^+ 


n 






o(h)- 


Let a, 6, c be complex numbers, and let them be given in terms of their real 
and imaginary parts by the equations 

<z = a' + ia", 6 = 64 * ib", c = c f 4 ~ ic ,f . 

Then we have 


Un+i 


t , a' + b' — c' —l + i(a" + b" — c") Q /l\ 
« vn’J 


1 + 


a’+b'-c '-IV 




). +(£± ^ T+0 (^ 

<>©• 


By § 2*37, Corollary, a condition for absolute convergence is 

a! 4- V — d < 0. 

* The symbol 0 (l//t 5 ) does not denote the same function of n throughout. See § 2*11. 
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2 * 38 - 2 * 41 ] 

Hence when | z | = 1, a sufficient condition * for the absolute convergence of 
the hypergeometric series is that the real part of a+ b — c shall be negative. 

2*4 Effect of changing the order of the terms in a series. 

In an ordinary sum the order of the terms is of no importance, for it 
can be varied without affecting the result of the addition. In an infinite 
series, however, this is no longer the casef, as will appear from the following 
example. 

Let 2 = l + 3-2 + 5 + j -4 + g + jj-e + ..., 

1 „ , 1 X 1 1 1 

and ' Sr=1 ~2 + 8 - 4 + 5 - 6 + **-’ 

and let 2 n and S n denote the sums of their first n terms. These infinite 
series are formed of the same terms, but the order of the terms is different, 
and so 2» and S n are quite distinct functions of n. 

Let (T n =j 4 ‘ 2 + ••• + “ , 80 ^&t = ff 2 »" (r n' 

rp r « 1 , 1 111 1. 

Then ^s »- x + 4n _! — 2 “4 ” ••• 2 n 

_ 1 i 

— 2 < ^ 2n 2 °" n 

== (° r 4» — a 2n) + 2 “ *») 

= + O Son. 


Making n —> ao , we see that 


t=S+lS; 


and so the derangement of the terms of S has altered its sum. 

Example. If in the series 

1_ 3 + S-J+- 

the order of the terms be altered, so that the ratio of the number of positive terms to the 
number of negative terms in the first n terms is ultimately a 2 , shew that the sum of the 
series will become log (2a). (Manning.*) 

2*41. The fundamental property of absolutely convergent series. 

We shall shew that the sum of an absolutely convergent series is not 
affected by changing the order in which the terms occur. 

Let 8 = «! + U 2 + U 3 + ... 


* The condition is also necessary. See Bromwich, Infinite Series , pp. 202-204. 

<30 00 

+ We say that the series 2 v n consists of the terms of 2 u n in a different order if a law 

n=l n=l 

is given by which corresponding to each positive integer p we can find one (and only one) 
integer q and vice versa , and v q is taken equal to u p . The result of this section was noticed by 
Dirichlet, Berliner Abh . (1837), p. 48, Journal de Math. iv. (1839), p. 397. See also Cauchy, 
Risumts analytiques (Turin, 1833), p. 57. 
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be an absolutely convergent series, and let S' be a series formed by the same 
terms in a different order. 

Let e be an arbitrary positive number, and let n be chosen so that 

| Un+i I + | i + • • • + | Un+p | <g 6 

for all values of p. 

Suppose that in order to obtain the first n terms of S we have to take 
m terms of S '; then if k > m, 

Sk = S n + terms of S with suffices greater than n, 

so that 

SjI - S — S n — S + terms of S with suffices greater than n. 

Now the modulus of the sum of any number of terms of S with suffices 
greater than n does not exceed the sum of their moduli, and therefore is less 

than ^ e. 

Therefore |&'-£|< j£„-S|+i € . 

But |£»-£|sslim |+!«„+*!+ ... +|tt )l+l ,!} 

p-*»00 

1 

Therefore given e we can find m such that 

|S*'-S|<€ 

when h>m] therefore S m '—>S, which is the required result. 

If a series of real terms converges, but not absolutely, and if S p be the 
sum of the first p positive terms, and if <r n be the sum of the first n negative 
terms, then S p —> oo, » — oo ; and lim (S p -f cr n ) does not exist unless we 

are given some relation between p and n. It has, in fact, been shewn by 
Riemann that it is possible, by choosing a suitable relation, to make 
lim (S p + <r n ) equal to any given real number*. 

2*5. Double series f. 

Let u lft>n be a number determinate for all positive integral values of m 
and n ; consider the array 


U l,ll 

«1,2, 


^2,1, 

W 2,2> 

lC 2,Z i 



l*3,Zi 


# Get. Werke , p. 221. 

t A complete theory of double series, on which this account is based, is given by Pringsheim, 
Mnnchener Sitzungaberichte , xxvii. (1897), pp. 101-152. See further memoirs by that writer, 
Math. Ann. liii. (1900), pp. 239-S21 and by London, ibid. pp. 322-370, and also Bromwich, 
Infinite Seriet, which, in addition to an account of Pringsheim’s theory, contains many develop¬ 
ments of the subject. Other important theorems are given by Bromwich, Proc . London Math . 
Soc. (2), i. (1904), pp. 176-201. 
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Let the sum of the terms inside the rectangle, formed by the first 
m rows of the first n columns of this array of terms, be denoted by S^n. 

If a number S exists such that, given any arbitrary positive number e, it 
is possible to find integers m and n such that 

I ^M* v Sj<€ 

whenever both p>m and v > n, we say* that the double series of which the 
general element is converges to the sum S, and we write 

lim 

fl-**CO r *-►30 

If the double series, of which the general element is is convergent, 

we say that the given double series is absolutely convergent. 

Since y = (S^ „ — — (£y_ lf „ — S^- lt it is easily seen that, if 

the double series is convergent, then 

lim w M>v = 0. 

y-^ce 

Stole necessary and sufficient f condition for convergence . A condition for 
convergence which is obviously necessary (see § 2*22) is that, given e, we can 
find m and n such that | S M . Pt v+a — „ | < e whenever p>m and v>n and 
p, <r may take any of the values 0, 1, 2,.... The condition is also sufficient; 
for, suppose it satisfied; then, when p > m + n, | S^^+p - | < e. 

Therefore, by § 2*22, has a limit S ; and then making p and cr tend to 
infinity in such a way that p + p = v 4- a*, we see that 1 8 — | ^ e when¬ 

ever p>m and v>n\ that is to say, the double series converges. 

Corollary\ An absolutely convergent double series is convergent. For if the double 
series converges absolutely and if be the sum of m rows of n columns of the series of 
moduli, then, given c, we can find y such .that, when p>m>p and q>n>y, t Piq —t mtn <€. 
But ||and so |5*. «-£„,*!<« when p>m>y y q>n>y; and this 
is the condition that the double series should converge. 


2*51. Methods% of summing double series . 


Let us suppose that 2 u M>r converges to the sum S^. Then 2 S^ is 

1 * fL=l 

called the sum by rows of the double series; that is to say, the sum by rows 
is 2 ( 2 u ^,,). Similarly, the sum by columns is defined as 2 ( 2 u^y). 
That these two sums are not necessarily the same is shewn by the example 
, in which the sum by rows is — 1, the sum by columns is -f 1; 




P + V 


and S does not exist. 


* This definition is practically due to Cauchy, Analyse Algebrique y p. 540. 
t This condition, stated by Stolz, Math. Ann. xxiv. (1884), pp. 157-171, appears to have 
been first proved by Pringsheim. 

J These methods are due to Cauchy. 
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Pbingsheim’s THEOBEM*: If S exists and the sums by rows and columns 
exist, then each of these sums is equal to S. 

For ti"» 8 exists, then we can find m such that 
I|<w, if fi>m, v>m. 

And therefore, since lim 8 ^, exists, |( lim that is to say, 

y-*CO y-+-<X) 

^ S -5! $€ when p>m, and so (§ 2*22) the sum by rows converges to S. 

1 P ! 

In like manner the sum by columns converges to 8 . 

2*52. Absolutely convergent double series . 

We can prove the analogue of § 2*41 for double series, namely that if the 
terms of an absolutely convergent double seizes are taken in any order as a 
simple series, their sum tends to the same limit, provided that every term occui's 
in the summation . 

Let <r Mf „ be the sum of the rectangle of p rows and v columns of the 
double series whose general element is | u PyV (; and let the sum of this double 
series be <r. Then given e we can find m and n such that <r — e 
whenever both p>m and v>n. 

Now suppose that it is necessary to take N terms of the deranged series 
(in the order in which the terms are taken) in order to include all the terms 
of jf+i, and let the sum of these terms be £y- 

Then ty -consists of a sum of terms of the type u Ptq in which 
p>m,q>n whenever M>msndM>n; and therefore 

| IN — Sjl+l,M +1 I < <** — m+i < \ €. 

Also, S-S M+ i tM +i consists of terms u p , q in which p>m,q>n; therefore 
s S-S M+ i tM+i \<<r — < a €; therefore | S —ty ] < e; and, corresponding 

to any given number e, we can find N; and therefore ty-+S. 

Example 1. Prove that in an absolutely convergent double series, 2 exists, and 
thence that the sums by rows and columns respectively converge to S. 

[Let the sum of p rows of v columns of the series of moduli be „ and let t be the sum 
of the series of moduli 

" cc 

«**!<*> and so 2 v converges; let its sum be ; then 
|6i!+|6,|+...+|6^|< lim 

y-**oo 

m 

converges absolutely. Therefore the sum by rows of the double series 

exhts, and similarly the sum by columns exists; and the required result then follows from 
Pringsheim’s theorem.] 


Loe. cit. p. 117. 
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Example 2. Shew from first principles that if the terms of an absolutely convergent 
double series be arranged in the order 

«i, i 4 * (***, i + U u 2)+(^3,1 4 -2 4 - U u s) + ( W 4 , 1 +—+'«l, 4)+■••«s 
this series converges to & 


2*53. Cauchy's theorem* on the multiplication of absolutely convergent 
series. 

We shall now shew that if two series 

J S = w 1 4-t/ 2 4-w,4-... 
and T = v 1 + v 2 +v s +... 

are absolutely convergent , Men the series 

P = 4- + njVa 4- 

formed by the products of their terms , written in any order , is absolutely con¬ 
vergent, and has for sum ST. 

Let £n = w 1 + 'w 3 + ...4-u», 

T n =* ^ 4 -... 4- v n . 

Then ST = lim # n lim T n = lkn (S n T n ) 

by example 2 of § 2*2. Now 

SnTn — 4* ... 4" ttnVj 

+ U^v 2 4- u 2 v 2 4-... 4- U n v 2 

4-. 

+ u l v n + u 2 v n +... 4 UnV n . 

But this double series is absolutely convergent; for if these terms are 
replaced by their moduli, the result is <r n r ni where 
cr n - | Mi | + I w* I + ... 4-1 u n |> 

5=8 1 v x | 4-1 v 2 ! 4-... + | v n |, 

and <r n T n is known to have a limit. Therefore, by § 2*52, if the elements of 
the double series, of which the general term is u m v n , be taken in any order, 
their sum converges to ST. 


Example. Shew that the series obtained by multiplying the two series 


z z* sP z* 
1 "*"2 + 2 i "*’ 2 3 "*" 2 4+ ' 


i + ! + J + i + .., 

z z* z 3 


and rearranging according to powers of z, converges so long os the representative point of z 
lies in tbe ring-shaped region bounded by the circles |z| = l and |z |=2. 


26. Poiver-Sei'iesf. 

A series of the type 

a 0 4- a x z 4 • a 2 z* 4* a^ 4- 


in which the coefficients a 0 , a u a 2 , a *,... are independent of z, is called a series 
proceeding according to ascending powers of z, or briefly a power-series. 


* Analyse Algtbrique, Note vii. 

t The results of this section are due to Cauchy, Analyse AlgSbrique , Ch. ix. 
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We shall now shew that if a power-series converges for any value 4 of z, 
it vrill be absolutely convergent for all values of z whose representative points 
are within a circle which passes through 4 and has its centre at the origin. 

OO 

For, if * be such a point, we have | z | < 1 41 . Now, since 2 o»4» converges, 


o„ 4 » must tend to zero as n-n», and so we can find M (independent of n) 


such that 
Thus 


| a» VI < hf. 
| OnZ* I < M 


Z\ n 

V: 


GO 

Therefore every term in the series 2 \ a*z n | is less than the corresponding 

J n=0 


term in the convergent geometric series 


2M 

*=Q 


Z 

*0 


n 

> 


the series is therefore convergent; and so the power-series is absolutely 
convergent, as the series of moduli of its terms is a convergent series i 
the result stated is therefore established. 

oe 

Let lim |o»| -v, = r; then, from §2-35, 2 a*** converges absolutely when 
— «=o 

00 

Izlcr: if 1 2 1>r, 0 , 2 * does not tend to zero and so 2 0 * 1 ? diverges (§ 2-3). 

1 *=0 

The circle \z\ = r, which includes all the values of z for which the 
power-series 

do + fli* + a^z* + 4- ... 

converges, is called the circle of convergence of the series. The radius of 
the circle is called the radius of convergence. 


In practice there is usually a simpler way of finding r, derived from d’Alembert's 
test *(§ 2*36); r is lim (aja* + i) if this limit exists. 

A power-series may converge for all values of the variable, as happens, for 
instance, in the case of the series* 

* 3i + 5! 


which represents the function sin z ; in this case the series converges over the 
whole xr-plane. 

On the other hand, the radius of convergence of a power-series may be 
zero; thus in the case of the series 

l + l!* + 2!x a + 3!*»+4!* 4 +... 


we have 


%-H 


— n \z\, 


* The series for «*, sin x, cos z and the fundamental properties of these functions and of 
logs wiU be assumed throughout. A brief account of the theory of the functions is given 
in the Appendix. 
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which, for all values of n after some fixed value, is greater than unity when 
z has any value different from zero. The series converges therefore only at 
the point z = 0, and the radius of its circle of convergence vanishes, 

A power-series may or may not converge for points which are actually on 
the periphery of the circle; thus the series 

z z* z* z* 

1 + p+2J + 3i + 4i + -. 

whose radius of convergence is unity, converges or diverges at the point z = 1 
according as s is greater or not greater than unity, as was seen in § 2*33. 

Corollary. If (a n ) be a sequence of positive terms such that lim (a* +1 /a*) exists, this 
limit is equal to lim ajf*. 


2*61. Convergence of series derived from a power-series. 

Let a 0 + a 1 s + a a ^ + a s z 3 + a 4 z 4 + ... 

he a power-series, and consider the series 

O! + 2^ + 3 a s z 2 + 4 a A z* + ..., 

which is obtained by differentiating the power-series term by term. We 
shall now shew that the derived series has the same circle of convergence as the 
original series. 

For let z be a point within the circle of convergence of the power-series; 
and choose a positive number r lf intermediate in value between | z | and r the 

OO 

radius of convergence. Then, since the series 2 a^r^ converges absolutely, its 

terms must tend to zero as n—► go ; and it must therefore be possible to find a 
positive number M, independent of n, such that | o» | < Mr{~ n for all values 
of n. 


Then the terms of the series 2 n|o»| |*| n “ 1 are less than the corre¬ 


sponding terms of the series 


n=l 


M 5 n\z\*- 1 

nii n*- 1 ’ 


But this series converges, by §2'36, since \z\<r x . Therefore, by § 2*34, the 
series 

2 n|a»| M*- 1 

*=i 


converges; that is, the series 2 na n 2 p~ l converges absolutely for all points z 

»»i 

00 

situated within the circle of convergence of the original series 2 OnZ n . When 

o 

\z\>r, On4* does not tend to zero, and a fortiori na^z n does not tend to 
zero; and so the two series have the same circle of convergence. 
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Corollary. The series 2 ^-r, obtained by integrating the original power-series 
*=0 + 1 

00 

term by term, has the same circle of convergence as 2 a* 2 n . 

»=o 

2*7. Infinite Products. 

We next consider a class of limits, known as infinite products. 

Let 1 H-Oj, 1 + eta, 1 + a*, ... be a sequence such that none of its members 
vanish. If, as n oo , the product 

(1 4- <0(1 + %) (1 4- <h )... (1 + a*) 

(which we denote by II n ) tends to a definite limit other than zero, this limit 
is called the value of the infinite product 

n = (l4a 1 )(l4a 5 )(l+a ! )..., 

and the product is said to be convergent *. It is almost obvious that a necessary 
condition for convergence is that lim a* = 0, since lim II*^ = lim n n "=J= 0. 

00 

The limit of the product is written II (1 4- a n ). 

*=i 

Now II (1+0 = exp j Slog (1 + oj i 

andf exp { lim u m } = lim {exp u m ] 

oo 

if the former limit exists; hence a sufficient condition that the product 

00 

should converge is that 2 log (1 + a n ) should converge when the logarithms 

»«i 

have their principal values. If this series of logarithms converges absolutely, 
the convergence of the product is said to be absolute. 

The condition for absolute convergence is given by the following theorem: 
in order that the infinite product 

(1 4-Oi) (l+o*) (14-a*)... 

may be absolutely convergent , it is necessary and sufficient that the series 

a 1 + a* + a s + ... 

should be absolutely convergent. 

For, by definition, II is absolutely convergent or not according as the 
series 

log (1 + Oi) + log(l + a*) + log (1 + a,) +... 
is absolutely convergent or not. 

* The convergence of the product in which a n -i= - l/n a was investigated by Wallis as early 
as 1655. 

f See the Appendix , § A*2. 
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Now, since lim a» = 0, we can find m such that, when n>m,\a n \<\\ and 
hen 


! an- 1 log (1 + a») - 11« 


a» , a» s On* , 


1.1 , .1 
^ 2 2 ^ 2 s ‘ 2 ' 


Lnd thence, when n > w, ^ ^ l°g 0 - + a<n ) ^ |; therefore, by the comparison 


On 


heorem, the absolute convergence of 2 log (1 -f a») entails that of 2a*. and 
onversely, provided that a» + — 1 for any value of n. 

This establishes the result*. 


If, in & product, a finite number of factors vanish, and if, when these are suppressed, 
le resulting product converges, the original product is said to converge to zero. But such 
00 

product as n (1 -n" 1 ) is said to diverge to zero. 

»=2 

Corollary . Since, if S n -*~l, exp (£*)-*► exp l , it follows from § 2’4l that the factors 
f an absolutely convergent product can be deranged without affecting the value of the 
roduct. 

ee oo 

Example 1. Shew that if n (1+o*) converges, so does 2 log (1 -fa*), if the logarithms 
l *—i 

ave their principal values. 

Example 2. Shew that the infinite product 

Bin z sin|s sin \z sin£; 

* ■ 4* * i* ‘ i* "* 

i absolutely convergent for all values of z. 


[For ^sin ^ j(^j can be written in the form 1—where | \ % \<k and k is inde- 
endent of n; and the series 2 is absolutely convergent, as is seen on comparing 

n* 1 n 

00 1 

. with 2 The infinite product is therefore absolutely convergent] 


2 71. Some examples of infinite products . 

Consider the infinite product 

O-sK 1 -*^ 1 -£)•••• 

diich, as will be proved later (§ 7*5), represents the function sr x sin z. 

In order to find whether it is absolutely convergent, we must consider the 

<© ^s • j 

sries 2 or — 2 —; this series is absolutely convergent, and so the 

roduct is absolutely convergent for all values of z. 

Now let the product be written in the form 

* A discussion of the convergence of infinite products, in which the results are obtained 
rithout making use of the logarithmic function, is given by Pringsheim, Math. Ann . xxxm. 
L889), pp. 119-154, and also by Bromwich, Infinite Series, Oh. vi. 
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Absolute convergence of this product depends on th&t of the senes 


_£ , £__1 + J __ 

w + ir 2ir 2 ir 


But this aeries is only conditionally convergent, since its series of moduli 


I*! J*UL£4L£4 

V + V + 27r + 2*- + -- 


is divergent In this form therefore the infinite product is not absolutely 
convergent, and so, if the order of the factors ^1 + is deranged, there is 
a risk of altering the value of the product. 

Lastly, let the same product be written in the form 


i 1 - 9 K 1+ 3 e_l } {( l - £) K 1+ £) e< : •••■ 


in which each of the expressions 



* 

e* w* 


is counted as a single factor of the infinite product. The absolute convergence 
of this product depends on that of the series of which the (2m — l)th and 
(2m)th terms are 



But it is easy to verify that 

and so the absolute convergence of the series in question follows by comparison 
with the series 

i+i+p+^+p+^+ji+p+.... 

The infinite product in this last form is‘therefore again absolutely 

convergent, the adjunction of the factors e*” having changed the con¬ 
vergence from conditional to absolute. This result is a particular case of 
the first part of the factor theorem of Weierstrass (§ 7-6). 


Example 1. Prove that jn^ — «*J is absolutely convergent for all values of 

if c is & constant other than a negative integer. 

For the infinite product converges absolutely with the series 
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Now the general term of this series is 

But Z ^ converges, and so, by § 2*34, Z e* —1| converges absolutely, 

and therefore the product converges absolutely. 

Example 2. Shew that n jl — ^1—*“ n | converges for all points z situated 

outside a circle whose centre is the origin and radius unity. 

For the infinite product is absolutely convergent provided that the series 


*» 2 


nr- 


is absolutely convergent. But lim (1 — - J *=«, so the limit of the ratio of the (»+l)th 

n-*> * \ n / 

term of the Beries to the nth term is ^ ; there is therefore absolute convergence when 


- |<1, i.e. when |«|>1. 


Example 3. Shew that 


1.2.3...(m-l) 


-m* 


(s-l-1) («+2).„ (s+m —1) 
tends to a finite limit as m-—co , unless z is a negative integer. 

For the expression can be written as a product of which the rcth factor is 

This product is therefore absolutely convergent, provided the series 


LAS* 1 -©} 


is absolutely convergent; and a comparison with the convergent series Z^ ^ shews that 

this is the case. When z is a negative integer the expression does not exist because one of 
the factors in the denominator vanishes. 

Example 4. Prove that 

■('-;) (*-k) H) ('-£) (*-=) ( ,+ c)-—' 

For the given product 

hm^z(l--') (l+~) - ( 1- (at-l) w ) ( 1_ 2^) ( 1+ &) 


= lim 


( 1_ ^) ^ ~ ( l -sk) ^ ■ ( l + k) e_E 


- Em «"£( l -i + r-- + »-i-«) *( 1_ 9( 1+ S•” 0 "£) e2 ' ( 1+ £) 


e 
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since the product whose factors are 

yzy 

is absolutely convergent, and so the order of its factors can be altered. 

Since log 2=1 — J—i** 

this shews that the given product is equal to 


2*8. Infinite Determinants. 

Infinite series and infinite products are not by any means the onl 
known cases of limiting processes which can lead to intelligible results. Th 
researches of G. W. Hill in the Lunar Theory* brought into notice th 
possibilities of infinite determinants. 

The actual investigation of the convergence is due not to Hill but to Poincard, Butt, o 
la Soc. Math, de France, xiv. (1886)> p. 87. We shall follow the exposition given b 
H. von Koch, Acta Math, xvi, (1892), p. 217. 

Let A& be defined for all integer values (positive and negative) of i, l 
and denote by 

D n * — [-d*fc]t,Jb= 

the determinant formed of the numbers A ii (i i k = — m > then i 

as m oo, the expression D m tends to a determinate limit D, we shall sa 
that the infinite determinant 

- 00...+00 

is convergent and has the value D. If the limit D does not exist, the deter 
minant in question will be said to be divergent L 

The elements An, (where i takes all values), are said to form the principa 
diagonal of the determinant D; the elements An , (where i is fixed and a 
takes all values), are said to form the row i; and the elements A#, (where j 
is fixed and i takes all values), are said to form the column k. Any elemen 
A^ is called a diagonal or a non-diagonal element, according as i = k or i 5 k 
The element A 0 , 0 is called the origin of the determinant. 

2*81. Convergence of an infinite determinant. 

We Khali now shew that an infinite determinant converges, provided the product of th 
diagonal elements converges absolutely , and the sum of the non-diagonal dements converge 
absolutely. 

For let the diagonal elements of an infinite determinant D be denoted by 1 
and let the non-diagonal elements be denoted by a**, (i=+jfc), so that the determinant is 

* Reprinted in Acta Mathematical vui. (1886), pp. 1-86. Infinite determinants had previously 
occurred in the researches of Furstenau on the algebraic equation of the nth degree, DarsteUwu 
der reellen Wurztln algebraischer Gleichungen durch Determinanten der Cocffizienten (Marburg 
1860). Special types of infinite determinants (known as continuants) occur in the theory o 
infinite continued fractions; see Sylvester, Math . Papers , i, p. 504 and in, p. 249 
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... o-io o_ii ... 

... Oo-l 1+^00 ^01 ••• 

... aj_i ai o l+«ii ... 

oo 

Then, since the series 2 | a* | is convergent, the product 

i , *=-00 

_ OO / 00 \ 

P= n (i+ 2 |aaI) 

is convergent. 

Now form the products 

P m = n (1+ 2 a*), P m = H (1+ 2 [a*|); 

then if, in the expansion of P m , certain terms are replaced by zero and certain other 
terms have their signs changed, we shall obtain D m ; thus, to each term in the expansion 
of D m there corresponds, in the expansion of P m , a term of equal or greater modulus. 
Now D m + P -D m represents the sum of those terms in the determinant D m + P which vanish 
when the numbers o*{i, k= ±(m-hl)... ± (m+jp)} are replaced by zero; and to each of 
these terms there corresponds a term of equal or greater modulus in P m+p —P m . 

Hence I | ^ Pm+p ~ Pm- 

Therefore, since P m tends to a limit as m+ac , so also D m tends to a limit. This 
establishes the proposition. 

2*82. The rearrangement Theorem for convergent infinite determinants. 

We shall now shew that a determinant , of the convergent form already considered, 
remains convergent when the dements of any row are replaced hy any set of elements whose 
moduli are all less than some fixed positive number . 

Replace, for example, the elements 

... ^-0, ... 

of the row through the origin by the elements 

. /*-*»> f*o 

which satisfy the inequality 

I /*r I </*» 

where p is a positive number; and let the new values of D m and D be denoted by 
DJ and Moreover, denote by P m ' and P' the products obtained by suppressing in 
P m and P the factor corresponding to the index zero; we see that no terms of D m ' can 
have a greater modulus than the corresponding term in the expansion of pP m '; and 
consequently, reasoning as in the last article, we have 

I +p | <pP m + p —pP m , 

which is sufficient to establish the result stated. 

Example . Shew that the necessary and sufficient condition for the absolute conver¬ 
gence of the infinite determinant 

lim 1 0 0 ... 0 

ft 1 02 0 ... 0 

0 ft 1 as ... 0 


is that the series 

shall be absolutely convergent. 


I 0 ... 0 ft, 1 

a ift +ajft-f asft+ — 


(von Koch.) 
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Miscellaneous Examples. 

1. Evaluate lim (e -na n b ), lim (n“ a log n) when a>0, 6>0. 


2. Investigate the convergence of 


* f . 2ti+1) 


(Trinity, 1904.) 


3. Investigate the convergence of 


• ferl}*- (Peterhouse, 1906.) 


4. Find the range of values of z for which the series 

2 sin 2 z - 4 sin 4 z+8 sin e s—... + (—)* +1 2* sin 2 * *+... 

is convergent. 


5. Shew that the series 


i__L + J_L_+... 

z 1 s+2 2+3 


is conditionally convergent, except for certain exceptional values of z ; but that the series 

1 . 1 . . 1 1 1 1 , _ 1 . 

e 2 +p—1 z+p z+j) +1 z+2p+g—l‘ r z+2p+q 

in which (p+g) negative terms always follow p positive terms, is divergent. (Simon.) 


6. Shew that 

l-i-i+i-i-i+i-- .=*l°g2. 

7. Shew that the series 

l_ JL 1_ 1 

l* + 20 + 3* + 40 + "‘ 

is convergent, although 

8. Shew that the series 

a +jS' 2 +a®++... 

is convergent although 


(Trinity, 1908.) 
(!<«<» 

(Ceshra) 

(0 <a<j8<l) 

(Ceshro.) 
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9. Shew that the series 

- a**- 1 {(l+»-»)“-1} 

,=i (*»-l){**-(l +«-*)»} 

converges absolutely for all values of «, except the values 

(o= 0, 1; it—0, 1, ... m—1; m=1, 2, 3, ...). 

10. Shew that, when s> 1, 

B + i=r 

and shew that the series on the right converges when 0 <s < 1. 

(de la Valine Poussin, Mem. de VAcad. de Belgique , Lin. (1896), no. 6.) 

11. In the series whose general term is 

«.=?*-" (0<q<l<x) 

where v denotes the number of digits in the expression of n in the ordinary decimal scale 
of notation, shew that 

lim Un 1/n =q, 

n-^oo 

and that the series is convergent, although lim 1 / 1 ^=oo. 

12. Shew that the series 

?i+?i 2 +<?2 S +9 r i 4 +9 , 2 6 +$ r 3 fl +S r i 7 -f..., 

where (0<^ <1) 

is convergent, although the ratio of the (»+l)th term to the nth is greater than unit., 
when n is not a triangular number. (Ceskro.) 

13. Shew that the series 

00 

»lo («+»)*’ 

where v> is real, and where (w+n)‘ is understood to mean (“+*), the logarithm beinr 
taken in its arithmetic sense, is convergent for all values of «, when 1 (x) is positive, anc 
is convergent for values of « whose real part is positive, when x is real and not an integer 

14. If u*>0, shew that if 2 m* converges, then lim (nw*)=0, and that, if in additior 
it*>u»+i, then lim (nu*)«*0. 


15. 

If 

m—n (m+7i~l)! 

^*“2!*+* m\ n\ * 

(m, n>0) 

shew that 

a m,0*= 2 ” m » O0,n= -2“ w , 00,0—0, 




® / ® \ to / to \ 

2 ( 2 a m t n) 5=5 “ lj 2(2 O^* j = 1 . 

m =0 vt =0 / »=0 \m =*0 / 

(Trinity, 1904.) 

16. 

By converting the series 




1+ 8? + 16 ?‘ + 24 2* + 
+ W + l+8* + l-S* + “ - ’ 



(in which | q | < 1), into a double series, shew that it is equal to 


+ .... 


U s? , V I V- 


(Jacobi.) 



40 


THE PROCESSES OF ANALYSIS 


[CHAP. II 


17. Assuming that sin*** H 

shew that if m-+-ao and in such a way that lim (m/n) =ir, where k is finite, then 

lim S' 

r=—» \ rw) 2 

the prime indicating that the factor for which r*0 is omitted 

18. If tto=«i= 1 * 2 = 0 , and if, when n > 1, 

1 1 1 


(Math. Trip., 1904.) 


then n (1 +**») converges, though 2 and 2 u n 2 are divergent. 
n=0 *=o »=0 


(Math. Trip., 1906.) 


19. Prove that 


IK 1 -;) 


h* /*+i n k ~ m z m ' 
exp f 2 — 


)}• 


where k is any positive integer, converges absolutely for all values of z. 


20 . 


If 2 a* be a conditionally convergent series of real terms, then n (1+On) con- 
i4=l n=l 


verges (but not absolutely) or diverges to zero according as 2 a* 3 converges or diverges. 

H=1 

(Cauchy.) 


21. Let 2 0* be an absolutely convergent series. Shew that the infinite determinant 

14=1 


(*-4 y-to 

-01 

-0, 

— 03 

-04 

•* 4«-0 o 

4*-0. 

4*-0 o 

4»-0 o 

4*—0o 

-0i 

(«-2)*-0« 

-0i 

— 02 

— 04 

" 2*-0 o 

2* -0, 

2 s —0o 

2*^0o 

2»-0 o 

~0* 

-0i 

c 8 —0 O 

-01 

-02 

” O»-0 o 

O»-0 o 

O*-0* 

0 s -00 

O»-0o 

-0» 

— d 2 

-0, 

(c+2)* — 

00 —01 

“ 2«-0 o 

2*—0 O 

2*-0 O 

2*-0 o 

2»-0 o 

~04 

-0s 

-02 

-0i 

(c+4) 1 —0 O 

• 4«-0, 

4 ! —0o 

4 3 —0o 

4»-0 o 

4»-0— 


converges; and shew that the equation 
is equivalent to the equation 


A (c)*» 0 


sin* J»rc=A (0) sin 3 . 


(Hill; see § 19*42.) 





CHAPTER III 


CONTINUOUS FUNCTIONS AND UNIFORM CONVERGENCE 

3*1. The dependence of one complex number on another . 

The problems with which Analysis is mainly occupied relate to the 
dependence of one complex number on another. If z and f are two complex 
numbers, so connected that, if z is given any one of a certain sqt of values, 
corresponding values of f can be determined, e.g. if J is the square of z t or if 
? = 1 when z is real and f * 0 for all other values of z, then f is said to be a 
function of z. 

This dependence must not be confused with the most important case of 
it, which will be explained later under the title of analytic functionality . 

If f is a real function of a real variable z, then the relation between ( and z, which 
may be written 

C-/W, 

can be visualised by a curve in a plane, namely the locus of a point whose coordinates 
referred to rectangular axes in the plane are (z, £)■ No such simple and convenient 
geometrical method can be found for visualising an equation 

£-/«. 

considered as defining the dependence of one complex number £—£+ir) on another 
complex number z—x+iy. A representation strictly analogous to the one already given 
for real variables would require four-dimensional space, since the number of variables 
f, 77 , x, y is now four. 

One suggestion (made by Lie and Weierstrass) is to use a doubly-manifold system of 
lines in the quadruply-manifold totality of lines in three-dimensional space. 

Another suggestion is to represent £ and rj separately by means of surfaces 

y\ 9-9tey)- 

A third suggestion, due to Heffter*, is to write 

f=re* 

then draw the surface r~r{x J y) —which may be called the modular-surface of the 
function—and' on it to express the values of 6 by Surface-markings. It might be 
possible to modify this suggestion in various ways by representing B by curves drawn 
on the surface r—r (x, y). 

3*2. Continuity of functions of real variables . 

The reader will have a general idea (derived from the graphical represen¬ 
tation of functions of a real variable) as to what is meant by continuity. 

* Zeitschri/t filr Math . und Phys. xlix. (1899), p. 2S5. 
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We now have to give a precise definition which shall embody this vague 
idea. 

Let f(x) be a function of x defined when a ^x^b. 

Let x 1 be such that a ^x 1 ^b. If there exists a number l such that, 
corresponding to an arbitrary positive number e, we can find a positive 
number rj such that 

I/O*) - * i < e > 

whenever | x -| < ij, x + x l , and a^x^b, then l is called the limit of f(x) 
as x -► Xy* 

It may happen that we can find a number 1 + (even when l does not exist) 
such that \f(x) — 1 < e when x x < x < x x + 17 . We call 1 + the limit of f(x) 

when x approaches x x from the right and denote it by f(x x + 0); in a similar 
manner we define/^ — 0) if it exists. 

( If f{x l + 0), /(#i), f(x x — 0) all exist and are equal, we say that f(x) is 
contimwus at x l ; so that if f(x) is continuous at x l9 then, given e, we can find 
1 1 such that 

I/O*) -/(*») I < 

whenever ! x — Xi j < 17 and a ^x^b. 

If l + and L exist but are unequal, f{x) is said to have an ordinary 
discontinuity* at x x ; and if l + == =t=/(^i ) 5 f(x) is said to have a removable 

discontinuity at x l . 

If f(x) is a complex function of a real variable, and if/(#) = g(x) + ih ( x ) 
where g(x) and h(x) are real, the continuity of f(x) at x x implies the con¬ 
tinuity of g (x) and of h (/k). For when \f(x) — f(x x ) | < e, then | g (x) — g (x x ) | < e 
and | h (x) — h (xj | < e; and the result stated is obvious. 

Example. From § 2*2 examples 1 and 2 deduce that if f(x) and <j>(x) are con¬ 
tinuous at jp lf so are f(x) ± <f> (x), fix) x $ (x) and, if <p (xi)4^0, fix) fa (x). 

The popular idea of continuity, so far as it relates to a real variable f(x) depending 
on another real variable x, is somewhat different from that just considered, and may 
perhaps best be expressed by the statement “The function f(x) is said to depend con¬ 
tinuously on x if, as x passes through the set of all values intermediate between any 
two adjacent values x x and x 29 f{x) passes through the set of all values intermediate 
between the corresponding values f{x\) and 

The question thus arises, how far this popular definition is equivalent to the precise 
definition given above. 

Cauchy shewed that if a real function f{x\ of a real variable x , satisfies the precise 
definition, then it also satisfies what we have called the popular definition ;• this result 

* If a function is said to have ordinary discontinuities at certain points of an interval it 
is implied that it is continuous at all other points of the interval. 
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will be proved in § 3*63. But the converse is not true, as was shewn by Darboux. This 
fact may be illustrated by the following example*. 

Between x= -1 and #**4-1 (except at #=0), let f{x) = sin ~ ; and let/(0)=0. 

Jt can then be proved that/(#) depends continuously on x near #=0, in the sense of 
the popular definition, but is not continuous at #*0 in the sense of the precise definition. 

Example, If fix') be defined and be an increasing function in the range (a, 6), the 
limits f{x±0) exist at all poirts in the interior of the range. 

[If f{x) be an increasing function, a section of rational numbers can be found such 
that, if a, A be any members of its Z-class and its jR-class, a <f(x+h) for every positive 
value of h and A > f{x + h) for some positive value of h. The number defined by this 
section is / (x +0).] 

3*21. Simple curves. Gontinua. 

Let x and y be two real functions of a real variable t which are continuous 
for every value of t such that a^t^b. We denote the dependence of x and y 
on t by writing 

x — x (t), y — y (t). (a ^ t ^ l) 

The functions x (t), y (t) are supposed to be such that they do not assume the 
same pair of values for any two different values of t in the range a<t<b . 

Then the set of points with coordinates (#, y) corresponding to these values 
of t is called a simple curve . If 

x(a) = x(b ), y(a) = y(b) > 
the simple curve is said to be closed. 

Example. The circle is a simple closed curve; for we may writet 

#a»cos t, y=sin£. (0^f^2jr) 

A two-dimensional continuum is a set of points in a plane possessing the 
following two properties: 

(i) If (x, y) be the Cartesian coordinates of any point of it, a positive 
number S (depending on x and y) can be found such that every point whose 
distance from (x, y) is less than 8 belongs to the set. 

(ii) Any two points of the set can be joined by a simple curve consisting 
entirely of points of the set. 

Example. The points for which x*+y*<l form a continuum. For if P be any 
point inside the unit circle such that OP~r <1, we may take 3=1 —r; and any two 
points inside the circle may be joined by a straight line lying wholly inside the circle. 

The following two theorems J will be assumed in this work; simple cases 
of them appear obvious from geometrical intuitions and, generally, theorems 
of a similar nature will be taken for granted, as formal proofs are usually 
extremely long and difficult. 

* Dae to Mansion, Mathesis , (2) xix. (1899), pp. 129-131. 

f For a proof that the sine and cosine are continuous functions, see the Appendix, § A*41. 

X Formal proofs will be found in Watson’s Complex Integration and Cauchy's Theorem. 
(Cambridge Math. Tracts, No. 15.) 
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(I) A simple closed curve divides the plane into two continua (the 
‘ interior 9 and the * exterior ’). 

(II) If P be a point on the curve and Q be a point not on the curve, 
the angle between QP and Ox increases by ± 2 it or by zero, as P describes 
the curve, according as Q is an interior point or an exterior point. If the 
increase is + 2 -rr, P is said to describe the curve * counterclockwise/ 

A continuum formed by the interior of a simple curve is sometimes called 
an open two-dimensional region , or briefly an open region , and the curve is 
called its boundary; such a continuum with its boundary is then called a 
closed two-dimensional region , or briefly a closed region or domain . 

A simple curve is sometimes called a closed one-dimensional region ; a 
simple curve with its end-points omitted is then called an open one-dimensional 
region . 

3*22. Continuous functions of complex variables. 

Let f{z) be a function of z defined at all points of a closed region (one- or 
two-dimensional) in the Argand diagram, and let z x be a point of the region. 

Then f{z) is said to be continuous at z l} if given any positive number e, 
we can find a corresponding positive number 77 such that 

|/(*)-/(*i)l<*> 

whenever | z — z 1 j < 77 and z is a point of the region. 

3*3. Series of variable terms. Uniformity of convergence. 

Consider the series 

x* a? x? 

+ 1+*' + (TT^) 5 + - + (TT*f + -• 

This series converges absolutely (§ 2 ' 33 ) for all real values of x. 

If S n (x) be the sum of n terms, then 

S n (x) = l +a!*)« =i ’ 

and so lim S n (x) = 1 + a ?; 0 *^ 0 ) 

but S n ( 0 ) = 0 , and therefore lim S n (0) = 0 . 

n-» oo 

Consequently, although the series is an absolutely convergent series of 
continuous functions of x , the sum is a discontinuous function of x . We 
naturally enquire the reason of this rather remarkable phenomenon, which 
was investigated in 1841-1848 by Stokes*, Seidelf and WeierstrassJ, who 
shewed that it cannot occur except in connexion with another phenomenon, 
that of non-uniform convergence, which will now be explained. 

* Camb. Phil . Trans, vni. (1847), pp. 533-583. [Collected Papers, i. pp. 236-313.] 
f Miinekener Abhandlungen , v. (1848), p. 381. 

X Gres. Math . Werke , i. pp. 67, 75. 
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Let the functions (z), u 2 (z), ... be defined at all points of a closed region 
of the Argand diagram. Let 

S»(*)=Wi(*) + «i(*) + — +«»(*)• 

GO 

The condition that the series £ u n (z) should converge for any particular 

«=1 

value of z is that, given e, a number n should exist such that 

\S n+p (z)-S n (z)\<e 

for all positive values of p, the value of n of course depending on €. 

Let n have the smallest integer value for which the condition is satisfied. 
This integer will in general depend on the particular value of z which has 
been selected for consideration. We denote this dependence by writing 
n (z) in place of n. Now it may happen that we can find a number N, 
INDEPENDENT OF Z, such that 

n(z) <N 

for all values of z in the region under consideration. 

If this number N exists, the series is said to converge uniformly 
throughout the region. 

If no such number N exists, the convergence is said to be non-uniform*. 

Uniformity of convergence is thus a property depending on a whole set of 
values of z , whereas previously we have considered the convergence of a series 
for various particular values of z, the convergence for each value being con¬ 
sidered without reference to the other values . 

We define the phrase ‘ uniformity of convergence near a point z ’ to mean 
that there is a definite positive number 8 such that the series converges 
uniformly in the domain common to the circle | z — z x | ^ 8 and the region in 
which the series converges. 

3*31. On the condition for uniformity of convergence f. 

If R ntP (z) = u n+l (z) + « n +s (*) 4* ... + u n+p (z), we have seen that the 

CD 

necessary and sufficient condition that 2 u n (z) should converge uniformly 

n=l 

in a region is that, given any positive number e, it should be possible to 
choose JST independent of z (but depending on e) such that 

I p ( z ) I < € 

for all positive integral values of p. 

* The reader who is unacquainted with the concept of uniformity of convergence will liud it 
made much clearer by consulting Bromwich, Infinite Senes , Ch. vii, where an illuminating 
account of Osgood’s graphical investigation is given. 

t This section shews that it is indifferent whether uniformity of convergence is defined by 
means of the partial remainder p (z) or by R n (z). Writers differ in the definition taken 
as fundamental. 
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If the condition is satisfied, by § 2-22, S n {z) tends to a limit, S(z), say for 
each value of z under consideration; and then, since e is independent of p, 

| {lim -By,, (*)}!<«, 

and therefore, when n>N, 

8 (z) — S n (z) sz f lim Ry t p («z)} — Ry, n-N ( z )> 

and so [ 8 (z) — S n (z) | < 2e. 

Thus (writing for e) a necessary condition for uniformity of convergence 
is that \S(z) — S n (z)\<€, whenever n>N and N is independent of z\ the 
condition is also sufficient ; for if it is satisfied it follows as in § 2*22 (I) 
that | R NtP (z) | < 2e, which, by definition, is the condition for uniformity. 

Example 1. Shew that, if a? be real, the sum of the series 


lli+I5 + (*+l) (2*+l) + '" + {(*-l)*+l) («*+l} + 
is discontinuous at x—0 and the series is non-uniformly convergent near #=0. 

The sum of the first n terms is easily seen to be 1— — ; so when x—0 the 

siun is 0; when #4=0, the sum is 1. 


The value of R»(x)~S ( 2 ) — S n (x) is 


71X + 1 


if #4=0 ; so when x is small, say 


#=one-hundred-millionth, the remainder after a million terms is 


1 , 
ioo +1 


on-^.so 


the first million terms of the series do not contribute one per cent, of the sum. And in 
general, to make —~-rr < *, it is necessary to take 


71X+1 




Corresponding to a given e, no number N exists, independent of #, such that n< N for 
all values of x in any interval including #=0 ; for by taking x sufficiently small we can 
make n greater than any number N which is independent of x. There is therefore non- 
uniform convergence near #=*=0. 


Example 2. Discuss the series 


nil {l+n*a*}{l + (n+l)*x*}' 

in which x is real. 


The rath term can be written 


nx 

1TiS 


(n+l)x 
l + (n + l) 2 ** 


,80 S(x) 


&n(*) 


(n+1)# 


X 

r+i 5 


, and 


[Note. In this example the sum of the series is not discontinuous at #=0.] 

But (taking «<£, and #4=0), | £*(#) \ <* if c” 1 (n+1) | x [<l+(*+l)»#*; i.e. if 
»+l>i{e _1 +^e” 2 -4} | x\~ l or n+l<J{«“ 1 — 
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Now it is not the case that the second inequality is satisfied for all values of n greater 
han a certain value and for all values of x; and the first inequality gives a value of 
t(j?) which tends to infinity as x-*-0 ; so that, corresponding to any interval containing the 
joint 4 ?« 0 , there is no number E independent of x. The series, therefore, is non-uniformly 
jonvergent near x=Q. 

The reader will observe that n(x) is discontinuous at x=0; for n(x )-+-oo as x-*-0, 
jut »(0)=0. 

3*32. Connexion of discontinuity with non-uniform convergence. 

We shall now shew that if a series of continuous functions of z is uniformly 
convergent for all values of z in a given closed domain , the sum is a continuous 
function of z at all points of the domain. 

For let the series be f(z) — u 1 (z) + u*(z} + ... + u n {z)+...~S n {z) + It n (z), 
where Rn(z) is the remainder after n terms. 

Since the series is uniformly convergent, given any positive number e, we 
san find a corresponding integer n independent of z> such that \Rn(z)\<\€ 
for all values of z within the domain. 

Now n and € being thus fixed, we can, on account of the continuity of 
S n (z)y find a positive number rj such that 

|&(f)-4»(jOI<i4 

whenever | z — /1 < i). 

We have then 

I /(*) -/(O | » | 8 n (z) - S n (/) + Rn (z) - R n (z) | 

< [ S n (z) - Sn (/)\ + \Rn(*)\+\Bn(z')\ 

< €, 

which is the condition for continuity at z. 

Example 1. Shew that near 4?—0 the series 

«i (*) + **(•») + «s(#) + ...» 

i i 

where t*i (x) = x , (,r) « .z 2 * -1 - a? 2 *” 3 , 

and real values of x are concerned, is discontinuous and non-uniformly convergent. 

In this example it is convenient to take a slightly different form of the test; we shall 
shew that, given an arbitrarily small number r, it is possible to choose values of x, as 
small as we please, depending on n in such a way that | Rn (x) | is not less than * for any 
value of n, no matter how large. The reader will easily see that the existence of such 
values of x is inconsistent with the condition for uniformity of convergence. 

i 

The value of S n (x) is x *"- 1 ; as n tends to infinity, S n ( x ) tends to 1, 0, or -1, accord- 
ingas x is positive, zero, or negative. The series is therefore absolutely convergent for all 
values of x, and has a discontinuity at #=0. 



48 


THE PROCESSES OF ANALYSIS 


[CHAP. Ill 


1 

In this series I -a:® 1 * 1 , (*>0 ); however great n may be, by taking* a>=e-(**- 1 ) 

we can cause this remainder to take the value 1 — e~\ which is not arbitrarily small. The 
series is therefore non-uniformly convergent near ar=0. 


Example 2. Shew that near z«»0 the series 


nil {1+(1+*)* -1 } {1+(1 + *)*} 
is non-uniformly convergent and its sum is discontinuous. 

The nth term can be written 

l-(l+2)» l-(l+2)»- 1 

l + tl+z)* 1+(1+*)— 1 ’ 

so the sum of the first n terms is -■ ; ( . Thus, considering real values of z greater 

l+(L+z)* 

than -1, it is seen that the sum to infinity is 1, 0, or — 1, according as z is negative, zero, 
or positive. There is thus a discontinuity at z—0. This discontinuity is explained by the 
fact that the series is non-uniformly convergent near z—0; for the remainder after n terms 
in the series when z is positive is 

—* 2 

i+(i "+*)*’ 

and, however great n may be, by taking z——, this can be made numerically greater 

than i—, which is not arbitrarily small. The series is therefore non-uniformly con- 
1+e 

vergent near z«=0. 


3*33. The distinction between absolute and uniform convergence . 

The uniform convergence of a series in a domain does not necessitate 
its absolute convergence at any points of the domain, nor conversely. Thus 


2® 

the series 2 ^ ~ conver S es absolutely , but (near z = 0) not uniformly ; 
while in the case of the series 

l (-)*- 1 

the series of moduli is 


=i z* + n’ 
1 


2 

*=i | ^ + 


which is divergent, so the series is only conditionally convergent ; but for all 
real values of z, the terms of the series are alternately positive and negative 
and numerically decreasing, so the sum of the series lies between the sum of 
its first n terms and of its first (n + 1) terms, and so the remainder after 
n terms is numerically less than the nth term. Thus we only need take a 
finite number (independent of z) of terms in order to ensure that for all real 
values of z the remainder is less than any assigned number e, and so the 
series is uniformly convergent. 

Absolutely convergent series behave like series with a finite number of 
terms in that we can multiply them together and transpose their terms. 

* This value of x satisfies the condition | x | < $ whenever 2a -1 > log 9~ l , 
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Uniformly convergent series behave like series with a finite number of 
terms in that they are continuous if each term in the series is continuous 
and (as we shall see) the series can then be integrated term by term. 

3*34. A condition, due to Weierstrass*, for uniform convergence. 

A sufficient, though not necessary, condition for the uniform convergence 
of a series may be enunciated as follows:— 

If, for all values of z within a domain, the moduli of the terms of a series 

8 * Mi (*) + v* (z) +v* {z) +... 

are respectively less than the corresponding terms in a convergent series 
of positive terms 

T=Mi + + Ms * 4 -..., 

where M n is independent of z, then the series 8 is uniformly convergent in 
this region. This follows from the fact that, the series T being convergent, 
it is always possible to choose n so that the remainder after the first n terms 
of T, and therefore the modulus of the remainder after the first n terms 
of S, is less than an assigned positive number e ; and since the value of n 
thus found is independent of z, it follows (§ 3*31) that the series 8 is uni¬ 
formly convergent; by § 2*34, the series S also converges absolutely. 

Example. The series 

cos r+i cos 2 z + ^ cos 3 z +... 

is uniformly convergent for all real values of z, because the moduli of its terms are not 
greater than the corresponding terms of the convergent series 

1+ 22 + 3a + *-*> 

whose terms are positive constants. 


3 a 341. Uniformity of convergence of infinite products t. 


A convergent product n (1+w* (s)} is said to converge uniformly in a domain of values 

*=i 

of z if, given c, we can find m independent of z such that 


m+p m 

n {l +<%(*)}- n {i +«*(*)} 

n=l n=l 


<c 


for all positive integral values oip. 

The only condition for uniformity of convergence which will be used in this work 

is that the product converges uniformly if | ti* (*) | < M % where M n is independent of z and 
00 

2 M n converges. 

»=i 


* Abhandlungen aus der FunktionenUhre , p. 70. The test given by this condition is usually 
described (e.g. by Osgood, Annals of Mathematics , m. (1889), p. ISO) as the Af-test. 

f The definition is, effectively, that given by Osgood, Funktionentheorie , p. 462. The condition 
here given for uniformity of convergence is also established in that work. 
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To prove the validity of the condition we observe that n (1 +M n ) converges (§ 2*7), 

* *=i 

and so we can choose m such that 

m+p m 

n {l+tf,}- n { 1 +; 

n=l »=1 

and then we have 

-1 5 {i +«*(*)} r ~n {i+«»W}-il I 

1 n—1 Ln=»+1 J I 

«i r n+p “I 

<n(i+2Q n {l+JQ-i 

«=1 L n«m-H J 

and the choice of m is independent of z. 


m+p m 

n {i+m„(*)}- n {i+m#(2)} 
*=1 »=1 


3*35. Hardy's tests for uniform convergence *. 

The reader will see, from § 2*31, that if, in a given domain, I I a n (z) I <£ where a n (z) 

t»=i I 

is real and k is finite and independent of p and z y and if f n (*)^f»+ 1 W and f n (?)-—0 

<x> 

uniformly as n ao, then 2 a % (z) /*, (z) converges uniformly. 

»=i ** 

Also that if 

eo ao 

where k is independent of z and 2 a*(s) converges uniformly, then 2 a n (z)u n (z) con* 

*=1 X=1 

verges uniformly. [To prove the latter, observe that m can be found such that 
«»+l( 2 )> Om + i (z) + 2 (s), Om + 1 W + ®m +2 W + -+®m+pW 

are numerically less than c/k ; and therefore (§ 2*301) 

1 *2* <**(*)**»(*) I <ru m+1 (z)lk<e, 

1 n=m+l I 

and the choice of c and m is independent of *.] 


Example 1. Shew that, if 3 >0, the series 

" cos n& • sinnd 

2 -, 2 - 

n=l * * nm 1 n 

converge uniformly in the range 

3<0<2ir-d. 

Obtain the corresponding result for the series 

® (*~ )*cos nB * (-)»sinnd 

n=l n y n =l w * 

by writing 0+tr for d. 

Example 2. If, when |«*(ar) |<jfc x and 2 |» n+1 (a?)-» n (a?)|<i^, where 

W=1 

00 

^ 1} h ar® independent of 7i and x y and if 2 a* is a convergent series independent of x, 


then 2 a % » n (x) converges uniformly when a^x^b. 


(Hardy.) 


* Proc. London Math. Soc . (2) iv. (1907), pp. 247-265. These results, which are generalisa¬ 
tions of Abel’s theorem (§ 3-71, below), though well known, do not appear to have been published 
before 1907. From their resemblance to the tests of Diriohlet and Abel for convergence, 
Bromwich proposes to call them Dirichlet’s and Abel’s tests respectively. 
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«+P 


[For we can choose m, independent of such that 2 a* <e, and then, by § 2-301 


*=wH-l 


corollary, we have 


2 <*.»*(*) <(*i+**)<•] 

*=»+! 


3*4. Discussion of a particular double sei'ies. 

Let njj and oj be any constants whose ratio is not purely real; and let 
a be positive. 

1 

The series 2 ss — r , in which the summation extends over 
+am©! + 2na>a) a 

all positive and negative integral and zero values of m and n, is of great 
importance in the theory of Elliptic Functions. At each of the points 
z = — 27116)! — 2no> a the series does not exist. It can be shewn that the series 
converges absolutely for all other values of z if a > 2, and the convergence is 
uniform for those values of z such that | z 4- 4 - 2n<» a j ^ 8 for all integral 

values of m and n, where 8 is an arbitrary positive number. 

Let 2' denote a summation for all integral values of m and n, the term for 
which m = n = 0 being omitted. 

Now, if m and n are not both zero, and if | z -f 2mo 1 4- 2 nco 2 j ^ 8 > 0 for 
all integral values of m and n, then we can find a positive number C. de¬ 
pending on 8 but not on z, such that 

< G 


(Z 4- 2771ft)! + 27lft) 2 ) 0 


( 27710 )! + tnco 2 ) a 


Consequently, by § 3*34, the given series is absolutely and uniformly* 
convergent in the domain considered if 

2'.--t— m 

j TtlODi -h 7lft) a j a 

converges. 

To discuss the convergence of the latter series, let 
ft>l = Ofi 4“ ^ft» 4* ift, 

where a l9 a*, ft, ft are real. Since co^/^ is not real, a x ft — otjft + 0. Then 
the series is 

r 1 

{(o^m + a,n) a + (/9,m + /9 2 n) a )* a 

Tliis converges (§ 2‘5 corollary) if the series 

S-V- 1—j- 

(m s + n a )’ 

converges; for the quotient of corresponding terms is 

f (oti 4- or 2 /*) g + (ft 4- ft/*) 2 } 

1 i +/* 2 J ’ 

* The reader will easily define uniformity of convergence of double series (see § 3*5). 
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where /x = njm. This expression, qua function of a continuous real variable ji, 
can be proved to have a positive minimum* (not zero) since — a 4= 0; 
and so the quotient is always greater than a positive number K (independent 
of/x). 

We have therefore only to study the convergence of the series S. Let 

pa *1 


P ’ q i*=-p n=-q (m* 4* n 9 )** * 
1 


oo ao 

^4 2 S' 


m=o *=o (m* -f n 2 )* a 

Separating S Pj q into the terms for which m == n, m>n i and m < n, re¬ 
spectively, we have 

iS = j 1 1 1 1 * *f 1 1 

»=i (2wx a )*“ *»=i rv=o (m 2 4- ?i 9 )*“ *=a m=o(m 9 4- n*)* a 


But 

Therefore 


2 


771 


n=o (m* 4- (m*)*“ m a_1 

00 1 00 1 00 1 

2 -*£— + 2 — + 2 — . 

m=l 2 5 m a «=1 m* -1 n=l 7l a—1 


But these last series are known to be convergent if a — 1 > 1. So the series S 
is convergent if a >2. The original series is therefore absolutely and uni¬ 
formly convergent, when a > 2, for the specified range of values of z. 


Example. Prove that the series 

~ 1 

(mj 2 +wi* 9 4... 4- 

in which the summation extends over all positive and negative integral values and zero 
values of util except the set of simultaneous zero values, is absolutely convergent 

if p>^r. (Eisenstein, Journal fiir Math, xxxv.) 


3*5. The concept of uniformity. 

There are processes other than that of summing a series in which the idea 
of uniformity is of importance. 

Let € be an arbitrary positive number; and let /(jar, f) be a function of 
two variables z and which for each point z of a closed region, satisfies the 
inequality \f(z t f) | < e when f is given any one of a certain set of values 
which will be denoted by (f z ) *, the particular set of values of course depends 
on the particular value of z under consideration. If a set (f)o can be found 
such that every member of the set (f)o is a member of all the sets (f z ), the 
function /(jar, f) is said to satisfy the inequality vmformly for all points z of 

* The reader will find no difficulty in verifying this statement; the mmimnrn value in 
question is given by 

+/3i f {( tt i”0si) s +( a s+0i) a }* {(°i+A) 2 + (*i - 
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the region. And if a function <f> (z) possesses some property, for every positive 
value of e, in virtue of the inequality \f(z, £)\< e,<p (z) is then said to possess 
the property uniformly . 

In addition to the uniformity of convergence of series and products, we shall have 
to consider uniformity of convergence of integrals and also uniformity of continuity; thus 
a series is uniformly convergent when | («) | < c, f (=n) assuming integer values in¬ 

dependent of z only. 

Further, a function f(z) is continuous in a closed region if, given c, we can find a 
positive number rj t such that |/(z+f*) — f(z) | < e whenever 

and s+f is a point of the region. 

The function will be uniformly continuous if we can find a positive number y inde¬ 
pendent of such that and |/(z+f)—/M! < f whenever 

0<|f|O/ 

and z+£ is a point of the region, (in this case the set (f)o is the set of points whose 
moduli are less than p). 

We shall find later (§ 3*61) that continuity involves uniformity of continuity; this is 
in marked contradistinction to the fact that convergence does not involve uniformity 
of convergence. 

3*6. The modified Heine-Bor el theorem. 

The following theorem is of great importance in connexion with properties 
of uniformity; we give a proof for a one-dimensional closed region 0 . 

Given (i) a straight line CD and (ii) a law by which , corresponding to 
each point f P of CD , we can determine a closed interval I (P) of CD , P being 
an interiorX point of I (P). 

Then the line CD can be divided into a finite number of closed intervals 
J u J 2 , ... J ki such that each interval J r contains at least one point (not an end 
point) P r , such that no point of J r lies outside the interval I (P r ) associated 
(by means of the given law) with that point P r §. 

A closed interval of the nature just described will be called a suitable 
interval, and will be said to satisfy condition (A). 

If CD satisfies condition (A), what is required is proved. If not, bisect CD ; 
if either or both of the intervals into which CD is divided is not suitable, 
bisect it or them||. 

* A formal proof of the theorem for a two-dimensional region will be found in Watson’s 
Complex Integration and Cauchy's Theorem (Camb. Math. Tracts, No. 15). 

f Examples of such laws associating intervals with points will be found in §§ 3*61, 5*13. 

t Except when P is at C or D, when it is an end point. 

§ This statement of the Heine-Borel theorem (which is sometimes called the Borel-Lebesgue 
theorem) is due to Baker, Proc. London Math. Soc. (2) 1 . (1904), p. 24. Hobson, The Theory of 
Functions of a Real Variable (1907), p. 87, points out that the theorem is practically given in 
Goursat’a proof of Cauchy’s theorem (Trans. American Math. Soc. 1 . (1900), p. 14); the ordinary 
form of the Heine-Borel theorem will be found in the treatise cited. 

II A suitable interval is not to be bisected; for one of the parts into which it is divided 
might not be suitable. 
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This process of bisecting intervals which are not suitable either will 
terminate or it will not. If it does terminate, the theorem is proved, for CD 
will have been divided into suitable intervals. 

Suppose that the process does not terminate; and let an interval, which 
can be divided into suitable intervals by the process of bisection just described, 
be said to satisfy condition (B). 

Then, by hypothesis, CD does not satisfy condition (J5); therefore at least 
one of the bisected portions of CD does not satisfy condition ( B). Take that 
one which does not (if neither satisfies condition (B) take the left-hand one); 
bisect it and select that bisected part which does not satisfy condition (B). 
This process of bisection and selection gives an unending sequence of intervals 
s 0 * *i, ... such that: 

(i) The length of 8 n is 2“" CD. 

(ii) No point of ^ is outside s n . 

(iii) The interval s n does not satisfy condition (A). 

Let the distances of the end points of s n from C be x ny y n ; then 
x n ^#n+i<y»+i^y»« Therefore, by § 2-2, x n and y n have limits; and, by the 
condition (i) above, these limits are the same, say £; let Q be the point whose 
distance from C is £ But, by hypothesis, there is a number S Q such that 
every point of CD, whose distance from Q is less than Sq, is a point of the 
associated interval I (Q). Choose n so large that 2~ n CD < Sq ; then Q is an 
internal point or end point of s n and the distance of every point of s n from 
Q is less than Sq. And therefore the interval s n satisfies condition (A), which 
is contrary to condition (iii) above. The hypothesis that the process of 
bisecting intervals does not terminate therefore involves a contradiction; 
therefore the process does terminate and the theorem is proved. 

In the two-dimensional form of the theorem*, the interval CD is replaced by a closed 
two-dimensional region, the interval 1(F) by a circlet with centre P, and the interval 
J r by a square with sides parallel to the axes. 

3*61. Uniformity of continuity. 

From the theorem just proved, it follows without difficulty that if a 
function f(x) of a real variable x is continuous when a^x^b, then f(x) 
is uniformly continuous J throughout the range a ^x ^b. 

For let e be an arbitrary positive number; then, in virtue of the con¬ 
tinuity of f (x), corresponding to any value of x , we can find a positive 
number S Xf depending on x, such that 

for all values of x' such that | of — x | < S x . 

* The reader will see that a proof may be constructed on similar lines by drawing a square 
circumscribing the region and carrying out a process of dividing squares into four equal squares. 

f Or the portion of the circle which lies inside the region. 

t This result is due to Heine; see Journal fiir Math . lxzi. (1870), p. 361, and Lxxrv. (1872) 

p. 188. 1 
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Then by § 3*6 we can divide the range (a, b) into a. finite number of closed 
intervals with the property that in each interval there is a number x 1 such 

that !/(#') — /(#i) | < j e, whenever %' lies in the interval in which x x lies. 

Let S 0 be the length of the smallest of these intervals; and let £, f' be 
any two numbers in the closed range (a, b) such that | £ — £' | < S 0 . Then 
f, £' lie in the same or in adjacent intervals; if they lie in adjacent intervals 
let be the common end point. Then we can find numbers x u x 2i one in 
each interval, such that 

1/(0 -/(*.) I < j* l/tf .)-/(*) | < \e, 

I /<?)-/(%) l<i«. I /<&> -/(«*>• I < \ e, 

so that 

1/(0 -/( f ) I = I {/(0 -/(-01 - {/(&) -/<«*)} 

- {/(f) -/(**)} + {/(&) -/(«>)} I 

< e. 

If £, lie in the same interval, we can prove similarly that 

i/(0-/<f)i<}* 

In either case we have shewn that, for any number f in the range, 
we have 

l/(0-/(f + OI<« 

whenever f + f is in the range and — B 0 < £< S 0 , where S 0 is independent of f. 
The uniformity of the continuity is therefore established. 

Corollary (i). From the two-dimensional form of the theorem of § 3*6 we can prove 
that a function of a complex variable, continuous at all points of a closed region of the 
Argand diagram, is uniformly continuous throughout that region. 

Corollary (ii). A function f(x) which is continuous throughout the range a^x^b is 
bounded in the range; that is to say we can find a number k independent of x such that 
| f(x) | < k for all points x in the range. 

[Let n be the number of parts into which the range is divided. 

Let a, fi, ••• fw-ij b be their end points; then if x be any point of .the rth interval 
we can find numbers x u x 2 , ... x„ such that 

|/(«)-/(*i)i<H |/(* 1 )-/(fi)l<K I/(6)-/tol<i«. !/(%)-/(&) 

... |/(*r-l)-/(*)l<i«- 

Therefore | f(a) - f(x) |<£re, and so 

l/(*)l<!/(«)l+i™> 

which is the required result, since the right-hand side is independent of a?.] 

The corresponding theorem for functions of complex variables is left to the reader. 

3*62. A real function , of a real variable , continuous in a closed interval , 
attains its upper bound. 

Let /(#) be a real continuous function of x when a^x^b. Form a 
section in which the i2-class consists of those numbers r such that r>f(x) 
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for all values of * in the range (a, b% and the £-class of all other numbers. 
This section defines a number a such that f(x) < a, but, if 8 be any positive 
number, values of a? in the range exist such that f(x) > a — 8. Then a is 
called the upper bound of / (x) ; and the theorem states that a number a! 
in the range can be found such that f (af) =* cl 

For, no matter how small 8 may be, we can find values of x for which 
j /(a?) — aj” 1 >8~ l ; therefore | {/(#)- a) l“ l is not bounded in the range; 
therefore (§ 3*61 cor. (ii)) it is not continuous at some point or points of the 
range; but since )/(«) — «] is continuous at all points of the range, its re¬ 
ciprocal is continuous at all points of the range (§ 3*2 example) except 
those points at which f(x) = a; therefore f(x) »o at some point of the 
range; the theorem is therefore proved. 

Corollary (i). The lower bound of a continuous function may be defined 
in a similar manner; and a continuous function attains its lower bound. 

Corollary (ii). If f(z) be a function of a complex variable continuous in 
a closed region, \f{z) | attains its upper bound. 

3*63. A real function, of a real variable, continuous in a closed interval 
attains all values between its upper and lower bounds. 

Let M,mbe the upper and lower bounds of f(x) ; then we can find numbers 
x, x, by § 3*62, such that f(x) — M,f (x) = m; let a* he any number such fchai 
m< p< M. Given any positive number e, we can (by § 3*61) divide the rang* 
(x, x) into a finite number, r, of closed intervals such that 

l/(*i w )-/te")i<* 

where x^, xf* are any points of the rth interval; take x^, to b* 
the end points of the interval; then there is at least one of the interval! 
for which f{x^) — /a, f{x^) — p have opposite signs; and since 

it follows that | f(x 1 <n ) — p J < e. 

Since we can find a number to satisfy this inequality for all value 
of e, no matter how small, the lower bound of the function j f(x) — p\ i 
zero; since this is a continuous function of x, it follows from § 3*62 cor. (i 
that/(#) — p vanishes for some value of x. 

3*64. The fluctuation of a function of a real variable*. 

Let f(x) be a real bounded function, defined when a^x^b. Let 
a^x 

Then |/(a) -/fo) | + [/(*,) -/(**) | + ... + •/(**)-/(&) i is called th 
fluctuation of f(x) in the range (a, 6) for the set of subdivisions ... 

* The terminology of this section is partly that of Hobson, The Theory of Functions of a Bet 
Variable (1907) and partly that of Young, The Theory of So* of Points (1906). 
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If the fluctuation have an upper bound F a b , independent of n, for all choices of 
&i, #a> ••• x nt then f(x) is said to have limited total fluctuation in the range 
(a, b). F a b is called the total fluctuation in the range. 

Example 1. If fix) be monotonic* in the range (a, 6), its total fluctuation in the range 
is |/ (a) —/(6) |. 

Example 2. A function with limited total fluctuation can be expressed as the differ¬ 
ence of two positive increasing monotonic functions. 

[These functions may be taken to be \ {F**+/(#)}, \ {F a *-/(#)}.] 

Example 3. If f{x) have limited total fluctuation in the range (a, b\ then the limits 
f(x±0) exist at all points in the interior of the range. [See § 3*2 example.] 

Example 4. If f(x)> g (x) have limited total fluctuation in the range (a, b) so has 

[For |/(*0 9 (jo -/<*) *<*) I <I/GO I -1 9 GO ■-9 <*) 1+1 9 (*) I • I/GO -/(*) I. 

and so the total fluctuation of f(x) g (x) cannot exceed g. F a b +f . G a \ where f g are the 
upper bounds of \f(x) [, \g(x)\.] 

3*7. Uniformity of convergence of power series . 

Let the power series 

00 + 0 ^ +... +a n z n +... 
converge absolutely when z = z 0 . 

Then, if | z | ^ | z„ \, | a n z n \ ^ | a^zf \. 

00 qo 

But since 2 | a n z 0 n | converges, it follows, by § 3*34, that 2 a^z 11 converges 

»=o n=o 

uniformly with regard to the variable z when 

Hence, by f § 3*32, a power series is a continuous function of the variable 
throughout the closed region formed by the interior and boundary of any 
circle concentric with the circle of convergence and of smaller radius (§ 2*6). 

3*71. AbeVs theorem f on continuity up to the circle of convergence. 

00 

Let 2 a n z n be a power series, whose radius of convergence is unity, and 

n =0 

co 

let it be such that 2 a n converges; and let then Abel’s theorem 

»=o 

( oo \ 00 

2 On®") = 2 a n . 

n=0 / n=0 

For, with the notation of § 3*35, the function x n satisfies the conditions 

00 

laid on Un(x), when consequently f(x) = 2 a n x n converges uni- 

* The function is monotonic if {/(x)-/(&')}I{x-x') is one-signed or zero for all pairs of 
different values of x and x'. 

t Journal fur Math. i. (1826), pp. 311-339, Theorem iv. Abel’s proof employs directly the 
arguments by which the theorems of § 3*32 and § 3*35 are proved. In the case when 2 | a n | 
converges, the theorem is obvious from § 3*7. 
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formly throughout the range 0 ^x < 1; it is therefore, by § 3*32, a continuous 
function of x throughout the range, and so Um^/(#)=/(l), which is the 

theorem stated. 

3*72. Abel's theorem* on multiplication of series . 

This is a mo difi cation of the theorem of § 2*53 for absolutely convergent 
series. 

Let c n = a Q b n 4- afi^ 4* ... 4* a»&o* 

Then the convergence of 2 a*, 2 b n and c n is a sufficient condition that 

*=0 »=0 n=0 

(£o„)(£ 

\»=0 / \n=0 / ti—0 

For, let 

A (x) = 2 0*35* £(#)= 2 & n 3 n , C(x)= 2 C n X n . 

»=0 »=0 

Then the series for A (#), S (#), (7 (a;) are absolutely convergent when 
| x | < 1 , (§ 2*6); and consequently, by § 2*53, 

A(x)B(x) = C(x) 

when 0<x< 1; therefore, by § 2*2 example 2, 

{ lim lim 2? (#)} = { lim C(x)\ 

*-*-1-0 *-*-1-0 *-*-1-0 

provided that these three limits exist; but, by § 3*71, these three limits are 

00 00 OD 

2 a*, 2 b ni 2 c»; and the theorem is proved. 

»=0 »=0 »=0 

3*73. Power series which vanish identically . 

If a convergent power series vanishes for all values of z such that | z | ^ r u 
where r Y > 0, then all the coefficients in the power series vanish . 

For, if not, let a w be the first coefficient which does not vanish. 

Then a m + a m+1 z + a m+2 z i +... vanishes for ail values of z (zero excepted) 
and converges absolutely when | z | ^r < r t ; hence, if s = a m+1 4* a^^z 4-..., we 
have 

I * I < 5 I Om+» | r" -1 . 

n=l 

and so we can findf a positive number B^r such that, whenever | z | ^ 3, 

| 4* %Z 2 + ... | < g | Ojn, j ] 

and then |a m + s|^|a m | — |$| >i|, and so | a m + s | + 0 when | z | < 8. 

* Journal fiir Math. i. (1826), pp. 311-339, Theorem vi. This is Abel’s original proof. In 
some text-books a more elaborate proof, by the use of Cesiro’s sums (§ 8*43), is given. 

m 

t It is sufficient to take 8 to be the smaller of the numbers r and £ | |-r- 2 | a m+n \ r n ~ 1 . 
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We have therefore arrived at a contradiction by supposing that some 
coefficient does not vanish. Therefore all the coefficients vanish. 

Corollary 1. We may ‘equate corresponding coefficients 4 5 in two power series whose 
sums are equal throughout the region j z |<$, where d>0. 

Corollary 2. We may also equate coefficients in two power series which are proved 
equal only when z is real. 
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Miscellaneous Examples. 


1. Shew that the series 

00 

is equal to when \z\<1 and is equal to l*|> L 

Is this fact connected with the theory of uniform convergence ? 


2. Shew that the series 


28 in s + 48 in s + "‘ +2msin sfe + - 


converges absolutely for all values of z ( 2=0 excepted), but does not converge uniformly 
near 


3. If «.(*)- -2 (n — l) t xe~ m ~ 1)la/> +%n a xe~ nt!C> , 


shew that 2 (x) does not converge uniformly near 

n=l 


(Math Trip., 1907.) 


4. Shew that the series 4r ~ ~75 + “7o~ is convergent, but that its square (formed 
VI v” v® 


by Abel’s rule) 
is divergent. 


1 V2 + 



5 . If the convergent series *=1-1+^, — i+...(r>0) be multiplied by itself 

the terms of the product being arranged as in Abel’s result, shew that the resulting series 
diverges if r < J but converges to the sum s* if r > J. (Cauchy and CajorL) 
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6. If the two conditionally convergent series 


2 


n r 


and 2 

»=i 


n * * 


where r and * lie between 0 and 1, be multiplied together, and the product arranged as in 
Abel’s result, shew that the necessary and sufficient condition for the convergence of the 
resulting series is r+s >1. (Cajon.) 


7. Shew that if the series 1 } + ... 

be multiplied by itself any number of times, the terms of the product being arranged as 
in Abel’s result, the resulting series converges. (Cajori.) 


8. Shew that the gth power of the series 

<Xi8in 04 -Oasin 20 + ...+OnSin 

is convergent whenever gr(l — r)<l, r being the greatest number satisfying the relation 

a n ^7i r 

for all values of n. 

9. Shew that if 6 is not equal to 0 or a multiple of 2ir, and if -Hq, u x , ... be a 
sequence such that «*-*-() steadily, then the series 2u n cos (nB+a) is convergent. 

Shew also that, if the limit of u n is not zero, but is still monotonic, the sum of the 
6 6 

series is oscillatory if - is rational, but that, if - is irrational, the sum may have any value 

7T W 

between certain bounds whose difference is a cosec \6, where a— lim 

n-^-ao 

(Math. Trip., 1896.) 



CHAPTER IV 


THE THEORY OF RIEMANN INTEGRATION 

4* * * § 1. The concept of integration. 

The reader is doubtless familiar with the idea of integration as the 
operation inverse to that of differentiation; and he is equally well aware that 
the integral (in this sense) of a given elementary function is not always 
expressible in terms of elementary functions. In order therefore to give 
a definition of the integral of a function which shall be always available, 
even though it is not practicable to obtain a function of which the given 
function is the differential coefficient, we have recourse to the result that the 
integral* of f(x) between the limits a and h is the area bounded by the 
curve y = /(#), the axis of x and the ordinates x = a, x — b. We proceed to 
frame a formal definition of integration with this idea as the starting-point. 

4*11. Upper and lower integrals f. 

Let f(x) be a bounded function of x in the range (a, 6). Divide the 
interval at the points x u x 2 , ... x n ^(a^Xj ^... ^ x n ^ ^ b). Let U, L be 
the bounds of f(x) in the range (a, b), and let U r , L r be the bounds of f(x) 
in the range (x r -i, #r)> where x 0 = a, x n — b. 

Consider the sumsj 

£ n = Ui(x x -a) + U 2 (x 2 ~x l )+ ...+ U n (b-Xr ^*), 
s n = L x + (x 2 -X 1 )+... 

Then U (b - a) ^ S» > s u > L (6 - a). 

For a given n, S n and s n are bounded functions of x lf x 2 , ... x n -\> Let 
their lower and upper bounds§ respectively be S n , s n , so that S ny s n depend 
only on n and on the form of f(x)> and not on the particular way of dividing 
the interval into n parts. 

* Defined as the (elementary) function whose differential coefficient is / («). 

t The following procedure for establishing existence theorems concerning integrals is based 
on that given by Goursat, Court d* Analyse, i. Ch. xv. The concepts of upper and lower integrals 
are due to Dorboux, Ann . de V^cole norm, sup . (2) rv. (1875), p. 64. 

X' The reader wiU find a figure of great assistance in following the argument of this section. 
S n and « n represent the sums of the areas of a number of rectangles which are respectively 
greater and less than the area bounded by y=/(x), x=a, x = b and y=0, if this area be 
assumed to exist. 

§ The bounds of a function of n variables are defined in just the same manner as the bounds 
of a function of a single variable (§ 3*62). 
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Let the lower and upper bounds of these functions of n be S, s. Then 

S n >8, S n ^S. 

We proceed to shew that a is at moat equal to S ; Le. S^s. 

Let the intervals (a, xj, (oi, x^, ... be divided into smaller intervals by 
new points of subdivision, and let 

a, yi, y%, ... y*-i. y»(=*i)> y*+i. ••• yi-u yi (= «a). yi+i, ••• y*>~» 

be the end points of the smaller intervals; let U r ', L T ' be the bounds of f(x) 
in the interval (j/r-u Vr)- 

Let T m = t iyr-yr-i)V/, t m = 2 (y r -y r - *)■£/. 

r=l r-1 

Since 07, 07, ... 17* do not exceed U l) it follows without difficulty that 
S n ^ T m ^■t m '^-8 n . 

Now consider the subdivision of (a, b) into intervals by the points 
x u x» t ... x n __ l9 and also the subdivision by a different set of points 
Xi, x 2i ... Let £' n ', 8 'n f be the sums for the second kind of sub¬ 

division which correspond to the sums S nj s n for the first kind of subdivision. 
Take all the points x li ... x n -i ; &i, ... as the points y u y 2i ... y m . 

Then S n ^ T m ^ t m ^ s n . 


and 


& nf ^ ^ t m ^ S n '. 


Hence every expression of the type S n exceeds (or at least equals) every 
expression of the type $'*'; and therefore S cannot be less than a 

[For if S<s and $ — $ = 2?? we could find an S n and an s n > such that 
S n —S<7), 8 — 8 n ‘<T) and so «'»'>$», which is impossible.] 

rb 

The bound S is called the upper integral of f(x) y and is written / f(x) dx \ 

8 is called the lower integral, and written j f(x) dx . 

If S = 8, their common value is called the integral of f(x) taken between 
the limits* of integration a and b . 

The integral is written J f(x) dx . 

We define J f(x)dx y when a< b } to mean — j f(x)dx. 


Example 1 . J {/(»+<£ (x)}dx = J f(x) dx+ j <j> (x) dx. 

Example 2. By means of example 1, define the integral of a continuous complex 
function of a real variable. 


# 'Extreme values’ would be & more appropriate term but * limits’ has the sanction of 
custom. ‘ Termini ’ has been suggested by Lamb, Infinitesimal Calculus (1897), p. 207. 
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4\L2. Riemann'8 condition of integrability*. 

A function is said to be ‘ integrable in the sense of Riemann 1 if (with the 
notation of § 4*11) S n and s n have a common limit (called the Riemann 
integral of the function) when the number of intervals {x r _ ly x r ) tends to 
infinity in such a way that the length of the longest of them tends to zero. 

The necessary and sufficient condition that a bounded function should be 
integrable is that 8 n — s n should tend to zero when the number of intervals 
x r ) tends to infinity in such a way that the length of the longest tends 
to zero . 

The condition is obviously necessary, for if S n and s n have a common limit 
S n — s n —» 0 as n —> oo. And it is sufficient; for, since S n > S ^ s ^ s n> it follows 
that if lim ( S n - s n ) — 0, then 

lim S n = lim s n ~ S = s. 

Note. A continuous function f(x) is 4 integrable/ For, given c, we can find 3 such 
that !/(^0—/(#") \<f/(b~ a) whenever \x'~x" | < 3. Take all the intervals (x t -u &*) 
less than 3, and then U a - L t < e/(b — a) and so S n - s n <« ; therefore S n — s n ->~0 under the 
circumstances specified in the condition of integrability. 

Corollary. If S n and s n have the same limit S for one mode of subdivision of (a, b ) 
into intervals of the specified kind, the limits of S n and of s n for any other such mode of 
subdivision are both S. 

Example 1. The product of two integrable functions is an integrable function. 

Example 2. A function which is continuous except at a finite number of ordinary 
discontinuities is integrable. 

[If f(x) have an ordinary discontinuity at c, enclose c in an interval of length ; 
given c, we can find 3 so that | f(af ) —f(x) | < c when | a? - x | <3 and x 9 of are not in this 
interval. 

Then S n -8 n ^((b — a -, where k is the greatest value of -/(#) |, when 
x, of lie in the interval. 

When V^O, jfc-H/(c+0)-/(c-0) j, and hence lim (£*-«„)«■<).] 

Example 3. A function with limited total fluctuation and a finite number of ordinary 
discontinuities is integrable, (See § 3*64 example 2.) 

4*13. A general theorem on integration. 

Let f{x) be integrable, and let e be any positive number. Then it is 
possible to choose 8 so that 

n rb 

2 0* - Xp- 1 )f(<B'p-i) - f(x)dx < e, 

p=l J a 

provided that x v — x^ ^ S, x^ x < x , v ^. 1 ^ x p . 

* Riemann {Ges. Math. Werke, p. 239) bases his definition of an integral on the limit of the 
sum occurring in § 4*13; but it is then difficult to prove the uniqueness of the limit. A more 
general definition of integration (which is of very great importance in the modern theory of 
Functions of Beal Variables) has been given by Lebesgue, Annali di Mat. (3) vn. (1902), 
pp. 231-359. See also his Legem sur Vintigration (Paris, 1904). 
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To prove the theorem we observe that, given e, we can choose the length 
of the longest interval, 8, so small that S % — s n < e. 


Also 


Therefore 


S n > 2 (% - ^l)/(«Vi) > S *> 
1 

f(x)dx^s n . 


X (x p - - [ f(x) dx 

p-l J a 


^ S n $» 


< 6 . 


As an example* of the evaluation of a definite integral directly from the theorem 


of this section consider 


fx dx 

Jo (1 


where X < 1. 


Take arc sin X and let x a =sm s8, (0<s8<$ ir), so that 
« l+ r #,=2 sin }8 cos (*+|) 3 < 8; 


also let 
Then 


j?/=sin (s+b) 8. 




p sin sin (*-1)8 


a= 1 (l-^M-i)^ 5=1 cos(j-£)d 

*=2/> sin Jd 

—arc sin X . {sin £8/(|a)}. 
By taking jp sufficiently large we can make 

x c£a? ^ af t _i ( 


/; 


0 (l-af»)i »=1 (1 —y 2 ,_i)i I 


arbitrarily small. 

We can also make arc sin X 

arbitrarily sm&lL e 

That is, given an arbitrary number c, we can make 

dx 


x 

0 (I-* 8 )* 


arc sin X < c 


by taking p sufficiently large. But the expression now under consideration does not 
depend on p ; and therefore it must be zero ; for if not we could take < to be less than it, 
and we should have a contradiction. 

That is to say 

Example 1. Shew that 



lim 


x 2a? 

1+cos—f-cos —cos- 
n n 


sma? 

5 - * 

X 


Example % If f(x) has ordinary discontinuities at the points Oi, ©a, ... a K , then 
f*f(x)dx-lhn {£'** + /^+-+/^/W *} • 

where the limit is taken by making 8 U 8 8 ,... 8*, «*, c 2 ,... e« tend to +0 independently. 
* Netto, Zeitschrift ftir Math, und Phys. XL. (1825). 
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Example 3. If / (x) is integrable when a x < x < 6j and if, when a 1 ^a<b<b l , we write 

j'f(x)dx*=<j> (a, b), 

and if f(b+0 ) exists, then 

lim fe ) =/( j +0 ). 

a-^+o ° 

Deduce that, if f(x) is continuous at o and 6, 

& fj(x) dx= -/Co), ^ j b a f(x) dx=f(b). 

Example 4. Prove by differentiation that, if <£ (#) is a continuous function of x and 
dx 

a continuous function of t, then 

Example 5. If /' (a?) and <f>' (x) are continuous when a^x^b, shew from example 3 
that 

J * /' (*) <Mx)<£r + JV (*)/(*) <&=/ (*) (&) -/(«) <t> («)• 

Example 6 . If/(x) is integrable in the range (a, c) and o < 6 < c, shew that /(x) dx 

is a continuous function of 5. 


414. 2/#m Theorems. 

The two following general theorems are frequently useful. 

(I) Let U and L be the upper and lower bounds of the integrable function f(x) in the 
range (a, b). 

Then from the definition of an integral it is obvious that 

j\u-f(x))dx, JV(x)-X}<& 

are not negative; and so 

U(b — a)^J f(x)dx^L(b-a). 

This is known as the First Mean Value Theorem. 

If f(x) is continuous we can find a number £ such that a^£^b and such that/(f) has 
any given value lying between U and L (§ 3*63). Therefore we can find £ such that 

jj(x)dx=(b-a)f(i). 


If F(x) has a continuous differential coefficient F' (x) in the range (a, 6), we have, on 
writing F' (x) for/(x), 

F(b)-F(a)=(b-a)F’(£) 
for some value of £ such that a^£^b. 

Example. If f(x) is continuous and <f> (x) ^ 0 , shew that £ can be found such that 

j */(*) 4 > (*) <**=/(£) J* a <f> (*) dm- 
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(II) Let f(x) and <f> ( x ) be integrable in the range (a, b) and let <f>(x) be a positive 
decreasing function of x. Then Bonnets* form of the Second Mean Value Theorem, is 
that a number £ exists such that a < £ < b, and 


j V(*> <t> (*) dx=4> (a) J'f(i e) dx. 


For, with the notation of §§ 4*1-4*13, consider the sum 

p 

2 (x a -x—i)f(x-i) 4> fo-i). 

J=1 

Writing (x t - x^f (x^*)=«t-i> Oo+ai+ ... + «,=&*, we have 

P-i 

£ ** 2 6^! (<#> 4 _ i — <£*)+6p_! ^>j>—i. 

«=i 

Each term in the summation is increased by writing 6 for b,_ x and decreased by 
writing b for b M _ u if 5, b be the greatest and least of b 0 , b u ... b p ^ x ; and so bfo^S^b<f> 0 . 

m 

Therefore S lies between the greatest and least of the sums (x 0 ) 2 (x t - x t _{) f (x,_i) 

*=i 

where m=1 , 2, 3,... p. But, given f, we can find d such that, when x 9 

p /■*« I 

S (-*!t <$> (^t— i) I f(j&) (^) | < *> 

=i J *o I 

I m fx m I 

<f>(xo) 2 (x a “ x a _ j) y - 1 ) ~ $ (*o) f fi. x ) dx <T 

«=1 J XQ I 

/ & 

/(x) (j> (x) dx lies between the upper and 
lower bounds oft 4>(a) j* 1 f(x)dx±2c, where £ x may take all values between a and b. 
Let U and L be the upper and lower bounds of <f) (a) J ^ f{x) dx . 

Then U -f 2« > J /(x) <f> (x) dx > L - 2e for aU positive values of c; therefore 

j f(x)<j>(x)dx^L. 

Since <j> (a) J* l /(x) dx qua function of £ x takes all values between its upper and lower 

bounds, there is some value £, say, of £j for which it is equal to j f(x) <j> (, x ) efx. This 
proves the Second Mean Value Theorem. 

Example. By writing | <£ (x) - <£ (6) | in place of <j) (x) in Bonnet’s form of the mean 
value theorem, shew that if <£ (x) is a monotonic function, then a number £ exists 
such that a ^ £ < b and 

j b J(x)4>(x)dx=<l>(a) j*J(x)dx+<t>(b) j” t /(x)dx. 

(Du Bpis Reymond.) 

* Journal de Math . xiv. (1849), p. 249. The proof given is a modified form of an investigation 
due to Holder, Gott. Each. (1889), pp. 38-47. 

+ By § 4*13 example 6, since f{x) is bounded, j* 1 f(x) dx is a continuous function of &. 
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4*2. Differentiation of integrals containing a parameter, 
d f 6 f® df 

The equation* ^ j f(x, a)dx = j —da? is true if f{x , a) possesses a 

Riemann integral with respect to x and /* |Q w a continuous function of 
bothf the variables x and a. 

if this limit exists. But, by the first mean value theorem, since f a is a 
continuous function of a, the second integrand is f a (x, a + Oh), where 
O<0<1. 

But, for any given e, a number 8 independent of a? exists (since the con¬ 
tinuity of /* is uniform}: with respect to the variable x) such that 

I/. O, « ) -/« (*, a) | < ej(b - a), 

whenever | a! — a | < 8. 

Taking | h | < 8 we see that | 0h | < 8, and so whenever | k | < 8, 

j | /O*’ a + ^ ~/(^ g ) dx-j f a (x,a)dx^J I/« (x, a + 0k)(x, a) \ dx 

< e. 

Therefore by the definition of a limit of a function (§ 3*2), 

lim [ t m± + >pf<Sll» dx 

A-^0 J a h 

fb 

exists and is equal to f*dx. 

J a 

Example 1. If a, b be not constants but functions of a with continuous differential 
coefficients, shew that 

i />• •>*-/&») -> £ +f a 

Example 2. If f(x, a) is a continuous function of both variables, j f{x,ti)dx is a 
continuous function of a. 


* This formula was given by Leibniz, without specifying the restrictions laid on f(x , a), 
f <f> (x, y) is defined to be a continuous function of both variables if, given e, we can find 
S such that 10(x', y')-# (x, y)\<e whenever {(x'-x) 8 + (y'-y) 2 }^<d. It can be shewn by § 3*6 
that if <f> (x, y) is a continuous function of both variables at all points of a closed region in 
a Cartesian diagram, it is uniformly continuous throughout the region (the proof is almost 
identical with that of § 3*61). It should be noticed that, if <p(x, y) is a continuous function 
of each variable, it is not necessarily a continuous function of both; as an example take 

*(0,0)=l; 

this is a continuous function of x and of y at (0, 0), but not of both x and y. 

t It is obvious that it would have been sufficient to assume that f a had a Riemann integral 
and was a continuous function of a (the continuity being uniform with respect to x), instead 
of assuming that f m was a continuous function of both variables. ThiB is actually done by 
Hobson, Functiont of a Beal Variable, p. 599. 
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4*3. Double integrals and repeated integrals. 

Let/ (x, y) be a function which is continuous with regard to both of the 
variables x and y, when a^x^b, a^y^p. 

By § 4*2 example 2 it is clear that 

!a (1 /^***’ {[ a /te y) ^ 

both exist. These are called repeated integrals. 

Also, as in § 3*62, /(a:, y\ being a continuous function of both variables, 
attains its upper and lower bounds. 

Consider the range of values of x and y to be the points inside and on a 
rectangle in a Cartesian diagram; divide it into nv rectangles by lines parallel 
to the axes. 

Let be the upper and lower bounds of f(x, y) in one of the 

smaller rectangles whose area is, say, A m>M ; and let 

» V n v 

2 2 r> 2 X = s n 

m=l M'—l m=l fL—1 

Then 8 and, as in § 4*11, we can find numbers S^, s n>v which 
are the lower and upper bounds of £„ ||r , s n> „ respectively, the values of 
^n,v, $n lV depending only on the number of the rectangles and not on their 
shapes; and &,*^We then find the lower and upper bounds {S and s) 
respectively of 8n %¥ qua functions of n and v\ and S nv ^S^s^s n „ as in 
§411. 

Also, from the uniformity of the continuity of f(x, y), given e, we can find 
S such that 

Lm.K < €, 

(for all values of m and p) whenever the sides of all the small rectangles are 
less than the number 8 which depends only on the form of the function f(x, y) 
and one. 

And then S n , „ - s n , „ < e (b - a) (fi - a), 

and so S - s < e (6 - a) (£ - a). 

But S and s are independent of €, and so S = $. 

The common value of S and s is called the double integral of f(x, y) and 
is written 

/J> V) (dxdy). 

It is easy to shew that the repeated integrals and the doable integral are all equal 
w hen / (x, y) is a continuous function of both variables. 
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For let Y w , A** be the upper and lower bounds of 

fy<x,y)dy 

as x varies between x m _i and x m . 

Then 2 Y m (x m - Vi) > f* { f* /O, y) dy\ dx^ 2 A m (.r m - 
»»=1 J a U a J m=l 

v v 

But* s 0 r m ,M(j'K-yM-i)^Y m >A m 3s 2 L^H-iy^-y^-i)- 

M-l M=1 

Multiplying these last inequalities by x m -x m ~ u using the preceding inequalities and 
summing, we get 

2 2 > r \//(*» y)dy\ <fo> 2 2 

m=l fi=l J a \J * ) m=l ft=sl 

and so, proceeding to the limit, 

s>f' {f^f(*,y)dy j- dx^s. 

But S=t=j^j^f(x,y){dxdy), 

and so one of the repeated integrals is equal to the double integral. Similarly the other 
repeated integral is equal to the double integral. 

Corollary . If f(x, y) be a continuous function of both variables, 

ii * {/T /( *’ y> dy )-p,* {/>* y> *} • 


4*4. Infinite integrals. 

If lim Q f(x)dxj exists, we denote it by J f(x)dx ; and the limit in 
question is called an infinite integral f . 


Examples. 


(3) By integrating by parts, shew that t^e~ l dt—n !. (Euler.) 

Similarly we define j f(x)dx to mean lim I f(x)dx y if this limit exists ; and 

/ f{x)dx is defined as f f(x)dx+j f(x)dx. In this last definition the choice 

-00 J —00 J a 

of a is a matter of indifference. 


* The upper bound of /(x, y) in the rectangle is not less than the upper bound 
of f[x, y) on that portion of the line x=f which lies in the rectangle. 

t This phrase, due to Hardy, Proe. London Math . Soc. xxxiv. (1902), p. 16, suggests the 
analogy between an infinite integral and an infinite series. 
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4 3 . Double integrals and repeated integrals. 

Let f(x, y) be a function which is continuous with regard to both of the 
variables x and y, when a ^x^b, a^y < fi. 

By § 4'2 example 2 it is clear that 

f Jj *f(x,y)dy\ <&> dy 

both exist. These are called repeated integrals. 

Also, as in § 3*62, f(x, y), being a continuous function of both variables, 
attains its upper and lower bounds. 

Consider the range of values of x and y to be the points inside and on a 
rectangle in a Cartesian diagram; divide it into nv rectangles by lines parallel 
to the axes. 

Let be the upper and lower bounds of /(a?, y) in one of the 

smaller rectangles whose area is, say, A m>M ; and let 

n v n v 

~ 2 == $n,r> 2 % A m ^ = Sn,v' 

Wt=l = l JR = 1 ft- 1 

Then $»,*>*»,*» and, as in § 4*11, we can find numbers S ntV , s Jh „ which 
are the lower and upper bounds of S njy , s n>y respectively, the values of 
Sji,*, $n,v depending only on the number of the rectangles and not on their 
shapes; and £»,„ We then find the lower and upper bounds (S and s) 

respectively of §»,„qua functions of n and v\ and as in 

§ 4*11. 

Also, from the uniformity of the continuity of f(x, y)> given e, we can find 
S such that 

ffm,M < €, 

(for all values of m and p) whenever the sides of all the small rectangles are 
less than the number S which depends only on the form of the function f(x, y) 
and on e. 

And then S nj r — s nt v < e (b — a) ($ — ot), 

and so S-8< e(b - a)(J3-a). 

But S and s are independent of e, and so S — s. 

The common value of 5 and s is called the double integral of f{x, y) and 
is written 

jJXs,y)(dxdy). 

It is easy to shew that the repeated integrals and the double integral are all equal 
when t ■ x , y; is a continuous function of both variables. 



4 * 41 - 4 * 43 ] THE THEORY OF RIEMANN INTEGRATION 


71 


(I) Absolutely convergent integrals. It may be shewn that [ f(x)dx 

00 a 
certainly converges if f \f(&) [ dx does so; and the former integral is then 
J a 

said to be absolutely convergent. The proof is similar to that of § 2*32. 

Example. The comparison test. If \f{x) [ ^ <7 (#) and j g(x)dx converges, then 
j* fix) dx converges absolutely. 

[Note. It was observed by Dirichlet* that it is not necessary for the convergence of 
j f(x)dx that /(#)-► 0 as x-*-<x> : the reader may see this by considering the function 

fix)— 0 + 

/(a?)=(ra+1) 4 (ft4-1 - x) {x- (rc + l) 4 .(»+l)-*} (n-+l -(»+l)~ a ^.r<»+l), 

where n takes all integral values. 

/ f fn+i 

f{x)dx increases with £ and J f{x)dx=^ (7i4*l)~ 2 ; whence it follows 

without difficulty that J fix) dx converges. But when x=n+ 1 - J (ti4-l)~ 2 , /(«#)=£ ; 
and so f{x) does not tend to zero.] 

(II) The Maclaurin-Cauchy f test. If /(#)> 0 and f(x) 0 steadily, 
00 

f(x) dx and 2 f(n) converge or diverge together. 

n=l 

fm +1 

/(*) >J m fix) dx >/(ni+1), 

it fn +1 n-fl 

2 f(m)> f(x)dx> 2 f(m). 

m =1 J 1 m =2 

The first inequality shews that, if the series converges, the increasing sequence 
fn+l 

I fix)dx converges (§ 2-2) when n-*-cc through integral values, and hence it follows 

1 /v 

without difficulty that / f(x)dx converges when x'-^co ; also if the integral diverges, 
so does the series. 

The second shews that if the series diverges so does the integral, and if the integral 
converges so does the series (§ 2*2). 

(Ill) Bertrand’s\ test. If f{x) = 0 (a* -1 ), I f(x)dx converges when 

J a 

A < 0; and if f{x) = 0 («~ l (log a;}* -1 ), [ f{x) dx converges when \ < 0. 

J a. 


I 


For 
and so 


These results are particular cases of the comparison test given in (I). 


* Dirichlet’s example was /(.r) = sina; 2 ; Journal f Ur Math. xvii. (1837), p. 60. 
f Maclaurin ( Fluxions , i. pp. 289, 290) makes a verbal statement practically equivalent to this 
result. Cauchy’s result is given in his Oeuvres (2), vii. p. 269. 

X Journal de Math. vii. (1842), pp. 38, 39. 
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(IV) Ghartiers test* for integrals involving periodic functions. 


If f(x) 0 steadily as x oo and if 


f <f>(x)dx 
J a 


is bounded as x-*~oo, 


rco 


then f(x) <f> (x) dx is convergent. 


For if the upper bound of J J <f> is) dx J be A t we can choose X such that f(x)<c/2A 
when z^X; and then by the second mean value theorem, when x" ^af^X, we have 

| /(*) <t> (*) dx | = | /(*') (*) | «/(a0 j <f> (x) J* <f> (x) dx j ^ 2A/(a/) < c, 

which is the condition for convergence. 

Example 1. j dx converges. 

Example 2. j ar _1 siii (x 3 -az)dz converges. 

4*431. Tests for uniformity of convergence of an infinite integral f. 

(I) De la Vallie Poussins test\. The reader will easily see by using 

the reasoning of § 3*34 that f f{x , a) dx converges uniformly with regard 

J a 

to a in a domain of values of a if \f(x, a) | < y {x), where y ( x ) is independent 

of a and f y(x)dx converges. [For, choosing X so that | y(x)dx<e 
J a J a? 

I 

when x'^x ^X f we have f(x, a)dx < e, and the choice of X is inde- 

I J ^ 

pendent of a.] 

Example . x*“ 1 e~ x dx converges uniformly in any interval (A, B) such that 

l^A^B. 

(II) The method of change of variable. 

This may be illustrated by an example. 


Consider 
We have 


ider * 


sm ax 


dx where a is real. 


Jx' X J oaf y 9 


Since j dy converges we can find F such that J j* ^^-dy o when y”^y'^F. 


So 


v? X 

/ 


• dx <« whenever | oaf | ^ F; if | a | ^ & > 0, wo therefore get 




: dx < 


# Journal de Math . xvm. (1853), pp. 201-212. It is remarkable that this test for conditionally 
convergent integrals should have been given some years before formal definitions of absolutely 
convergent integrals. 

t The results of this section and of § 4*44 are -due to de la Valtee Poussin, Ann. de la Soc. 
Scientijique de Bruxelles xvi. (1892), pp. 150-180. 
t This name is due to Osgood. 
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when ^ X— F/d; and this choice of X is independent of a. So the convergence is 
uniform when a > d >0and when a^-d<0. 


Example, j ^ sin (0*a?) dp j- dx is uniformly convergent in any range of real 

values of a. (de la Vallee Poussin.) 

[Write P 2 x*=z, and observe that | j 2 ~b sin zdz j does not exceed & constant inde¬ 
pendent of a and x since j z~ l sin zdz converges.] 

(III) The method of integration by parts . 

If jffa a) dx~<f> fa a)+jX fa a )°& 

and if <j>fa a )-*-0 uniformly as x~*~ao and j x fa, a)dx converges uniformly with regard 
to a, then obviously J ffa, a) dx converges uniformly with regard to a. 

(IV) The method of decomposition . 

Example, f" dx-jfi ™i a + V* d*H {* l) * dx; 

both of the latter integrals converge uniformly in any closed domain of real values of 
a from which the points a— ± 1 are excluded. 

4*44. Theorems concerning uniformly convergent infinite integrals . 

- r oo 

(I) Let ffa a) doc converge uniformly when a lies in a domain S. 

J a 

Then , if ffa a) is a continuous function of both variables when x^a and 
a lies in S, j ffa, a)dx is a continuous function* of a. 

For, given e, we can find X independent of a, such that | J* ffa , a)dx 
whenever f 

Also we can find 8 independent of x and a , such that 
I ffa, «) -ffa, «01 < c/(X - a) 

whenever | a — a' | < 8. 

That is to say, given e, we can find S independent of a, such that 

j /(*, a) dec- J f{x, a) dx J $ J J* {f(x, a) -f(x, o')} dx 


<e 


+ j*f(x,a')dx + J^/(x,a)dx 


< 3e, 

whenever j a — a | < 8; and this is the condition for continuity. 

* This result is due to Stokes. His statement is that the integral iB a continuous function 
of a if it does not ‘ converge infinitely slowly.’ 
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(H) If f (x, a) satisfies the same conditions as in (I), and if a lies in S 
when A <a ^B, then 


For, by § 4 3, 
Therefore 


!A { Jo ^ X> = l | i A ^ ^ 

J 

a)da }^ 


m 

/(*» «) d*| da - J* | J u /( x > 




< f eda< e(B- A), 


for all sufficiently large values of £. 

But, from §§ 2*1 and 4*41, this is the condition that 

^lim J | J f(x, a) da j dx 

should exist, and be equal to 

**}*«- 

Corollary. The equation — J <f>(x, a)dx— j *~dx is true if the integral on the 

right converges uniformly and the integrand is a continuous function of both variables, 
when x > a and a lies in a domain S, and if the integral on the left is convergent. 

Let A be a point of S, and let |^ =/(.£, a), so that, by § 4*13 example 3, 

J^ f ( x , a)da=<j>(x, a)-<t>(x, A). 

Then j a <*) daj dx converges, that is J* {<f> (x, a)-<f>(x, A)} dx converges, 

and therefore, sine ej <f> (x, a) dx converges, so does j <f> (x, A) dx. 

Then ‘ i[/I «)<**]“& [f a 4)}dr] 


=£[/:{/>^w 

= jj[x,a)dx=j' *±dx, 

which is the required result; the change of the order of the integrations has been justified 

above, and the differentiation of with regard to a is justified by § 4-44 (I) and § 4-13 
example 3. 
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45. Improper integrals. Principal values. 

rt 

If | f{x) | —» oc as # —* a + 0, then lim f(x)dx may exist, and is 

*-*■+<> J a+S 

written simply | f(x)dx\ this limit is called an improper integral. 

J a 

If | f(x) | —► oo as a? — > c, where a < c < b> then 

rc-t rb 

lim I f(x)dx + lim f(x)dx 

3-*>+0 J a S'-^+OJ c+V 

may exist; this is also written f f(x)dx , and is also called an improper 

J a 

integral; it might however happen that neither of these limits exists when 
$, $' -> 0 independently, but 

lim | f f{x) dx+ [ f(x)dx l 

U a J c+t ) 

rb 

exists; this is called * Cauchy's, principal value of | f(x) dx * and is written 

b ^ a 

for brevity P J f(x) dx. 


Results similar to those of §§ 4*4-4-44 may be obtained for improper 
integrals. But all that is required in practice is (i) the idea of absolute 
convergence, (ii) the analogue of Bertrands test for convergence, (iii) the 
analogue of de la Vall 6 e Poussins test for uniformity of convergence. The 
construction of these is left to the reader, as is also the consideration 
of integrals in which the integrand has an infinite limit at more than one 
point of the range of integration*. 


Examples. (1) j* x~* cos x dx is an improper integral. 

(2) /: ^-'(l-xf - 1 dx is an improper integral if 0<X<1, 0 </*<!. 

It does not converge for negative values of X and /i. 

(3) P f* dx is the principal value of an improper integral when 

J ol-A' 

0<a<l. 


4*51. The inversion of the order of integration of a certain repeated integral. 

General conditions for the legitimacy of inverting the order of integration when the 
integrand is not continuous are difficult to obtain. 

The following is a good example of the difficulties to be overcome in inverting the 
order of integration in a repeated improper integral. 


* For a detailed discussion of improper integrals, the reader is referred either to Hobson’s or 
to Pierpont’s Functions of a Real Variable. The connexion between infinite integrals and 
improper integrals is exhibited by Bromwich, Infinite Series , § 164. 
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Let f(x, y) be a continuous function of both variables , and let 0<X<1, 0</*^l, 
00^1; then 

/! {/«^"V'^-^-y/'Vfoy)^} 

« fo dy {/o (i-*-yr' 1 /C* *)*»}• 

This integral, which was first employed by Dirichlet, is of importance in the theory of 
integral equations; the investigation which we shall give is due to W. A. Hurwitz*. 

Let (l -x-yy~ 1 f(x i y)—<t> (#, y); and let if be the upper bound of |/(ff,y) |. 

Let & be any positive number less than J. 

Draw the triangle whose sides are x-d, y=3, x+y—l-8; at all points on and inside 
this triangle <f> (x, y ) is continuous, and hence, by § 4-3 corollary, 

/> {/^^(^y)^}. 

Now 

dx {f~ <f> (x, y) oTyj- = j 1 ^* dx 4> (*> y) <fyj- +J* * llds+ Iidx ' 

where I 1 =J^<f,(x,y)dy, * t <t>{x,y)dy. 

But | h i </* if- 1 (l-x-yj' 1 dy 

^Mx k ~ l (l-x-ST 1 ^ f~ l dy, 

since (l-x—y)*'” 1 ^(l-a?-3) p “ 1 . 

Therefore, writing z=(l-&) x u we have t 

IJP* J a <*r J yT 1 (1 -x-ty'dx 

< Aft* i*- 1 (1 - *i X_1 (1 dx , 

v)—0 as 8—0. 

The reader will prove similarly that [ K dx 0 as 3 0, 

Hence J dx <f> (x, y) iy) = lim j"* * dx |J‘~* <f> (x, y) dy J- 

= es/t - * {/r ^ (x > y)<fa }> 

* Annals of Mathematics, ix. (1908), p. 183. 

t *i X_1 (l dxi=B (X, v) exists if X>0, f> 0 (§ 4*5 example 2). 

J The repeated integral exists, and is, in fact, absolutely convergent; for 

fl l * x_1 - x ~yY~ 1 f (*. y)dy\<Mx x - 1 {i-xf +y - 1 

* f\ i*i J ® 

writing y=(l-j;) <; and J^ Mx*- 1 (l-xf +r -ldx. J exiato. And since the 

integral exists, its value which is lim j 1 * may be written lim 
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by what has been already proved; but, by a precisely similar piece of work, the last 
integral is 

Io dy {fo V 

We have consequently proved the theorem in question. 

Corollary. Writing f=a+(5-a) x, rj=b-(b -a)y, we see that, if <p (f, 77 ) is con¬ 
tinuous, 

11^ ill (S ~ a)X ~ 1 * & *> dr >) 

= fa^ {/I ( ^ _a) "‘ 1 ^-^' X "&~ l * «. *> <**} • 

This is called Dirichlet’s formula. 

[Note. What arc now called infinite and improper integrals were defined by Cauchy, 
Lemons sur le calc . inf. 1823, though the idea of infinite integrals seems to date from 
Maclaurin (1742). The test for convergence was employed by Chartier (1853). Stokes 
(1847) distinguished between ‘ essentially J (absolutely) and non-essentially convergent 
integrals though he did not give a formal definition. Such a definition was given by 
Dirichlet in 1854 and 1858 (see his Vorlesungen, 1904, p. 39). In the early part of the 
nineteenth century improper integrals received more attention than infinite integrals, 
probably because it was not fully realised that an infinite integral is really the limit 
of an integral.] 

4*6. Complex integration *. 

Integration with regard to a real variable x may be regarded as integration 
along a particular path (namely part of the real axis) in the Argand diagram. 
Let /(*)» («* P + iQ), he a function of a complex variable z } which is continuous 
along a simple curve AB in the Argand diagram. 

Let the equations of the curve he 

x = y-y(t) (a^t^b). 

Let x(a) + iy(a) = z 0 , x(b) + iy(b) = Z. 


Then if*J* x(t), y(t ) have continuous differential coefficients J we define 
rz 

I /(*) dz taken along the simple curve AB to mean 

t t 

The 4 length * of the curve AB will be defined as J ^/(^) + 

It obviously exists if ^ are continuous; we have thus reduced the 
discussion of a complex integral to the discussion of four real integrals, viz. 

I/Tt dt> //S* j. Q Tt dt ' l a Q ft dt 


* k treatment of complex integration based on a different set of ideas and not making 
so many assumptions concerning the curve AB will be found in Watson's Complex Integration 
and Cauchy'8 Theorem . 

t This assumption will be made throughout the subsequent work. 

X Cp. § 4-13 example 4. 
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By 14-13 example 4, this definition is consistent with the definition of an 
integral when AB happens to be part of the real axis. 

E xa m ple*, j* /(*) «&«■ -J* /(*) *, the paths of integration being the same (but in 
opposite directions) in each integral. 

f S-*! + (* S + * S)} ^ 

= [i ** - iy*+ ix 2 !J ‘ t=a — i (^* ■- ■*<>’)• 


4*61. The fundamental theorem of complex integration. 

From § 4*13, the reader will easily deduce the following theorem: 

Let a sequence of points be taken on a simple curve ZqZ ; and let the first 
n of them, rearranged in order of magnitude of their parameters, be called 
z*\ ... z n ™ (*o (n> « *»+i (n) = Z); let their parameters be ty™, ... t^ n \ 

and let the sequence be such that, given any number S, we can find N such 
that, when n>N t tr+f* -for r = 0,1, 2, n; let ? r (n) be any point 
whose parameter lies between t r {n \ tr+i (n) ; then we can make 

2 (w» - v n o/(rr w )- fVw* 

r=0 ^ z, 

arbitrarily small by taking n sufficiently large. 


4 * 62 . din upper iim# to tte value of a complex integral. 

Let M be the upper bound of the continuous function | f(z) j. 


Then 


dt 




where l is the ‘ length * of the curve ZqZ. 

That is to say, J J f{z) dz cannot exceed Ml. 


4*7. Integration of infinite series. 

We shall now shew that if S(z) = Uy(z) m \-u 2 {z) +... is a uniformly con¬ 
vergent series of continuous functions of z, for values of z contained within 
some region, then the series 

[ u 1 (z)dz~h [ Ui(z)dz -f 
J c J c 

(where all the integrals are taken along some path C in the region) is con¬ 
vergent, and has for sum f S (z) dz. 
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For, writing 

S (z) = u 1 (z) + u 2 (z) + ...+u n (z) + R n (*)> 

we have 

j S(z)dz=sj %tn L (z)dz +...+J Un(z)dz+J R n (z)dz. 

Now since the series is uniformly convergent, to every positive number e 
there corresponds a number r independent of z, such that when n^rwe have 
| R n (z) | < e, for all values of z in the region considered. 

Therefore if l be the length of the path of integration, we have (§ 4*62) 


f Rn ( z ) < 

J C 


< eZ. 


Therefore the modulus of the difference between / S (z) dz and 

J e 

i Um(z) dz can be made less than any positive number, by giving n any 
m=lJ C 

sufficiently large value. This proves both that the series 2 | {£) dz is 

m=l J c 

convergent, and that its sum is J S (z) dz\ 


Corollary . As in § 4*44 corollary, it may be shewn that* 

^ 2 «,(*)- 2 4u»(z) 

ciz n=o »=o dz 

if the series on the right converges uniformly and the series on the left is convergent. 


Example 1. Consider the series 

* 2x{n(n+\)sm l xP— ljeos# 2 
n= i {I +n 2 sin 2 x 2 }(1 + (n+ l) a sin 2 ’ 

in which x is real 
The nth term is 

2xncoax s Sfcrfo+ljcos# 2 
l+T^sin 2 # 3 l + (7i + l) 2 sin a ^ > 

and the sum of n terms is therefore 


2XC0S'X 3 2^(71 + 1 ) 008 ^ 

l+sin 3 # 3 1 + (n +1 ) z sin 2 x 1 ‘ 


Hence the series is absolutely convergent for all real values of x except ± N /(m*r) 
where 1, 2,but 


Rn(x) 


2#( tt + l) C OSJF 2 
l+(n + l) 3 sin 3 a?* 


and if n be any integer, by taking a?=(n+l)” x this has the limit 2 as n-*~cc . The series is 
therefore non-uniformly convergent near x=0. 


* means lim where &-*►() along a definite simple curve; this definition 

dz h 

is modified slightly in § 5*12 in the case when / (z) is an analytic function. 



80 


THE PROCESSES OF ANALYSIS 


[chap. IV 


Now the sum to infinity of the series is - —f 1 -. , and so the integral from 0 to x of 

i t sin 4 x* 

the sum of the series is arc tan {sin a? 8 }. On the other hand, the sum of the integrals from 
0 to a? of the first n terms of the series is 

arc tan {sin a?} - arc tan {(n+ 1) sin .r 2 }, 
and as oo this tends to arc tan {sin tf 2 }—i*r. 

Therefore the integral of the sum of the series differs from the sum of the integrals of 
the terms by 

Example 2. Discuss, in a similar manner, the series 

« 2e*#{l ~n(e- 

»=i n(n+ l)(l+«* i a? 2 )(l-fe w + 1 ar 2 ) 

for real values of x. 

Example 3. Discuss the series 

^1+^2+^ + ..., 

where 

«i =zer»\ u % = me’™* — (n — 1) 

for real values of z. 

The sum of the first n terms is nze~ nt \ so the sum to infinity is 0 for all real values 
of z. Since the terms u n are real and ultimately all of the same sign, the convergence 
is absolute. 

In the series 

/ u t dz+I u 2 dz+I u 3 dz+...> 
o Jo Jo 

the sum of n terms is ^ (1 - e-** 2 ), and this tends to the limit ^ as n tends to infinity; this 
is not equal to the integral from 0 to z of the sum of the series 2 m». 

The explanation of this discrepancy is to he found in the non-uniformity of the 
convergence near z— 0, for the remainder after n terms in the series u l -\-u 2 J r... is- nze-** 1 ; 
and by taking z—n~ l we can make this equal to a” 1 /*, which is not arbitrarily small; the 
series is therefore non-uniformly convergent near s=0. 

Example 4. Compare the values of 

f j 2 « n l dz and 2 / u n dz , 

J o U=i J n—lj o 

where 

2n?z 2(»+l) 2 s 

M *“(l+«=“«*) log (m+l) “ {l + (»i+]) a 2 a }log(7H-2) • 

(Trinity, 1903.) 
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Miscellaneous Examples. 


1. Shew that the integrals 

/ « /** /*« 

sin (a? 2 ) dx, jo cos (x 2 ) dx, J x exp (-x* sin 2 x)dx 

converge. (Dirichlet and Du Bois Raymond.) 


2. If a be real, the integral 


is a continuous function of a. 


f 00 cos (a 
Jo 1+3 


(Stokes.) 


3. Discuss the uniformity of the convergence of J x sin (x 3 - ax) dx. 

J^3 ji rsin (x 3 ~ or) <£r= - ^ cos (x^-aa?) 

(de la Yall^e Poussin.) 

4. Shew that J exp [-^(x 3 - nx)] dx converges uniformly in the range (—Jir, Air) 

of values of a. (Stokes.) 

/ « a? dx 

l+x* | sin x 1* w ^ en ^ P sxe positive. 

(Hardy, Messenger, xxxi. (1902), p. 177.) 

6. Examine the convergence of the integrals 

/;e-i‘- + nh)f. /:*£*“* 


7. Shew that 


9 dr 

- r exists. 

x 2 (sin x)* 


(Math. Trip. 1914.) 


8. Shew that j ^“*e dnz sin %xdx converges if a> 0, n> 0. (Math. Trip. 1908.) 

00 

9. If a series g{z)— 2 (c„-c„ + 1 ) sin (2v+l) tr2, (in which c 0 =0), converges uniformly 

F=sO 

9T ® f 

in an interval, shew that <7 (z) --is the derivative of the series /(z) = 2 —sin 2 virz. 

sm wz k=i v 

(Lerch, Ann. de VEc. norm. sup. (3) XII. (1896), p. 351 .y 

10. shew that r r ... r d r f"... r . 

J J J (V + ^2+--+^n 2 ) J J J tf 1 a + X?/+...+X n A “ 

converge when a>i» and a” 1 +)3~ l +...+X“ 1 < 1 respectively. (Math. Trip. 1904.) 

11. If / (#, y) be a continuous function of both r and y in the ranges (a <6), (a<y ^b) 
except that it has ordinary discontinuities at points on a finite number of curves, with 
continuously turning tangents, each of which meets any line parallel to the coordinate axes 

only a finite number of times, then j f(x, y) dx is a continuous function of y. 

[Consider [*' * l + **+...+ P {f(x, y+A)—f(x, y)}dx, where the numbers 

J a J J <*n+* n 

3i, $29 ••• «i» f 2 i ••• ar © so chosen as to exclude the discontinuities of /( x, y+A) from the 
range of integration; a j9 a*, ... being the discontinuities of f(x, y).] (Bdcher.) 



CHAPTER V 


THE FUNDAMENTAL PROPERTIES OF ANALYTIC FUNCTIONS ; 
TAYLOR’S, LAURENT’S AND LIOUVILLE’S THEOREMS 


5*1. Property of the elementary functions . 

The reader will be already familiar with the term elementary function , as 
used (in text-books on Algebra, Trigonometry, and the Differential Calculus) 
to denote certain analytical expressions* depending on a variable z, the 
symbols involved therein being those of elementary algebra together with 
exponentials, logarithms and the trigonometrical functions; examples of such 
expressions are 

z* } e?, log z y arc sin z%. 

Such combinations of the elementary functions of analysis have in common 
a remarkable property, which will now be investigated. 

Take as an example the function e z . 

Write 6*—f( z )- 

Then, if z be a fixed point and if zf be any other point, we have 

/ O ') ~/ 0 ) e *"* 1 ~ 1 

’ " — t — CT • , 

z —z z —z z —z 


z *{ 1+ ^r + - 3T^ + *"} ; 


and since the last series in brackets is uniformly convergent for all values of 
/, it follows (§ 3*7) that, as z'-tz, the quotient 

/(*')-/(*) 

/ — z 

tehds to the limit 6*, uniformly for all values of arg (z' — z\ 

This shews that the limit of 

/(*')-/(*) 

/ — z 


is in this case independent of the path by which the point z tends towards 
coincidence with z. 


It will be found that this property is shared by many of the well-known 
elementary functions; namely, that if f(z) be one of these functions and h be 


* The reader will observe that this is not the sense in which the term function is defined 
(§ 3*1) in this work. Thus e.g. x-iy and | z | are function* of z (=x+iy) in the sense of § 8*1, 
bat are not elementary functions of the type under consideration. 
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any complex number, the limiting value of 

*{/(*+A)-/(*)} 


exists and is independent of the mode in which h tends to zero . 

The reader will, however, easily prove that, if f(z)= m — iy , where z^x + iy, 
then lim* ^ Z — — ^- Z — is not independent of the mode in which A—>0. 


5*11. Occasional failure of the property . 


For each of the elementary functions, however, there will be certain points 
z at which this property will cease to hold good. Thus it does not hold for 
the function 1 j(z — a) at the point z = a } since 


lim \ 


L 1 _L_l 

z — a -f h z—a) 


does not exist when z = a. Similarly it does not hold for the functions log z 
and £ at the point z = 0. 

These exceptional points are called singular points or singularities of the 
function f(z) under consideration; at other points f{z) is said to be analytic. 

The property does not hold good at any point for the function \z\. 


5T2. Cauchy 1 s* definition of an analytic function of a complex variable. 

The property considered in § 5*11 will be taken as the basis of the 
definition of an analytic function , which may be stated as follows. 

Let a two-dimensional region in the s-plane be given; and let u be a 
function of z defined uniquely at all points of the region. Let z, z -f Sz be 
values of the variable z at two points, and u,u + 8u the corresponding values 

5m 

of u. Then, if, at any point z within the area, ^ tends to a limit when Sx— *0, 

5y—*0, independently (where 8z = 8x + i$y), u is said to be a function of z, 
which is monogenic or analytic^ at the point. If the function is analytic and 
one-valued at all points of the region, we say that the function is analytic 
throughout the region\. 

We shall frequently use the word 4 function 1 alone to denote an analytic 
function, as the functions studied in this work will be almost exclusively 
analytic functions. 


* See the memoir cited in § 5'2. 

f The words 4 regular * and 4 holomorphic ’ are sometimes used. A distinction has been made 
by Borel between 4 monogenic ’ and 4 analytic ’ functions in the case of functions with an infinite 
number of singularities. See § 5*51. 

X See § 5‘2 cor. 2, footnote. 
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In the foregoing definition, the function u has been defined only within 
a certain region in the s-plane. As will be seen subsequently, however, the 
function u can generally be defined for other values of z not included in this 
region; and (as in the case of the elementary functions already discussed) 
may have singularities, for which the fundamental property no longer holds, 
at certain points outside the limits of the region 

We shall now state the definition of analytic functionality in a more 
arithmetical form. 

Let f(z) be analytic at z, and let e be an arbitrary positive number; 
then we can find numbers l and 8, (8 depending on e) such that 

_____ i < e 

whenever |/ — z\<8. 

lif{z) is analytic at all points z of a region, l obviously depends on z\ we 
consequently write 1 =/' (z). 

Hence f(z') = f(z) 4- (z - z) f (z) + v (/ - z), 

where v is a function of z and s' such that [ v |< e when \z —z\< 8. 

Example L Find the points at which the following functions are not analytic : 

z 1 

(i) s*. (ii) cosec z n any integer). (iii) ^ (*— 2 , 3). 

(iv) (*=0). (v) {(*-!)*}* (1=0, 1). 


Example 2. If z—x-k-iy, f(z)*su+iv, where u, v, x, y are real and / is an analytic 


function, shew that 


du _ dv dv 

dx ~0y 5 dy~~ dx‘ 


(Riemann.) 


5*13. An application of the modified Heine-Borel theorem. 

Let f(z) be analytic at all points of a continuum; and on any point z of 
the boundary of the continuum let numbers f (z\ 8 (8 depending on z) exist 
such that 

I/O') - /(*) -(*'-*)/(*) | <«| / - * | 

whenever | z —z \< 8 and z is a point of the continuum or its boundary. 

[We write f x (z) instead of /' (*) as the differential coefficient might not exist when 
z > approaches z from outside the boundary so that fi (z) is not necessarily a unique derivate.] 

The above inequality is obviously satisfied for all points z of the continuum 
as well as boundary points. 

Applying the two-dimensional form of the theorem of § 3*6, we see that 
the region formed by the continuum and its boundary can be divided into 
a finite number of parts (squares with sides parallel to the axes and their 
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interiors, or portions of such squares) such that inside or on the boundary of 
any part there is one point z x such that the inequality 

1/00 “/(*:i) “ - Zi)f i (*i) | < € | y - z x | 

is satisfied by all points z inside or on the boundary of that part. 

5*2. Cauchy's theorem* on the integral of a function round a 

CONTOUR. 

A simple closed curve C in the plane of the variable z is often called 
a contour ; if A, B, D be points taken in order in the counter-clockwise sense 
along the arc of the contour, and if f{z) be a one-valued continuousf 
function of z (not necessarily analytic) at all points on the arc, then the 
integral 

f f(?)dz or f f(z)dz 
JABBA J (O 

taken round the contour, starting from the point A and returning to A again, 
is called the integral of f(z) taken along the contour. Clearly the value of the 
integral taken along the contour is unaltered if some point in the contour 
other than A is taken as the starting-point. 

We shall now prove a result due to Cauchy, which may be stated as 
follows. If f(z) is a function of z, analytic at all points on\ and inside a 
contour G , then 

f f(z)dz = 0 . 

Uo 

For divide up the interior of C by lines parallel to the real and imaginary 
axes in the manner of § 5*13 ; then the interior of C is divided into a number 
of regions whose boundaries are squares C u C 2 , ... C M and other regions 
whose boundaries A> A> ••• Av are portions of sides of squares and parts 
of C; consider 

2 f f(z)dz+x[ f(z)dz t 
n=lJ(C n ) n=lJ(DJ 

each of the paths of integration being taken counter-clockwise; in the 
complete sum each side of each square appears twice as a path of integration, 
and the integrals along it are taken in opposite directions and consequently 
cancel§; the only parts of the sum which survive are the integrals of f(z) 

* K€moire sur lei integral** denies prises entre des limites imciginaires (1825). The proof 
here given is that; due to Goursat, Tram . American Math. Soc. i. (1900), p. 14. 

t It is sufficient for / (z) to be continuous when variations of z along the arc only are 
considered. 

+ It is not necessary that / [z) should be analytic on C (it is sufficient that it be continuous 
on and inside C), but if f(z) is not analytic on C, the theorem is much harder to prove. This 
proof merely assumes that /' (z) exists at all points on and inside C. Earlier proofs made more 
extended assumptions; thus Cauchy's proof assumed the continuity of f'{z). Riemann’s 
proof made an equivalent assumption. Goursat’s first proof assumed that f{z) was uniformly 
differentiable throughout C . 

§ See § 4*6, example. 
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taken along a number of arcs which together make up C, each arc being 

taken in the same sense as in I f{z) dz ; these integrals therefore just make 

ho 


up 


/. /(*><&• 
J (O 


(O 

Now consider [ f(z)dz . With the notation of § 5*12, 

J <c») 

f f(z)dz = ( {/OO + (Z-Z x )f (z x ) + 0-*0«} d* 

•'(G.) J(G.) 

= {/(*) - V' (*»)} / +/' 0>) j zdz +j w ( z - *i) «*• 

But f dz = [*]<*, = 0, f zdz= [ gz*j =0, 

J(C*) J<CW) L Jc» 

by the examples of § 4*6, since the end points of C n coincide. 

Now let l n be the side of G n and A n the area of C». 

Then, using § 4*62, 

If = I (z — Zi)vdz\ ^ / \(z—Zj)vdz 1 

M (Cn) 1 1 J (Cn) I J (Cn) 

< V 2 • f | dz j — V 2 • 4/ft — 4filft \/ 2 . 

j Cn 


In like manner 


[ f{z)dz |(jr-j 0 v*r| 

•/(Dr) J<d») 


/ (D*) 

< 4e (^n' + ln\i) s/%> 

where -4/ is the area of the complete square of which D n is part, l n ' is the 
side of this square and X» is the length of the part of C which lies inside this 
square. Hence, if X be the whole length of C } while l is the side of a square 
which encloses all the squares C n and D n , 

I f f(z)dz <f If f(z)dz + i ! f{z)dz I 

l^(C) n=l\J(Cn) n=lU(Dn) | 

CM N M 'l 

<4eV2 S^+S^n' + iSXnl 

U~1 n=l n=l j 

< 4e . (I 1 + ZX). 

Now e is arbitrarily small, and l, X and I / (z) dz are independent of e. 

J (O 

It therefore follows from this inequality that the only value which J f(z) dz 
can have is zero; and this is Cauchy’s result. 
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Corollary 1. If there are two paths z^AZ and z^BZ from z$ to Z, and if f(z) is a 
function of z analytic at all points on these curves and throughout the domain enclosed by 

these two paths, then j f(z) dz has the same value whether the path of integration is 

z^AZ or zqBZ. This follows from the fact that z 0 AZBz 0 is a contour, and so the integral 
taken round it (which is the difference of the integrals along zqAZ and zqBZ) is zero. 

Thus, if f(z) be an analytic function of 2 , the value of / f(z) dz is to a certain extent 

J J.B 

independent of the choice of the arc AB, and depends only on the terminal points A and B. 
It must be borne in mind that this is only the case when f{z) is an analytic function in the 
sense of § 5*12. 

Corollary 2. Suppose that two simple closed curves (7 0 and C\ are given, such that C 0 
completely encloses C ly as e.g. would be the case if C 0 and C\ were confocal ellipses. 

Suppose moreover that/ ( 2 ) is a function which is analytic* at all points on C Q and C x 
and throughout the ring-shaped region contained between C Q and C x . Then by drawing a 
network of intersecting lines in this ring-shaped space, we can shew, exactly as in the 
theorem just proved, that the integral 


/■ 


f(z) dz 


is zero , where the integration is taken round the whole boundary of the ring-shaped space; 
this boundary consisting of two curves (7 0 and Cl, the one described in the counter-clockwise 
direction and the other described in the clockwise direction. 

Corollary 3. In general, if any connected region be given in the 2 -plane, bounded by 
any number of simple closed curves C 0 , C u C 2 , ..., and if f{z) be any function of 2 which 
is analytic and one-valued everywhere in this region, then 


/• 


/ ( 2 ) dz 

is zero , where the integral is taken round the whole boundary of the region ; this boundary 
consisting of the curves < 7 0 , C l9 ..., each described in suck a sense that the region is kept 
either always on the right or always on the left of a person walking in the sense in question 
round the boundary . 

An extension of Cauchy’s theorem j~f(z) dz— 0, to curves lying on a cone whose vertex 

is at the origin, has been made by Ravut ( Nouv . Annales de Math (3) xvi. (1897), 
pp. 365-7). Morera, Rend, del 1st . Lombardo , xxil (1889), p. 191, and Osgood, Bull. 

Amer. Math Soc . 11 . (1896), pp. 296-302, have shewn that the property Jf(z)dz -0 

may be taken as the property defining an analytic function, the other properties being 
deducible from it. (See p. 110, example 16.) 

Example. A ring-shaped region is bounded by the two circles 1 2 1 = 1 and 1 2 1 = 2 in the 

/ dz 

- , where the integral is taken round the boundary 

of this region, is zero. 

* The phrase * analytic throughout a region 5 implies one-valuedness (§ 5*12); that is to say 
that after 2 has described a closed path surrounding C 0 , f(z) has returned to its initial value. A 
function such as log z considered in the region 1 < | z | ^ 2 will be said to be * analytic at all 
points of the region.* 
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For the boundary consists of the circumference | z |= 1 , described in the clockwise 
direction, together with the circumference | z |=2, described in the counter-clockwise 
direction. Thus, if for points on the first circumference we write and for points on 
the second circumference we write then 6 and <f> are real, and the integral becomes 

I -^—+ / —-— rr—— — 2irt+2iri=0. 

J o «*• JO 

5*21. The value of an analytic function at a point , expressed as an integral 
taken round a contour enclosing the point 

Let G be a contour within and on which f(z) is an analytic function of z. 

Then, if a be any point within the contour, 

/(f) 

z — a 

is a function of z, which is analytic at all points within the contour C except 
the point x = o. 

Now, given e, we can find S such that 

I /(*) ~f(a) -(*- a)/' (a) | < e | z - a | 

whenever \z — a\< S; with the point a as centre describe a circle y of radius 
r < 8, r being so small that y lies wholly inside C. 

Then in the space between y and G f(z)/(z — a) is analytic, and so, by 
§ 5*2 corollary 2 , we have 

f f{z)dz r f(z) dz 
Jc z — a J y z — a 9 

where I and I denote integrals taken counter-clockwise along the curves 
J C J y 

C and y respectively. 

But, since | z — a | < $ on 7 , we have 

f /{£) dz _ r f(a) +(z- a)f (a) ^v(z-a) ^ 

Jy z — a J y z — a * 

where | v i < e; and so 

Now, if z be on 7 , we may write 

z — a = re i6 } 

where r is the radius of the circle 7 , and consequently 
dz f 2r ire i9 d8 
1 0 


f dz f 2w ire t9 d6 . 2w . 

-= -s- =t d6= 2m, 

JyZ-a Jo re 19 J 0 


and 


f dz = f ire i9 dd = 0; 
Jy Jo 

1 1, 


*2ir 
0 

vdz\^e.2irr. 


also, by § 4*62, 
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Thus 


IJ> 


^ 27rre. 


But the left-hand side is independent of e, and so it must be zero, since e 
is arbitrary; that is to say 


f( a ) —L [ ISM 2 
tori J 0 *-a ' 


This remarkable result expresses the value of a function f(z\ (which is 
analytic on and inside C) at any point a within a contour C y in terms of an 
integral which depends only on the value of f(z) at points on the contour 
itself 


Corollary . If f(z) is an analytic one-valued function of z in a ring-shaped region 
bounded by two curves C and C\ and a is a point in the region, then 


f(a) = — f f ^-dz y 

2iri)c*-a 2iri) C 'Z-a * 


where C is the outer of the curves and the integrals are taken counter-clockwise. 


5*22. The derivates of an analytic function f(z ). 

The function f'{z\ which is the limit of 

f( Z + h)-f(z) 
h 

as k tends to zero, is called the derivate of f(z). We shall now shew that 
/' (z) is itself an analytic function of z, and consequently itself possesses a 
derivate. 


For if G be a contour surrounding the point a, and situated entirely 
within the region in which f(z) is analytic, we have 

/■(»)-lim /<» + *)-/<» ) 

h-*Q n 

« lim f< z )*L. 

h-*-o 2irih \J c z — a — h J c z — a 

= li m J_ f /(f) dz 

a —0 2 in)c{z-a)(_z - a — h) 

= ( /(«)* . lim Jl f f {z) dz _. 

2 vi J c(z — a f a-» o 2m‘ J c ( z ~ a )\ z ~ a — h) 

Now, on C, f(z) is continuous and therefore bounded, and so is (z — a )“* - 
while we can take |A| less than the lower bound of | \ z — a|. 
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Therefore 
Then, if l be 


/(*) 


(z-aY(z — a — h) 
the length of (7, 


is bounded; let its upper bound be K. 


U m A f _ /<«)* _ 

*♦0 2iri J c (z — ay (z — a — h) 


< lim | h | (2iry~ l Kl = 0, 

K -*-0 


and consequently f (a) = A j , 

a formula which expresses the value of the derivate of a function at a point 
as an integral taken along a contour enclosing the point. 

From this formula we have, if the points a and a + h are inside (7, 


f'(a+h)-f(a) _ 1 . 

f /(*) dz 

r 1 1 ) 

h 2m J 

c h | 

[(z—a — hy (z—aY) 


_i_r 2 (*~ a ~* A ) 

2in J Z ' (z — a —hy(z— 


ay 

_ 2 _ 

2iriJ c (z — ay 

and it is easily seen that .4* is a bounded function of z when | h \ < i | z — a |. 


iJ c (z-aY 


Therefore, as h tends to zero, hr 1 {/' (a + h) —/' (a)} tends to a limit, 
namely 

2 r f(z) dz 

2n ri J c(z — 

Since /' (a) has a unique differential coefficient, it is an analytic function 
of a; its derivate, which is represented by the expression just given, is 
denoted by f"(a), and is called the second derivate of /(a). 

Similarly it can be shewn that /"(a) is an analytic function of a, possessing 
a derivate equal to 

2.3 f f(z) dz m 

27 ri J c (s —a) 4 ’ 

this is denoted by /'" (a), and is called the third derivate of /(a). And in 
general an 7ith .derivate f {n] (a) of /(a) exists, expressible by the integral 

n ! f f(z) dz 
2m Jc (z—a) n+1 * 

and having itself a derivate of the form 

(« + !)! f f(z)dz _ 

2 iri J c (z-a )"+*’ 

the reader will see that this can be proved by induction without difficulty. 
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A function which possesses a first derivate with respect to the complex 
variable z at all points of a closed two-dimensional region in the s-plane 
therefore possesses derivates of all orders at all points inside the region. 


5*23. Cauchy's inequality for f {n) (a). 

Let f(z) be analytic on and inside a circle C with centre a and radius r. 
Let M be the upper bound of f{z) on the circle. Then, by § 4*62, 

^M.nl 
^ * 


Example. If f(z) is analytic, z=x+iy and + shew that 

V*log| f(z)\=0; and V*|/(*)|>0 

unless f(z)=0 or /' (z) =0. (Trinity, 1910.) 


5*3. Analytic functions represented by uniformly convergent series. 

00 

Let 2 f n (z) be a series such that (i) it converges uniformly along a 
»=o 

contour (7, (ii) f n (z) is analytic throughout G and its interior. 

00 ^ 
Then 2 f n (z) converges, and the sum of the series is an analytic 
»=o 

function throughout C and its interior. 

00 

For let a be any point inside C; on C, let 2 f n (z) = (z). 

»=o 


Then 


J -.[ 

2m J c 



by* § 4*7. But this last series, by § 5*21, is 2 f n (a); the series under 

»=o 

consideration therefore converges at all points inside C; let its sum inside 
G (as well as on G) be called <£ (z). Then the function is analytic if it 
has a unique differential coefficient at all points inside C . 

But if a and a + h be inside C, 


<1> (a + h) — <I> (a) _ 1 f <E> (z) dz 

h ~~27ri Jc (z— a)(z — a—h)* 

and hence, as in § 5*22, lim [{4> (a + h) - <I> (a)} A" 1 ] exists and is equal to 

0 


* Since | z - a | _1 is bounded when a is fixed and z is on C, the uniformity of the convergence 

of 2 f n (z)l(z-a) follows from that of 2 f n (z). 
o **o 
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a"" 5 f > ^ dz', and therefore <!> (z) is analytic inside C. Further, by 

17TV J (7 \Z — Q/Jr 

transforming the last integral in the same way as we transformed the first 

OO CO 

one, we see that 4>' (a) = 2 /„' (a), so that 2 /«(a) may be ‘differentiated 

n=0 n=0 

term by term/ 

If a series of analytic functions converges only at points of a curve which is not closed 
nothing can be inferred as to the convergence of the derived series*. 


Thus 2 (-)’ 

n=l 


COS tiX 


— converges uniformly for real values of x (§ 3 34). But the derived 


* sm me 

series 2 (- ) w_1 -converges non-uniformly near #=(2m+1) **, (m any integer); and 

*=i n 

<0 

the derived series of this, viz. 2 (—J*- 1 cos nx, does not converge at alL 

H=1 

Corollary. By § 3*7, the sum of a power series is analytic inside its circle of con¬ 
vergence. 

5*31. Analytic functions represented by integrals . 

Let f(t, z) satisfy the following conditions when t lies on a certain path 
of integration (a, 6 ) and z is any point of a region 8: 

(i) / and are continuous functions of t 

(ii) /is an analytic function of z. 

(iii) The continuity of ^ qua function of z is uniform with respect to 
the variable t. 

Then J f (t, z) dt is an analytic function of z. For, by § 4*2, it has the 
unique derivate J — dt. 

6*32. Analytic functions represented by infinite integrals. 

From § 4*44 (II) corollary, it follows that / f(t, z) dt is an analytic 

J a 

function of z at all points of a region S if (i) the integral converges, (ii) f(t % z) 
is an analytic function of z when t is on the path of integration and z is on S, 

(iii) is a continuous function of both variables, (iv) j dt 

converges uniformly throughout 8. 

For if these conditions are satisfied I f(t, z) dt has the unique derivate 


/. 


* This might have been anticipated as the main theorem of this section deals with uniformity 
of convergence over a two-dimensional region. 
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A case of very great importance is afforded by the integral f e~ u fit) dt, 

» 0 

where f(t) is continuous and \f{t)\ <Ktf* where K, r are independent of t\ 
it is obvious from the conditions stated that the integral is an analytic 
function of z when R (z) > r x >r . [Condition (iv) is satisfied, by § 4*431 (I), 

since J te (r ~ Ti)t dt converges.] 

5 * 4 . Taylor's Theorem* 

Consider a function f(z), which is analytic in the neighbourhood of a 
point z — a. Let G be a circle with a as centre in the z-plane, which does 
not have any singular point of the function f{z) on or inside it; so that f(z) 
is analytic at all points on and inside 0. Let z = a 4- h be any point inside 
the circle C. Then, by § 5*21, we have 

/(«+*)- 1/ /W* 

J 2 mJcz — O' — h, 

If f 1 h h n h n+l 1 

— 2 iri J C S(*) ^ Z \z—a + (z — ay + + (2 — a)“ +1 + («•- a) n+1 (2 —a — A){ 

-m+kf <a) + £ /"(«>+... 

Bat when z is on C, the modulus of —-—r is continuous, and so, 

z — a — h 

by § 3-61 cor. (ii), will not exceed some finite number M. 

Therefore, by § 4*62, 


1 I" fjz) dz.h n+1 
2iriJc (z — a) n+1 (z — a — h) 


M. 2irR f\ h l\* +l 




where R is the radius of the circle C y so that 2irR is the length of the path 
of integration in the last integral, and R-\z — a\ for points z on the cir¬ 
cumference of G. 

The right-hand side of the last inequality tends to zero as n -» oo . We 
have therefore 

f(a + h) =/(a) + hf (a) + ^,/"(a) + ... (a) +.... 
which we can write 

f(z)=f(a) + (z-a)f' (a) + ( SZ^f" (a) + - <«) + -• 

This result is known as Taylors Theorem ; and the proof given is due to 
Cauchy. It follows that the radius of convergence of a power series is always 

* The formal expansion was first published by Dr Brook Taylor (17X5) in his Methodu* 
Inerementorum. 
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at least so large as only just to exclude from the interior of the circle of con¬ 
vergence the nearest singularity of the function represented by the series . And 
by § 5*3 corollary, it follows that the radius of convergence is not larger 
than the number just specified . Hence the radius of convergence is just such 
as to exclude from the interior of the circle that singularity of the function 
which is nearest to a. 

At this stage we may introduce some terms which will be frequently 
used. 

If /(a) = 0, the function f(z) is said to have a zero at the point z = a. 
If at such a point f (a) is different from zero, the zero of f(a) is said to be 
simple ; if, however,/'(a),(a), (a) are all zero, so that the Taylor's 

expansion of f(z) at z~ a begins with a term in (z— a) n , then the function 
f{z) is said to have a zero of the rtth order at the point z = a. 


Example 1. Find the function/(s), which is analytic throughout the circle G and its 
interior, whose centre is at the origin and whose radius is unity, and has the value 

a-cos 6 . Bin 6 

a 2 -2acosd + l +l a s -2acosd+l 

(where a> 1 and 3 is the vectorial angle) at points on the circumference of C. 

[We have 

f(z) dz 
f c 3* + 1 

a - cos 3+i sin 3 


/"W-SS /, 

n ! f* T e — 
2iri J o 


*».id3. 


f2* e-»*d3 _nl f 
2ir Jo a — 2iri J( 


a 9 —2a cos 3+1 9 
dz 

cZ** l {a~z) 


(putting z—d 9 ) 

I——1 

Ldz'a-zjg^o 




Therefore by Maclaurin’s Theorem*, 

/(*)* 


00 Z n 

*=o 


<*/(*)*“(«—*) -1 f° r points within the circle. 

This example raises the interesting question, Will it still be convenient to define f(z) 
as (a-z)~ l at points outside the circle 1 This will be discussed in § 5*51,] 


Example 2. Prove that the arithmetic mean of all values of z~ n 2 a^z*, for points z on 

K=0 

the circumference of the circle | z |=1, is a*; if 2a v z* is analytic throughout the circle and 
its interior. 

• f{w) (0) 

[Let 2 a v z 9f =/(z), so that - 1 —. Then, writing z—e* 9 , and calling C the circle 

v—0 V • 

JL 1 [ f{*)dz /W(Q) 

2ir J o z n 2iri Jc ** +1 nl 


* The result/(s) =/(0) +zf' (0) + j/" (0) + ..., obtained by putting a =0 in Taylor’s Theorem, 

is usually called Maclauririt Theorem ; it was discovered by Stirling (1717) and published by 
Maclaurin (1742) in his Fluxions. 
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Example^. Let f(z)=z r ■ then /(«+/i) is an analytic function of h when |Af<|z| 

f/f — U 

for all values of r; and so (z+A) r *z r -f-rz r “ l A+ ——:—- z r “ 2 A*+this series converging 

2 

when | A (< [ z |. This is the binomial theorem. 

Example 4. Prove that if A is a positive constant, and (1 - 2zh +A 2 )"& is expanded in 
the form 

1 +AP 1 (*)+A*P 2 (,)+A3P 3 (z)+.(A), 

(where P n (z) is easily seen to be a polynomial of degree n in z), then this series converges 
so long as z is in the interior of an ellipse whose foci are the points z=l and z= — 1, and 
whose semi-major axis is £ (A-f A” 1 ). 

Let the series be first regarded as a function of A. It is a power series in A, and 
therefore converges so long as the point A lies within a circle in the A-plane. The centre 
of this circle is the point A—0, and its circumference will be such as to pass through that 

singularity of (1 -2zA+A 2 )“i which is nearest to A=0. 

But 1- 2 zh+}P={h- 2 +(.*- 1)4}{A-z- (z* -1)*}, 

so the singularities of (1 — 2zA+A*)“4 are the points A—z— (z*—1)1 and A=z+(z ! —1)4. 
[These singularities are branch points (see § 5 '7).] 

Thus the series (A) converges so long as | A [ is less than both 
I z-(z*- 1)4 | and | z+(z s -1)4 |. 

Draw an ellipse in the z-plane passing through the point z and having its fofci at ± 1. 
Let a be its semi-major axis, and 6 the eccentric angle of z on it. 

Then z=a cos 6+i (a 2 - 1)^ sin 0, 

which gives z± (z 2 -1)^ = {a ± (a 2 -1)^} (cos 6 ±i sin 0 ), 

so | z + (z*—1)^ [=a±(a 2 ~l)^. 

Thus the series (A) converges so long as A is less than the smaller of the numbers 

a+(a 3 -1)^ and a-(a 3 - 1)i.e. so long as A is less than a- (a 2 — 1)^. But A=a—(a 2 -1)£ 
when a=£(A+A'” 1 ). 

* Therefore the series (A) converges so long as z is within an ellipse whose foci are 1 and 
— 1, and whose semi-major axis is £ (A+A -1 ). 

5*41. Forms of the remainder in Taylor's series . 

Let f(x) be a real function of a real variable; and let it have continuous 
differential coefficients of the first n orders when a^x^a + h. 

If we have 

IE & 1 -#■/- <“ + *)} - i^r/" <«+*) - v «•+»>. 

Integrating this between the limits 0 and 1, we have 

»-l /»m rl /,» n _. An—l 

/(•+*)-/(»>+„* h /"«+ /. /“<« + “)* 

Let ^j # (l-t)"~ , / w (o + tA)dt; 

and let p be a positive integer such that p^n. 
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Then ly,// 1 ~ O'" 1 • (1 - t) n ^f n) (« + *) *■ 

Let U, L be the upper and lower bounds of (1 — t) n ~ v f w (a + th). 

Then 

C 1(1-1)*- 1 dt < P (1 - t )*~ l . (1 - 0”“ p f m (« + th) dt < f 1 U (1 - 9*-* dt. 

Jo Jo Jo 

Since (1 - f) n_p /<"' (a + th) is a continuous function it passes through all 
values between U and L, and hence we can find 6 such that 0 < 6 ^ 1, and 

P (i - ty- 1 /™ <o + th) dt = p - 1 (i - ey -*/<»> (a+eh). 

Jo 

hn 

Therefore R n = ^ (1 - 0y-*f<"> (a + 6h). 

h n . * 

Writing p = n, we get R n — —j f {n) (a 4- 6h), which is Lagrange's form for 

h n 

the remainder ; and writing p = 1, we get Rn = ^ n Z Y)\ ^ ~ ^) n “ 1 / (n> ( a + ^)» 
which is Cauchy's form for the remainder . 

Taking a*l in this result, wo get 

/(a+A)-/(«)«¥' («+«) 

if /'(a;) is continuous when a^x^a+h; this result is usually known as the First 
Mean Value Theorem (see also § 4*14). 

Darboux gave in 1876 ( Journal de Math . (3) il p. 291) a form for the remainder in 
Taylor's Series, which is applicable to complex variables and resembles the above form 
given by Lagrange for the case of real variables. 

5*5. The Process of Continuation. 

Near every point P, z 0 , in the neighbourhood of which a function f(z) is 
analytic, we have seen that an expansion exists for the function as a series 
of ascending positive integral powers of (z — z Q ), the coefficients in which 
involve the successive derivates of the function at z 0 . 

Now let A be the singularity of f (z) which is nearest to P. Then the 
circle within which this expansion is valid has P for centre and PA for 
radius. 

Suppose that we are merely given the values of a function at all points of 
the circumference of a circle slightly smaller than the circle of convergence 
and concentric with it together with the condition that the function is to be 
analytic throughout the interior of the larger circle. Then the preceding 
theorems enable us to find its value at all points within the smaller circle 
and to determine the coefficients in the Taylor series proceeding in powers 
of z — z 0 . The question arises, Is it possible to define the function at points 
outside the circle in such a way that the function is analytic throughout 
a larger domain than the interior of the circle? 



97 


5* * * § 5] taylor's, laurent's and liouville’s theorems 

In other words, given a power seines which converges and represents a 
fauction only at points within a circle , to define by means of it the values 
of the function at points outside the circle. 

For this purpose choose any point P x within the circle, not on the line 
PA. We know the value of the function and all its derivates at P lf from 
the series, and so we can form the Taylor series (for the same function) 
with Pi as origin, which will define a function analytic throughout some 
circle of centre P x . Now this circle will extend as far as the singularity* 
which is nearest to P u which may or may not be A ; but in either case, this 
new circle will usuallyf lie partly outside the old circle of convergence, and 
for points in the region which is included in the new circle but not in the old 
circle , the new series may be used to define the values of the function , although 
the old series failed to do so. 

Similarly we can take any other point P 2 , in the region for which the 
values of the function are now known, and form the Taylor series with P 2 
as origin, which will in general enable us to define the function at other 
points, at which its values were not previously known; and so on. 

This process is called continuation^. By means of it, starting from a 
representation of a function by any one power series we can find any number 
of other power series, which between them define the value of the function 
at all points of a domain, any point of which can be reached from P without 
passing through a singularity of the function; and the aggregafce§ of all 
the power series thus obtained constitutes the analytical expression of the 
function. 

It is important to know whether continuation by two different paths PBQ, PBQ will 
give the same final power series ; it will be seen that this is the case, if the function 
have no singularity inside the closed curve PBQB'P, m the following way: Let P x be any 
point on PBQ, inside the circle C with centre P ; obtain the continuation of the function 
with Pi as origin, and let it converge inside a circle Ci ; let Pi be any point inside both 
circles and also inside the curve PBQB'P; let S, S x , Si be the power series with P, P u 
Pi as origins; then|| S x s Si over a certain domain which will contain P u if Pi be taken 
sufficiently near i\; and hence S x will be the continuation of Si; for if T x were the 
continuation of S{, we have T X =S X over a domain containing P u and so (§ 3‘73) 
corresponding coefficients in S x and T x are the same. By carrying out such a process a 
sufficient number of times, we deform the path PBQ into the path PB'Q if no singular 
point is inside PBQB'P. The reader will convince himself by drawing a figure that 
the process can be carried out in a finite number of steps. 

* Of the function defined by the new series. 

t The word ‘usually’ must be taken as referring to the cases which are likely to come 
under the reader’s notice while studying the less advanced parts of the subject. 

X French, prolongement ; German, ForUetzuny. 

§ Such an aggregate of power series has been obtained for various functions by M. J. M. Hill, 
by purely algebraical processes, Proc. London Math. Soc. xxxv. (1903), pp. 388-416. 

|| Since each is equal to S. 
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represents the function 


5 + r» + $ + S + - 


/w 


1 

a — z 


only for points z within the circle | z | * | a |. 


But any number of other power series exist, of the type 


l } z-b (z-b)* (z-bf 
a-b (a-6)* + (a- b)>* (a- 6) 4 


if b/a is not real and positive these converge at points inside a circle which is partly 
inside and partly outside | z | = j a |; these series represent this same function at points 
outride this circle. 


5 * 501 . On function* to which the continuation-process cannot be applied . 

It is not always possible to carry out the process of continuation. Take as an example 
the function f(z) defined by the power series 

/(*) = 1 + 1 * +* 4 +J 8 +* 1 "+ ... +*"+ ... , 

which clearly converges in the interior of a circle whose radius is unity and whose centre 
is at the origin. 

Now it is obvious that, as z-*- 1-0, /(*)-#- -foe ; the point +1 is therefore a 
singularity of /(*). 

But /(*)-«*+/W, 

and if z i -^\ -0, /(**)-► oo and so /(*)-► oc, and hence the points for which z 2 =1 are 
singularities of f{z); the point z= -1 is therefore also a singularity of /(«). 

Similarly since 

/(*)-**+**+/(**), 

we see that if z is such that **=1, then z is a singularity of f(z); and, in general, any root 
of any of the equations 

**=1, **=1, 1, s w =l, 

is a singularity of /(*). But these points all lie on the circle | * | = 1; and in any arc 
of this circle, however small, there are an unlimited number of them. The attempt to 
qarry. out the process of continuation will therefore be frustrated by the existence of this 
unbroken front of singularities, beyond which it is impossible to pass. 

In such a case the function f(z) cannot be continued at all to points * situated outside 
the circle | * | = 1; such a function is called a lacunary function^ and the circle is said to be 
a limiting cirde for the function. 


551. The identity of two functions . 

The two series 

and - 1 + (* - 2)-(* - 2)’ + (z - 2)*-(* - 2f +... 

do not both converge for any value of s, and are distinct expansions. 
Nevertheless, we generally say that they represent the same function , on the 
strength of the fact that they can both be represented by the same rational 
1 

expression j—^. 
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This raises the question of the identity of two functions. When can two 
different expansions be said to represent the same function ? 

We might define a function (after Weierstrass), by means of the last 
article, as consisting of one power series together with all the other power 
series which can be derived from it by the process of continuation. Two 
different analytical expressions will then define the same function, if they 
represent power series derivable from each other by continuation. 

Since if a function is analytic (in the sense of Cauchy, § 5*12) at and near 
a point it can be expanded into a Taylors series, and since a convergent 
power series has a unique differential coefficient (§ 5*3), it follows that the 
definition of Weieratrass is really equivalent to that of Cauchy. 


It is important to observe that the limit of a combination of analytic 
functions can represent different analytic functions in diffei'ent parts of the 
plane . This can be seen by considering the series 





The sum of the first n +1 terms of this series is 



z 



1 

1 •+-**■ 


The series therefore converges for all values of z (zero excepted) not on the 
circle [ z | = 1. But, as n oo, j z" | —► 0 or | z n j —► oo according as J z j is less 
or greater than unity; hence we see that the sum to infinity of the series is 

z when | z | < 1 , and j when | z | > 1 . This series therefore represents one 

function at points in the interior of the circle | z | — 1, and an entirely different 
function at points outside the same circle . The reader will see from § 5*3 
that this result is connected with the non-uniformity of the convergence of 
the series near | z | = 1. 


It has been shewn by Borel* that if a region C is taken and a set of points S such that 
points of the set S are arbitrarily near every point of <7, it may be possible to define 
a function which has a unique differential coefficient (i.e. is monogenic) at all points 
of C which do not belong to S; but the function is not analytic in C in the sense of 
Weierstrass. 


Such a function is 


CC n % 

f(z)ss 2 2 2 

n —1 p-0 3=0 


exp (- exp n*) 
z-(p+qi)/n * 


* Proe. Math . Congress , Cambridge (1912), i. pp. 137-138. Logons sur les fonctions mono - 
glnes (1917). The functions are not monogenic strictly in the sense of § 5*1 because, in the 
example quoted, in working out {/(z + h) - f{z )}/h, it must be supposed that R (z+h) and I{z + h) 
are not both rational fractions. 
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5-6. Laurent’s Theorem. 


A very important theorem was published in 1843 by Laurent*; it relates 
to expansions of functions to which Taylor’s Theorem cannot be applied. 

Let G and C' be two concentric circles of centre a, of which C is the inner; 
and let f(z) be a function which is analytic f at all points on C and O' and 
throughout the annulus between C and O'. Let a + h be any point in this 
ring-shaped space. Then we have (§ 5'21 corollary) 


f(a + h) — f-. I ■ dz - f. f - SM . dz, 

’ 2 m] c z — a-h 2m J & z — a — h 


trtiere the integrals are supposed taken, in $he positive or counter-clockwise 
direction round the circles. 


This can be written 


J>> + (7^ + ••• + 0 

+ Ss/ c / (>, ll + i 5 r? + - 


A* 


h n+1 ) 
* + 1 (z—a—h)J 


z—a ) n+1 {z—a) n+1 (z 

(z — a) n (z—a ) n+1 ) 

A" +I h n+1 (z —a— A)j aZ ‘ 


dz 


We find, as in the proof of Taylors Theorem, that 


f (z) dz . h n+l 


and 


f(z) dz (z — a ) n+1 


f f( z ) dz {z 
Jc' (z-a- 


[ _/(■___ 

J c (z — a) n+1 (z — a — h) Jq> (z — a, — h)h n+1 

tend to zero as n-* oo; and thus we have 

f {a 4- h) = do + dji 4- a^h* + ... -f -jr 1 + ^ H- ■"> 


where} 0 ,-^ 0 ^ «nd i, - A. (»-.)-'/(*)*. 

This result is Laurent*s Theorem ; changing the notation, it can be 
expressed in the following form: If f{z) be analytic on the concentric circles 
G and C' of centre a, and throughout the annulus between them , then at any 
point z of the annulus f{z) can be expanded in the form 

f(z) = a 0 + a 1 (z-a) + a 2 (z — ay + — 4 - J ^ 

»4ere *,.±,^00 and *.- 55 } <r «-a)- , /V>A. 

An important case of Laurent’s Theorem arises when there is only one 
singularity within the inner circle C\ namely at the centre a. In this case 
the circle C' can be taken as small as we please, and so Laurent’s expansion 
is valid for all points in the interior of the circle G } except the centre a. 


* Comptes Rendus , xvn. (1843), pp. 348-349. The theorem is contained in a paper which was 
written by Weierstrass in 1841, but apparently not published before 1894, Werke, i. pp. 51-66. 
t See § 5*2 corollary 2, footnote. 

+ We cannot write o n =f( n ) (a)/n! as in Taylor’s Theorem since f(z) is not necessarily analytic 
inside C 
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1 . Prove that 

-JHL 


=Jq (x) (x)+z*J % (x) 4 * — (x) +... 

-1 j l ( X )+± i j i ( X )-... + t±j ,(*)+. 


* w= ^/. 8 


cos (n$ - x sin 6) d $. 


[For the function of 2 under consideration is analytic in any domain which does not 
include the point 2 = 0 ; and so by Laurent’s Theorem, 


2)=ao4-®i24-#22 a 4*..-4-—4 -3 4*. 

z zr 


where 




and where C and C' are any circles with the origin as centre. Taking C to be the circle of 
radius unity, and writing z~e ie ) we have 

a*=-*r? fo^ e<xviZiet€ ~ nid ^ < ^ == ^. J 0 cos (nd — xsm6)d6, 

since j ^ sin (nS —x sin 6) dS vanishes, as may be seen by writing — for 6. Thus 

a n =J n (x\ and b n =( -) n a*, since the function expanded is unaltered if —z~ l be written 
for 2 , so that &*=( -)»«/*(#), and the proof is complete.] 

Example 2 . Shew that, in the annulus defined by|a|<|a|<|5|, the function 

{(«-«)(*-»)} 

can be expanded in the form 

Sa + n^(^ + ^)’ 

s - 1.3...(&-l).1.3,..(2l4-8n-l) /«V 


where - 

* i= 0 2 v + *.ll(l+n)\ 

The function is one-valued and analytic in the annulus (see § 57), for the branch-points 
0 , a neutralise each other, and so, by Laurent’s Theorem, if C denote the circle | z |=r, 
where | a | < r < j b |, the coefficient of z n in the required expansion is 

1 / dz { bz )4 

2 ni J c 2* +1 1(2- a) (b - z )J 


Putting 2 »re^, this becomes 


4 (l 4 . 


-4 


or 


1 f*' e -*» r -*d6 2 

Swjo *=o 


« 1.3...(2 k- 1) r*e*» » 1.3 ... (2J-1) 

&.k\ 6* {to 2«.Z! r* ’ 


the series being absolutely convergent and uniformly convergent with regard to 6. 

The only terms which give integrals different from zero are those for which k*»l+n. 
So the coefficient of z n is 

.3...(2Z—1) 1.3 ... (2Z4-2» —1) a 1 S % 

2 Kl\ 2 l+ *.(*+«) l 6* +n 6 n ‘ 

1 . 


* h 

2ir J o i=o 


Similarly it can be shewn that the coefficient of — is S n a\ 
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Example 3. Shew that 

e«+*=ao+a l *+a,**+...+^ + 5|+..., 

Z 2* 

where I ^ d u+ *) <x * e cw{(u — v) sin 3-nS} d6, 

1 C%* 

and 5*=^ / ^*+p)co«« cos {(r—v) sin 0-nd} dB. 

5*61. The nature of the singularities of one-valued functions. 

Consider first a function f(z) which is analytic throughout a closed 
region S, except at a single point a inside the region. 

Let it be possible to define a function <f> (z) such that 
(i) <f>(z) is analytic throughout S, 

Then f(z) is said to have a ‘ pole of order n at a' ; and the terms 
B B B 

z~^~a + (z^a)* + ••• + frZ^yn 8X6 the principal part of f(z) near a. 

By the definition of a singularity (§ 5*12) a pole is a singularity. If n = 1, 
the singularity is called a simple pole. 

Any singularity of a one-valued function other than a pole is called an 
essential singularity. 

If the essential singularity, a, is isolated (i.e. if a region, of which a is an 
interior point, can be found containing no singularities other than a), then a 
Laurent expansion can be found, in ascending and descending powers of (z — a) 
valid when A > | z—a | > S, where A depends on the other singularities of the 
function, and $ is arbitrarily small. Hence the ' principal part * of a function 
near an isolated essential singularity consists of an infinite series. 

It should be noted that a pole is, by definition, an isolated singularity, so 
that all singularities which are not isolated (e.g. the limiting point of a 
sequence of poles) are essential singularities. 

There does not exist, in general, an expansion of a function valid near a non-isolated 
singularity in the way that Laurent's expansion is valid near an isolated singularity. 

Corollary . If f(z) has a pole of order n at a, and 'l'(z)= s (z—a,) n f(z) {z, =£ a), 

^r(a)— lim then yfr(z) is analytic at a. 

z-*a 

Example 1. A function is not bounded near an isolated essential singularity. 

[Prove that if the function were bounded near the coefficients of negative powers 
of a would all vanish.] 
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C £ 

Example 2. Find the singularities of the function e z ~ a l{e a -1}. 

At 2 = 0 , the numerator is analytic, and the denominator has a simple zero. Hence 
the function has a simple pole at 2 = 0 . 

Similarly there is a simple pole at each of the points 2niria(n — +1, ±2, +3,...); the 
denominator is analytic and does not vanish for other values of z. 

At 2 =a, the numerator has an isolated singularity, so Laurent’s Theorem is applicable, 
and the coefficients in the Laurent expansion may be obtained from the quotient 

_ c c® 

1H-4* qT7 -\a ■**••• 

z-a 2 !(g—q) 8 

e ( i + !Z? + ...)_ i 

which gives an expansion involving all positive and negative powers of ( 2 — a). So there is 
an essential singularity-at 2 =a. 

Example 3. Shew that the function defined by the series 

n=l (2»-l){2»-(l+»-l>} 

has simple poles at the points 2=(l+7i~ 1 )e 2W,r/, \ (£=0, 1, 2, ... n-1; n—1, 2, 3, ...). 

(Math. Trip. 1899.) 


5*62. The * point at infinity ’ 

The behaviour of a function f(z) as | z | —► 00 can be treated in a similar 
way to its behaviour as z tends to a finite limit. 


If we write^ z = p, so that large values of z are represented by small 

values of z' in the z'-plane, there is a one-one correspondence between 
z and /, provided that neither is zero; and to make the correspondence 
complete it is sometimes convenient to say that when z is the origin, z is 
the 1 point at infinity.’ But the reader must be careful to observe that this 
is not a definite point, and any proposition about it is really a proposition 
concerning the point z = 0. 

Let f{z) = Then <f>(z') is not defined at z' = 0, but its behaviour 

near z = 0 is determined by its Taylor (or Laurent) 1 expansion in powers 
of z ; and we define <f> (0) as lim <p (/) if that limit exists. For instance 

z’ -+>0 

the function <f>(z) may have a zero of order m at the point z' -0; in this 
case the Taylor expansion of <f> (/) will be of the form 

Az m + Bz' m+l 4 - Cz' m +* 4 -..., 


and so the expansion of f(z) valid for sufficiently large values of | z | will be 
of the fonn 


^ A . B , C 

J v*' z m ^»i+i z m +a “h • * • • 


In this case, f (z) is said to have a zero of order m at ‘ infinity / 
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Again, the function (f> (V) may have a pole of order m at the point z' — 0; 
in this case 

*w-^+ 7 I=i+ 7 L+--- + r+^+»+' p « , +--'; 

and so, for sufficiently large values of \z\, f(z) can be expanded in the form 

N P 

f(z) = Az m + Bz*^ 1 + Cz m -* + ... + Lz + M+ — + — + .... 

In this ca&e,f(z) is said to have a pole of order m at ‘ infinity ’ 
Similarly/^) is said to have an essential singularity at infinity, if <f>(z) 
has an essential singularity at the point z' = 0. Thus the function e? has an 

I 

essential singularity at infinity, since the function e 2> or 

- 1 1 1 
1+ ? + 2lF* + 3l75 + - 

has an essential singularity at z = 0. 

Example. Discuss the function represented by the series 


u=o 1 +**** 2 


(a> 1 ). 


The function represented by this series has singularities at z =^ n and 

(n— 1, 2, 3, ...), since at each of these points the denominator of one of the terms in the 
series is zero. These singularities are on the imaginary axis, and have z=0 as a limiting 
point; so no Taylor or Laurent expansion can be formed for the function valid throughout 
any region of which the origin is an interior point. 

For values of z, other than these singularities, the series converges absolutely, since the 
limit of the ratio of the (n+l)th term to the nth is lim (n-f l)-i a~ 2 = 0. The function is 

n-^cc 

an even function of z (i.e. is unchanged if the sign of z be changed), tends to zero as 
|*|-*-oc, and is analytic on and outside a circle C of radius greater than unity and centre 
at the origin. So, for points outside this circle, it can be expanded in the form 

^2 , ^4 , , 

?+?+?+-. 

where, by Laurent’s Theorem, 

6 *' = r~- f 2 “~ l 2 dz. 

2 irijc n=o n ! 


* OC z 2Jc-3 a -2n 

»=0 » ! («-*»+Z s ) "*»f 0 m=0 nT 

This double series converges absolutely when | z | > 1, and if it be rearranged in powers 
of z it converges uniformly. 

, 00 2 fcn . 

Since the coefficient, nf ie ^ S i _ „ —_ 


•(-)*«■ 


Since the coefficient of is 2 -—— 

n —0 1 

zero integral is the term in z~\ we have 


l= J _( ;( 

2irl J c n=o 
n-0 u ! a 2 ** 


and the only term which furnishes a non- 
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Therefore, when | z | > 1, the function can be expanded in the form 






2*“** + *« •”* 

The function has & zero of the second order at infinity, since the expansion begins with 
l term in 

5-63. Liotjville’s Theorem* 

Let f(z) be analytic for all values of z and let \f(z) j < K far aU values 
]f z t where K is a constant (so that | f(z) | is bounded us J z | —> oo ). Then 
f (z) is a constant. 

Let z, z' be any two points and let G be a contour such that a, z f are 
nside it. Then, by § 5 21, 

/<*•> -f<A - «; 

bake C to be a circle whose centre is z and whose radius is p > 2 j z — z [; on 

0 wnte £=z + p &*; since j f —z [ ^ | p when f is on C it follows from § 4*62 
that 


L/(«W(»>I- if 


z — z 


2/)(?-*) 


m*K I 


r Sr i * - • 


■ do 


2tt J o ip 
= 2 |/ — s| Kp~ l . 

Make p —> oo , keeping z and / fixed; then it is obvious that/(/) — f(z) = 0; 
that is to say, f(z) is constant. 

As will be seen in the next article, and again frequently in the latter half of this 
volume (Chapters xx, xxi and xxn), Liouville’s theorem furnishes short and convenient 
propfe of some of the most important results in Analysis. 

5*64. Functions with no essential singularities. 

We shall now shew that the only one-valued functions which have no 
singularities , except poles , at any point (including oo ) are rational functions. 

For let f(z) be such a function; let its singularities in the finite part 
of the plane be at the points c l3 c*, ... c*: and let the principal part (§ 5*61) 
of its expansion at the pole c r be 


^ 1 


Ur, 2 


; + ••• + 


Ur,n 


Z — Cr (Z-Crf ‘ ‘ (z - Cr)**' 

Let the principal part of its expansion at the pole at infinity be 

+ + ... 

if there is not a pole at infinity, then all the coefficients in this expansion 
will* be zero. 

* This theorem, which is really due to C&uehy, Compte* Rendu *, in. (1844), pp. 1377, 1378, 
was given this name by Borchardt, Journal fur Math . l xxxvm. (1880), pp- 377-310, who heard it 
in Liouville’s lectures in 1847. 
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Now the function 


/(*)- | +*«•+...+ hZ-\-a 1 z-a t *<r...-a n z» 

J W r-1 V - C r (* - C r )* (* “ CrW 

has clearly no singularities at the points Cx, Cj, ... c*, or at infinity; it is 
therefore analytic everywhere and is bounded as j z | —► go, and so, by 
Liouvilles Theorem, is a constant; that is, 

/(*)= 0+a l M+a^+...+a m ^+l i + - + ( 7 =^} ’ 


where G is constant; f(f) is therefore a rational function, and the theorem is 
established. 


It is evident from Liouville’s theorem (combined with § 3‘61 corollary (ii)) 
that a function which is analytic everywhere (including oo) is merely a 
constant. Functions which are analytic everywhere except at oo are of 
considerable importance; they are known as integral functions*. Examples 
of such functions are e*, sin z, e?. From § 5*4 it is apparent that there is no 
finite radius of convergence of a Taylor’s series which represents an integral 
{unction; and from the result of this section it is evident that all integral 
functions (except mere polynomials) have essential singularities at oo. 


5*7. Many-valued functions . 

In all the previous work, the functions under consideration have had a 
unique value (or limit) corresponding to each value (other than singularities) 
of z . 

But functions may be defined which have more than one value for each 
value of z ; thus if z = r (cos 0 +1 sin 0), the function z 1 has the two values 

r* (cos ±0 + isin^ dj, r* jcos i (0 + 2ir) + i sin 1 (0 + 2 tt )| ; 

and the f un ction arc tan x (x real) has an unlimited number of values, viz. 
Arc tan x 4- mr t where — 1 7 r < Arc tan x < | tt and n is any integer; further 

examples of many-valued functions are log z, z , sin (x*). 

Either of the two functions which z^ represents is, however, analytic 
except at z = 0, and we can apply to them the theorems of this chapter; and 

the two functions are called * branches of the many-valued function z^,* 
There will be certain points in general at which two or more branches 
coincide or at which one branch has an infinite limit; these points are called 

'branch-points/ Thus z* has a branch-point at 0; and, if we consider the 
change in z^ as z describes a circle counter-clockwise round 0, we see that 8 


French, fonction ent&re ; German, game Funktion. 
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increases by 2tt, r remains unchanged, and either branch of the function passes 
over into the other branch. This will be found to be a general characteristic 
of branch-points. It is not the purpose of this book to give a fall discussion 
of the properties of many-valued functions, as we shall always have to 
consider particular branches of functions in regions not containing branch¬ 
points, so that there will be comparatively little difficulty in seeing whether 
or not Cauchy's Theorem may be applied. 

Thus we cannot apply Cauchy’s Theorem to such a function as when the path of 
integration is a circle surrounding the origin; but it is permissible to apply it to one of 

the branches of when th£ path of integration is like that shewn in § 6*24, for through¬ 
out the contour and its interior the function has a single definite value. 


Example. Prove that if the different values of a', corresponding to a given value of z, 
are represented on an Argand diagram, the representative points will be the vertices of an 
equiangular polygon inscribed in an equiangular spiral, the angle of the spiral being 
independent of a. 

(Math. Trip. 1899.) 

The idea of the different branches of a function helps us to understand such a paradox 
as the following. 


Consider the function 
for which 


^-^(l+logx). 


When x is negative and real, ^ is not real. But if * is negative and of the form 


\ (where p and q are positive or negative integers), y is reaL 


If therefore we draw the real curve 


we have for negative values of a? a set of conjugate points, one point corresponding to each 
rational value of x with an odd denominator ; and then we might think of proceeding to 
form the tangent as the limit of the chord, just as if the curve were continuous; and 

thus when derived from the inclination of the tangent to the axis of a?, would appear 

to be real The question thus arises, Why does the ordinary process of differentiation 

give a non-real value for The explanation is, that these conjugate points do not all 

arise from the same branch of the function We have in fact 


where 1c is any integer. To each value of lc corresponds one branch of the function y. 
Now in order to get a real value of y when x is negative, we have to choose a suitable 
value for 1c : and this valve of lc varies as we go from one conjugate point to an adjacent one . 
So the conjugate points do not represent values of y arising from the same branch of the 

function y=x*i and consequently we cannot expect the value of ^ when evaluated 


for a definite branch to be given by the tangent of the inclination to the axis of x of the 
line joining two arbitrarily close members of the series of conjugate points. 
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Miscellaneous Examples. 

1. Obtain the expansion 

/<«>-/(•>+■ {=?/ C4 2 )+fcffr (!¥) * £#/»(¥)+•••} • 

and determine the circumstances and range of its validity. 

2. Obtain, under suitable circulnstances, the expansion 

/(*)-/(“>+— [r (.♦£?)+/ {•+*-<£=>}+...♦/ {. + a=4^}] 


+r [>- He) + /“ {•+*£*}+-+'■ {- 


(2m-1) (z-a) i 


2m 


(2m -1) (z—a) ' 
2m 

(Corey, Ann. of Math. (2), I. (1900), p. 77.) 


'}] 

H 


3. Shew that for the series 


1 


«=o 

the region of convergence consists of two distinct areas, namely outside and inside a circle 
of radius unity, and that in each of these the series represents one function and represents 
it completely. 

(Weierstrass, Berliner Monatsberichte , 1880, p. 731; Ges. Werlce , il (1895), p. 227.) 

4. Shew that the function 

OG 

2 s* ! 

n=o 

tends to infinity as 2 -*-exp (2Trip/m!) along the radius through the point; where m is any 
integer and p takes the values 0,1, 2,... (m! — 1). 

Deduce that the function cannot be continued beyond the unit circle. 

(Lerch, Sits. Bohm. Acad., 1885-6, pp. 571-582.) 

5. Shew that, if z 3 — 1 is not a positive real number, then 

l.3...(2*i-l) . 


(i-*»)-4=l+^+^+...+? 


2.4... 2 n 

(Jacobi and Scheibner.) 
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6. Shew that, if z -1 is not a positive real number, then 

+ w(CT-HK..(m+n) ( i_ 8) , m 

(Jacobi and Scheibner.) 

7. Shew that, if z and l-z are not negative real numbers, then 

( »+»)-(«*+ ?»-8) ^-4 
Jo «i+l 1 m+3 (m+3)... (m+Sw-—1) J 

(™ + 2)(m+4)...(m+2n) f* - 4& 

(Jacobi and Scheibner.) 

8. If, in the expansion of (a-fa 1 2 +a 2 2 2 ) m by the multinomial theorem, the remainder 
after n terms be denoted by R^z), so that 

( a + z + a % s 2 )"*« A 0 + A \ z + A % ^ 4 *...+A * _ iz*~ 1 + R * (z), 


shew that 


9. If 




(Scheibner.) 


be expanded in ascending powers of z in the form 

AiZ+A2i?+ ..., 

shew that the remainder after n- 1 terms is 


(oo+a^+oai! 2 )-™- 1 j (a 0 +a 1 t+avt*) m {na 0 A n -(2m+n+l)<ZiA 1t ,~ 1 t}t n - 1 cU. 

(Scheibner*.) 


10. Shew that the series 




where 




and where 4> (z) is’analytic near z=0, is convergent near the point z=0 ; and shew that if 
the sum of the series be denoted by f(z), then f(z) satisfies the differential equation 

f'(z)=f (*)-<!> (z). 

(Pincherle, Rend L dei Lvncei (5), v. (1896), p. 27.) 
11. Shew that the arithmetic mean of the squares of the moduli of all the values of 

to 

the series la/ on a circle |z |=r, situated within its circle of convergence, is equal 

r=0 

to the sum of the squares of the moduli of the separate terms. 

(Gutzmer, Math . Ann. xxxii. (1888), pp. 596-600.) 

* The results of examples 5, 6 and 7 are special cases of formulae contained in Jacobi’s dis¬ 
sertation (Berlin, 1825) published in his Get. JVerke, in. (1884), pp. 1-44. Jacobi’s formulae 
were generalised by Scheibner, Leipziger Berichte, xnv. (1893), pp. 432-443. 
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12. Shew that the series 


2 *-*(■»)* 

»=i 

converges when | z | < 1; and that, when a > 0, the function which it represents can also 
be represented when 1 1 1 < 1 by the integral 

Az\* r e-*t* dx 

W Jo x l 9 


and that it has no singularities except at the point z= 1. 

(Iierch, Monatshefte fUr Math, und Phys. vra.) 


13. Shew that the series 


-(*+*-»)+- 2 
IT 7T 


{(1—2v — 2v'; 


2 v'zi) (2v -h2i/zi) 2 (1 — 2v - 2 v'z~ 1 1) (2v + 2v 




in which the summation extends over all integral values of v, v\ except the combination 
(y=0, v'—0), converges absolutely for all values of z except purely imaginary values; and 
that its sum is +1 or — 1, according as the real part of z is positive or negative. 

(Weierstrass, Berliner MonaUiberickte , 1880, p. 736.) 


14. Shew that sin ja [z 4- ^ j can be expanded in a series of the type 

flo+ a i^+ a 2 2a +...+~ 

in which the coefficients, both of z* and of z~ n , are 


1 . 
2ir J o 81 


sin (2 u cos 0) cos n6 dB. 


15. If 


/«- * 

71=1 


z 2 

n. s z 2 +a 2, 


shew that/(z) is finite and continuous for all real values of z, but cannot be expanded as 
a Madaurin’s series in ascending powers of z; and explain this apparent anomaly. 


[For other cases of failure of Maclaurin’s theorem, see a posthumous memoir by Celldrier, 
BulL dee Sci. Math. (2), xiv. (1890), pp. 145-699 ; Lerch, Journal fur Math. CHI. (1888), 
pp. 126-138; Pringsheim, Math. Ann . xlii. (1893), pp. 153-184; and Du Bois Beymond, 
Munckener Sitzung&berichte, vx (1876), p. 235.] 


16. If f{z) be a continuous one-valued function of z throughout a two-dimensional 
region, and if 

J C A Z ) 

for all dosed contours C lying inside the region, then f(z) is an analytic function of z 
throughout the interior of the region. 

[Let a be any point of the region and let 

/»=/Vw*. 

It follows from the data that F(z) has the unique derivate /(«). Hence F{z) is 
analytic (§ 5*1) and so (§ 5*22) its derivate f(z) is also analytic. This important converse 
of Cauchy 1 * theorem is due to Morera, Rendiconti del R. 1st. Lombardo {Milano), tttt 
( 1889), p. 191.] 



CHAPTER VI 


BE THEORY OF RESIDUES ; APPLICATION TO THE EVALUATION OF 
DEFINITE INTEGRALS 


6*1, Residues. 

If the function f(z) has a pole of order m at z = a, then, by the definition 
i pole, an equation of the form 


/«■ 


Q—m+i 




z — a 


(z — a) m (z — a )7*“ l 
ere <f> (z) is analytic near and at a, is true near a. 

The coefficient a_ t in this expansion is called the residue of the function 
i) relative to the pole a. 

Consider now the value of the integral J f(z) dz, where the path of 

.egration is a circle* a, whose centre is the point a and whose radius p is so 
all that <f>(z) is analytic inside and on the circle. 

We have J f(z)dz= ^a- r J / 4>( z ) dz - 

Now J <f> (z) dz = 0 by § 5’2; and (putting z—a=pe is ) we have, if r ^ 1, 

But, when r = 1, we have 

f = j* icW = 27ri. 

J A z-a J o 


Hence finally j f{z) dz = 2*7rm_ 1 . 

Now let C be any contour, containing in the region interior to it a number 
' poles a, 6, c, ... of a function f(z), with residues a_ Xj 6__ lt c_!, ... respec- 
vely: and suppose that the function f(z) is analytic throughout C and its 
iterior, except at these poles. 

Surround the points a, b, c, ... by circles a, y, ... so small that their 
jspective centres are the only singularities inside or on each circle; then the 
inction f(z) is analytic in the closed region bounded by G, a, /3, y, .... 

* The existence of such a circle is implied in the definition of a pole as an isolated 
agularity. 
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Hence, by § 52 corollary 3, 

\ o f(z) dz = J f(z) dz + J ^f(z)dz + ... 

= 27n*a_ 1 + 2 t rib-i + ... - 


Thus we have the theorem of residues, namely that if f(z) be analytic 
throughout a contour C and its interior except at a number of poles inside the 
contour, then 



27n2jR, 


where 2JB denotes the sum of the residues of the function f(z) at those of its 
poles which are situated within the contour C. 


This is an extension of the theorem of § 5*21. 


Note. If a is a simple pole of f(z) the residue of f(z) at that pole is lim {{z— a) f ( 2 )}. 
6*2. The evaluation of definite integrals . 

We shall now apply the result of § 6*1 to evaluating various classes 
of definite integrals; the methods to be employed in any particular case may 
usually be seen from the following typical examples. 


6*21. The evaluation of the integrals of certain periodic functions taken 
between the limits 0 and r. 


An integral of the type 



R (cos 8, sin 6) d8, 


where the integrand is a rational function of cos Q and sin 8 finite on the 
range of integration, can be evaluated by writing e i6 = z; since 

cos 8 - \ (z + z* 1 ), sin 8-=^(z-zr 1 ), 

the integral takes the form 1 S ( z ) dz , where S (z) is a rational function of z 

• c 

finite on the path of integration C, the circle of radius unity whose centre is 
the origin. 

Therefore, by § 6*1, the integral is equal to 2iri times the sum of the residues 
of S(z) at those of its poles which are inside that circle . 

Example 1. If 0 <p < 1, 

p* dB _ f dz 

Jo 1 — 2 p cos B+p 2 J ci (1 - pz ) {z—p) * 

The only pole of the integrand inside the circle is a simple pole at p ; and the residue 
there is 
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/*2ir 

Jo n 


ae 


2 IT 


^ ence Jo 1 —2pcos 6+p 2 1-p 2 ' 

Example 2. If 0 <p < 1, 

cos 2 31 f dzfl 1 A*_1_ 

Jo 1 — 2p cos 20 + jo 2 J c iz \2 + 2 Z ) (1—jag 2 ) (1 —pz"* 2 ) 

= 2tt25, 

where 25 denotes the sum of the residues of -* at its poles inside C; these 

4 & (1 — pr) (,z 2 — p) 

poles are 0, -pi, pi; and the residues at them are 5 

and hence the integral is equal to 

ir(l -p+p 2 ) 

1-p ‘ 

Example 3. If n be a positive integer, 

/ 2ir 2 tt /2i r 

^ g^#cos (nd —sin0)cW—~, / e 006 *sin (ntf-sin 6)d6=0. 

? 4. If a>b>Q, 


l, 


de 


2«ro /* 

“***’ J< 


de 


r (2a+6) 


0 (a+6 cos 0) 2 (a 2 - 5 2 )^ 5 J° (a + 6 cos 2 0) 2 a$(a+b)$ 


6*22. The evaluation of certain types of integrals taken between the limits 
— oo and +oo. 

We shall now evaluate I Q (x) dx> where Q (z) is a function such that 

J —00 

(i) it is analytic when the imaginary part of z is positive or zero (except at a 
finite number of poles), (ii) it has no poles on the real axis and (iii) as | z |—► oo, 
zQ(z)—*0 uniformly for all values of arg a such that 0 ^ arg provided 

that (iv) when x is real, xQ (x)—>0 y as x—>± oo , in such a way* that 

I Q(x)dx and I Q (x) dx both converge. 

JO J -oo 


Given e, we can choose p 0 (independent of arg 2 ) such that | zQ(z) | < e/ir 
whenever | z | > p 0 and 0 ^ arg z^7r. 

Consider I Q (z) dz taken round a contour C consisting of the part of the 
J c 

real axis joining the points ± p (where p > p 0 ) and a semicircle I\ of radius p, 
having its centre at the origin, above the real axis. 

Then, by § 61, [ Q (z) dz = 2iri2R y where 2JB denotes the sum of the 
J c 

residues of Q(z) at its poles above the real axisf. 


* The condition xQ (x) -**0 is not in itself sufficient to secure the convergence of J Q (z) dx ; 
consider Q (x)=(x log a)" 1 . 

f Q (z) has no poles above the real axis outside the contour. 
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Therefore J J Q (z) dz — 2 wtXB J « J Q(z)dz . 

In the last integral write z=*pe* } and then 

\j F Q(z)dz\=\f w o Q(p<r)p*»ide 

< [ W (e/7T)d0 
Jo 

by § 4-62. 

Hence lim j Q (a) dz = 2iri2R. 

But the meaning of j Q (x) dx is lim j Q(x)dx; and since 
J —oo p, «c J —p 

lim f Q(x)dx and lim f Q(x)dx both exist, this double limit is the 
same as lim j Q (x) dx. 

P—QD J-p 

Hence we have proved that 

f Q (x) dx = 2 Tn2.IL 

J -00 

This theorem is particularly useful in the special case when Q(x) is a 
rational function. 


[Note. Even if condition (iv) is not satisfied, we still have 

f {Q(x) + Q(-x)}dx^1im [* Q(x)dx=2iri2RJ] 

J 0 p-mtcc J -p 

Example 1. The only pole of (**+1)“ 3 in the upper half plane is a pole at z=i with 


residue there Therefore 

ID 


dx 3 
,(«*+!)» ~8 W ' 


Example 2. If a > 0, b > 0, shew that. 

xtdx 


/ • x*dx _ tr 

(a + fo 8 ) 4 16a* 6* 

Example 3. By integrating je-^dz round a parallelogram whose corners are 
— R, Rj R+ai 9 - R+ai and making R-*-ao , shew that, if X >0, then 

j c-^cos (2Xax) dx—e-^j e-***da?=2X-*e-A* # J e-^dx. 


c-a**cos ( 


6 221. Certain infinite integrals involving sines and cosines . 

If Q (z) satisfies the conditions (i), (ii) and (iii) of § 6'22, and m > 0, then 
Q (z) e"** also-satisfies those conditions. 
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Hence J {<?(«) e mi * + <2(— x)e~ mitt } dx is equal to 2iriHR, where 1R' 
J o 

means the sum of the residues of Q (z) e™* at its poles in the upper half plane; 
and so 

(i) If Q ( x ) is an even function, i.e. if Q{ r -x) — Q (, x ), 

f Q(x) cos (mx) dx = iriZR. 

Jo 

(ii) If Q (x) is an odd function, 

I Q (x) sin (mx) dx^'irXR. 

Jo 

6*222. Jordan's lemma*. 

The results of § 6*221 are true if Q (z) be subject to the less stringent 
condition »0 uniformly when 0 ^ argas |sj —*qo in place of the 

condition zQ(z)-*0 uniformly. 

To prove this we require a theorem known as Jordan’s lemma, viz. 

If Q(z)-+0 uniformly with regard to arg z as \ z\—>oo when O^arg z^ir, 
and ifQ(z) is analytic when both \z\ >c (a constant ) and 0^arg z^w, then 

lim ^J e miz Q (z) dzj = 0, 

where Y is a semicircle of radius p above the real axis with centre at the origin . 

Given e, choose p 0 so that \Q(z)\< e/ir when \z\> p 0 and 0 ^ arg z ^ tt ; 
then, if p > p 0 > 

j e miz Q(z) dz = j’ (pco.«+4.sin«) q (pe*) p( ?*id6 . 

But | e mipcoa ® | = 1, and so 

J e miz Q (z) dz | < J’ (e/w) per^^dff 

= (2 e/w) p r pe-’ n f” lin *d0. 

Now sin 6 ^ 2 6/ir, whenf 0 $ 6 $ ^ ir, and so 

j e miz Q (z) dz < (2e/7r) J*” pe^^dd 

= (2 e/ir). ( ir/2m ) ^ 

< e/m . 

* Jordan, Court <V Analyse, n. (1894), pp. 285, 286. 

f This inequality appears obvious when we draw the graphs y=sin x, y = 2xjir ; it may be 
proved by shewing that (sin $)fd decreases as 0 increases from 0 to \t. 
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Hence 


lim f e™** Q(z)dz = 0. 
a-^oo J T 


This result is Jordan’s lemma. 

Now 

j" {e““ Q (x) + e-™** Q (- ar)} dx - 2irilR’ — e miz Q (z) dz, 

and, making p—*oo, we see at once that 

f {e”“* Q (x) + e~ mix Q (— x)\ dx = 2iri2,R?, 

J o 

which is the result corresponding to the result of § 6'221. 

Example 1. Shew that, if a > 0, then 

coax , 7r 
Jo oP+a 2 ~2a e 


Example % Shew that, if a ^ 0, b > 0, then 
f® cos2cw7—cos 2bx 


dx—n (b-a). 


(Take a contour consisting of a large semicircle of radius />, a small semicircle of 
radius d, both having their centres at the origin, and the parts of the real axis joining their 
ends ; then make p-»- oo, d-*~0.) 

Example 3. Shew that, if b > 0, m ^ 0, then 


jo 008 mxdx ° ^153- J 3 * 2 -a?-mb (3S 2 -t-a s )}. 

Example 4. Shew that, if £>0, a>0, then 

f* xainax , , . 

Jo ^+F <**“*"*- 

Example 5. Shew that, if m ^ 0, a > 0, then 

f® sin war ir ire-**/ , 2\ 

Jo *(**+a l f ~2a* 4a 3 \ m *a) ' 

(Take the contour of example 2.) 

Example 6. Shew that, if the real part of z be positive, 


(«“*-«“**) j “log 2 . 


[We have 


lim \ 


3 0, /> -*■ x 1 

L/« t )» t f 

lim \ 

’ [^ e — d u\ 

p-»» x 1 

3 

«o 

-> 

lim j 


3-^0,P**cq 1 

iy* * )? t j 


since f" 1 e~ l is analytic inside the quadrilateral whose comers are 3, dz, pz t p. 
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Now J P * t~ 1 e~*dt-»-0 as p-*-oo when R (z) >0; and 


t' 1 e^dti 


■ l0 *-II 


t~ l (l—e~ r ) c&-*-logz, 


since t~ l (1 1 as *-►().] 

6*23. Principal values of integrals. 

It was assumed in §§ 6*22, 6*221, 6*222 that the function Q (x) had no poles on the real 
axis; if the function has a finite number of simple poles on the real axis, we can obtain 
theorems corresponding to those already obtained, except that the integrals are all principal 
values (§ 4*5) and 2R has to be replaced by 2R+b2R 0i where 2Rq means the sum of 
the residues at the poles on the real axis. To obtain this result we see that, instead of 
the former contour, we have to take as contour a circle of radius p and the portions of the 
real axis joining the points 

— p, a+5 t , b — c—$3,... 

and small semicircles above the real axis of radii »x> 82 ,... with centres a, 5, c ,where 
a, 6, c,... are the poles of Q (z) on the real axis ; and then we have to make d A , d 2 ,... -*-0; 
call these semicircles y u y 2i .... Then instead of the equation 

J P Q (z) dz+ Jr Q (?) dz « ZirfeR, 

we get P I P Q(z)dz-h2 lim f Q(z)dz+[ Q (z) dz — 

J -p nSn+oJ y» J r 

Let af be the residue of Q (z) at a ; then writing z=a+8 t e i& on y t we get 
j ^ Q(z) dz= J° q B ie *ide. 

But § (a -}- e*) 8 1 e ie a uniformly as ; and therefore lim / Q(z)dz= - nia'; 

-*-o J yt 

we thus get 

P J P Q(z)dz+ j Qfydz^ZirtiR+irtiRt, 
and hence, using the arguments of § 6*22, we get 

P j Q(x)dx—2ni (2R+^2 Rq). 

The reader will see at once that the theorems of §§ 6*221, 6*222 have precisely similar 
generalisations. 

The process employed above of inserting arcs of small circles so as to diminish the area 
of the contour is called indenting the contour. 

6*24. Evaluation of integrals of the form J af~' 1 Q (x) dx. 

Let Q(x) be a rational function of x such that it has no poles on the 
positive part of the real axis and apQ(x)-+ 0 both when *0 and when 
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Consider j (— zY~ x Q (z) dz taken round the contour C shewn in the figure, 


J 


consisting of the arcs of circles of radii 
p, 8 and the straight lines joining their 
end points; (— zf- 1 is to be interpreted 
as 

exp {(a — 1) log (— z)} 
and 

log (“ z ) = logjs| + iarg(- z\ 

where — 7r^arg(-s)c w; 

with these conventions the integrand is 
one-valued and analytic on and within 
the contour save at the poles of Q (z). 

Hence, if 2r denote the sum of the 
residues of (~ Q (z) at all its poles, 



(— zf~' Q(z)dz = 2m$r. 
c 


On the small circle write — z — 8&* f and the integral along it becomes 

'—T 

(— zf Q (z) idO, which tends to zero as 8—»0. 


On the large semicircle write —z = pe* 9 , and the integral along it becomes 
—J (— zf Q (z)id$ , which tends to zero as p->oo. 


On one of the lines we write — z^ae**, on the other — z = xe-™ and 
becomes 

Hence 

Hm [ P {s*" 3 0-+-* “Q (a)- *-**»•* wi Q (a)} da = 2wtlr ; 
p-*ao) J S 

and therefore f a*" 1 Q (a) da = ir cosec (air) 2r. 

Jo 

Corollary . If Q(a) have a number of simple poles on the positive part 
of the real axis, it may be shewn by indenting the contour that 

-P J a *“ l Q (a) da = 7r cosec (aw) 2r — it cot (aw) 2r', 

where 2r' is the sum of the residues of z a ” 1 Q (z) at these poles. 


1. If 0<a<l, 

/ TTZ™*** 00800 air > p I i — 
J o I+* J o 1— a 


da? = ir cot air. 
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Example^. If0<*<1 and — »<o<». 


’ <*-» . ir**!' -1 )® 

-(MSB . * 

am *2 


(Minding.) 


Example 3 . Shew that, if — 1 < 2 < 3 , then 

f m * Jr 
Jo (1+**)* 4 coeiir«’ 

Example 4 . Shew that, if — 1 <p< 1 and -*r <X< tj\ theu 

f °° x~*dx «r sinyX /t? t \ 

Jo l+ 2 *cosX+* 3 ~im^ sinX ‘ (Euler.) 

6 * 3 . Cauchy's integral. 

We shall next discuss a class of contour-integrals which are sometimes found useful 
in analytical investigations. 

Let C be a contour in the 2-plane, and let f(z) he a function analytic inside and on C. 
Let <f> (z) be another function which is analytic inside and on C except at a finite number 
of poles; let the zeros of <j> ( z ) in the interior* of C be a ly 03,..., and let their degrees of 
multiplicity be r ly r a ,...; and let its poles in the interior of C be b l7 b 2 ,..., and let their 
degrees of multiplicity be s 1} *3 ,.... 

Then, by the fundamental theorem of residues, j f(z) ^ ^ dz is equal to the sum 

of the residues at its poles inside C .. 

yow ^-]f--^ can have singularities only at the poles and zeros of <p (2). Near one 
9 W 

of the zeros, say a ly we have 

<jf> (2) = .4 (2 - a l ) r . 4 B (2- a l ) r i +1 4 *... - 
Therefore <£' (2)=^ 4 ^ (2—-1 ■4 B (r Y +1) (z- a 1 ) r i 4 *..., 

“d /(*)=/(a,)+(*-«i)/'(«,)+..•. 

Therefore - &gg>} is analytic at 

Thus the residue , at the point z=‘a 1 , is rjf(a{). 

9 W 

Similarly the residue at 2=^ is — *i/(&i); for near 2=61, we have 
^ (2) == (7 (2—- *1+i) (2—ij) - + 1 -h..., 

and 

4 —is analytic at 
9 W *-#i 

Hence 2wt //<*> W *= 5 n/(a t ) - 

the summations being extended over all the zeros and poles of <£ (2). 

6 * 31 . TAe number of roots of an equation contained within a contour. 

The result of the preceding paragraph can be at once applied to find how many roots of 
an equation <j> (z )—0 lie within a contour C. 

For, on putting/(2)=1 in the preceding result, we obtain the result that 

±1 m* 

2 vi J c 4 >(f) 

is equal to the excess of the number of zeros over the number of poles of <j> (2) contained in 
the interior of C y each pole and zero being reckoned according to its degree of multiplicity. 
* <p (2) must not have any zeros or poles on C. 
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Example l. Shew that a polynomial <j> (2) of degree m has m roots. 
Let ^(2)=«o* m +ai2“- l +...+o m , («o* 0 ). 

Then 

<#>(*) a#* m +...+a m 

Consequently, for large values of j 21, 


Thus, if (7 be a circle of radius p whose centre is at the origin, we have 

But, as in § 6*22, j 0 dz -*-0 

as p-*-ao ; and hence as <f> (z) has no poles in the interior of C, the total number of 
zeros of <b (z) is 

r 1 [ <f>'(z)„ 

lim q . I ): dz=m. 
p —► cc 2irlJ c <t> (*) 

Example 2. If at all points of a contour C the inequality 

I «»**|>| ao+aiz+...+ai_i^” 1 +a k+ i^ +1 + ...+a m 2 m | 
is satisfied, then .the contour contains k roots of the equation 
a m 2 m -f<z m _ l 2 m - 1 + ...-fa 1 ir+ao=0. 

For write /(z)=4- a m -1 s**' 1 4 -... 4* a *z 4* a<). 

Then /(»)-«»«» ^ *- t + .~+«o ) 

«a*2*(l + (7), 

where | U\ < 1 on the contour, a being independent* of 2. 

Therefore the number of roots of f(z) contained in C 

_ f dz 

But / —=2rr{; and, since | £71 < 1, we can expand ( 1 + CO' 1 in the uniformly con- 

J c z 

vergent series 

l-U+W- CT 3 +..., 




Therefore the number of roots contained in C is equal to k. 
Example 3 . Find how many roots of the equation 

^+ 6 * 4 * 10=0 

lie in each quadrant of the Argand diagram. 


(Clare, 1900 .) 


* 1 171 is a continuous function of z on C, and so attains its upper bound (§ 3 * 62 ). Henoe its 
upper bound a must be less than 1. 
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6*4. Connexion between the zeros of a function and the zeros of its derivate. 

Macdonald * has shewn that if f if) be a function of z analytic throughout the interior of 
a single closed contour C, defined by the equation \f(z) |=Jf, where M is a constant, then the 
number of zeros of f(z) in this region exceeds the number of zeros of the derived function 
f' (z) in the same region by unity . 

On C let f{z)—Md e ; then at points on C 


wvf. /*»-»•{<«-(£)■}. 

Hence, by § 6*31, the excess of the number of zeros of f{z) over the number of zeros 
of /' (z) inside* C is 


1 

2iri J c f{z) 2 rri J , 


«/'(*) 


1 f (dH jde\ 
2 iri J c \dz 2 j dz) 


dz. 


Let s be the arc of C measured from a fixed point and let yjr be the angle the tangent to 
C makes with Ox ; then 


Now logg- 



is purely real and its initial value is the same as its final value; and 


dz 


l°g^r=i^r; hence the excess of the number of zeros of f(z) over the number of zeros of 


f (z) is the change in ^r/2?r in describing the curve G ; and it is obvious J that if C is any 
ordinary curve, increases by 2 n as the point of contact of the tangent describes the 
curve C; this gives the required result. 


Example 1. Deduce from Macdonald’s result the theorem that a polynomial of degree 
n has n zeros. 


Example 2. Prove that, if a polynomial f if) has real coefficients and if its zeros are all 
real and different, then between two consecutive zeros of f(z) there is one zero and one only 
off (z). 

[Dr Pdlya has pointed out that this result is not necessarily true for functions other 
than polynomials, as may be seen by considering the function (z 2 - 4) exp (z 2 /3)-] 
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f f {z) does not vanish on G unless G has a node or other singular point; for, if f—tp+iif/, 
where <p and ^ are real, since = it follows that if /' {z) =0 at any point, then 

— all vanish; and these are sufficient conditions for a singular point on 
ox dy ox By 

Z For a formal proof, see Proc . London Math. Soc . (2), xv. (1916), pp. 227-242. 
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Miscellaneous Examples. 


1 . A Auction <j> (2) is zero when 2=0, and is real when 2 is real, and is analytic when 
121 < 1; if f(x, y) is the coefficient of t in 4 > (x+iy), prove that if — 1 < x < 1, 


/, 


s* xsin$ .. * • \ 

0 1-2j coe 6 +j 3 -^ 008 Sm (*)• 


(Trinity, 1898 .) 


2. By integrating 




round a contour formed by the rectangle whose comers are 


V'*-l 

0 , 22 , R+i> i (the rectangle being indented at 0 and %) and making R-*- oo, shew that 

1 


/, 


sin ax , 1 e«4-1 

o ~ 4 «»-l 2 a 


(Legendre.) 


3 . By integrating log (- z) Q(z) round the contour of § 6 * 24 , where Q{z) is a rational 
function such that zQ(/)-*■ 0 as | s |-*-0 and as | z | qo , shew that if Q (z) has no poles 

on the positive part of the real axis, j Q{x)dx is equal to minus the sum of the 

residues of \o%(-z)Q(z) at the poles of Q ( z ); where the imaginary part of log (—z) lies 
between ±ir. 


4 . Shew that, if a>0, b >0, 


5 . Shew that 


I, 


. dx 


gaamlXfiin ( as i n bx)~- = £tt (e“-l). 


/: 


a sin 2a: 

o 1—2acos2a?+a 2 


xdx= l -ir log(l+a), (-*l<a<l) X 


= -,rlog(l+a-i), (a*> l) 


(Cauchy.) 


/; 


, sin CUC . „ 

- cos a\X ... cos OfftX dx^-fafa 


6 . Shew that 

* sin fax sin (fax sin fax _ _ _ _ sm ax T v 

1 o # X *” x 

if fa* <h> ... fa, «i> at *... am be real and a be positive and 

a >\<t>l |+|^2|+...+1 fa l+l «l|+ ...+| %|. 

(StSrmer, Acta Math, xix.) 

7 . If a point z describes a circle C of centre a, and if f{z) be analytic throughout 
C and its interior except at a number of poles inside C, then the point u=f(z) will 
describe a closed curve y in the t*-p]ane. Shew that if to each element of y be attributed 
a mass proportional to the corresponding element of C, the centre of gravity of y is the 

point r, where r is the sum of the residues of at its poles in the interior of €. 

z-~ a 

(Amigues, Nouv. Ann. de Math. ( 3 ), xn. ( 1893 ), pp. 142 - 148 .) 

8 . Shew that 

dx it(2u4-5) 


/. 


-.(** + V) (2 s +o*)s " 2 a*b (a + 6 )* * 


/. 


dx 


it 1 . 3 ... ( 2 a— 3 ) 1 


0 (a+bx*) n 2*6* 1.2_Cm— 1) a"“ 4 ’ 


9 . Shew that 
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10 . If F % {z)* 


*—1 *-l 

* n n (1 - shew that the series 

ms*! p=l 


/<*)-»- s 


F*(zn") 


= 2 71 — 1) 71* -1 

an analytic function when 2 is not a root of any of the equations 2 **n*; and that the 
m of the residues of f(z) contained in the ring-shaped space included between two 
rcles whose centres are at the origin, one having a small radius and the other having 
radius between n and n 4* 1, is equal to the number of prime numbers less than »+1. 

(Laurent, Nouv. Ann. de Math. (3), xvm. (1899), pp. 234-241.) 

11 . If A and B represent on the Argand diagram two given roots (real or imaginary) 
’ the equation f[z)=0 of degree n, with real or imaginary coefficients, shew that there is 
. least one root of the equation /' ( z) =0 within a circle whose centre is the middle point 


’ AB and whose radius is \AB cot -. 

12 . Shew that, if 0 < v < 1, 

&2*ivX 


(Grace, Proc. Camb. Phil. Soc. XL) 




n gticnri 


/ e ($v—l) ziti 

sip ~ z^x rcmn< * a oircl® °f radius n- hi; and make n-+-ao .] 


13. Shew that, if m > 0, then 


(Kronecker, Journal fiir Math, cv.) 


/: 




dt 


Discuss the discontinuity of the integral at m=0. 

14. If A+R+U+ ...=0 and a, b, c,... are positive, shew that 

rd^^Zc»ix+...+ri K mix dx ^_ AJae<t _ B]ogi _ m ^ logk 
J 0 ^ 

(Wolstenholme.) 

15. By considering I dt taken round a rectangle indented at the origin, shew 
;h&t,if£>0, 

ilim f P ? dt=iri+ lim P f P ^ dt, 
p-*.* J -p K+ti p-*»oo J -p r 

and thence deduce, by using the contour of § 6*222 example 2, or its reflexion in the real 
axis (according as x ^ 0 or x<0\ that 


1 Cp *»(*+*) 

lim - I -jrrz- dt=% 1 or 0, 
p-^od * J -p k + H 


according as a?>0, ar=0 or x<0. 

(This integral is known as Cauchy’s discontinuous factor.] 

16. Shew that, if 0<a<2, b>0, r>0 , then 


/# *° -1 sin ^ <Mr “ hx ^ 
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17 . Let t >0 and let 2 g-nv*—w, (t), 

n~~oo ' ' ' 

By considering J^—dz round a rectangle whose comers are ±(V+£)+£, where 
is an integer, and making N-*- co , shew that 






rdz . 


. .+ i e 2,ri '-l < 

By expanding these integrands in powers of «-**» eiru i„ • * *• 

term-by-term, deduce from § 6-22 example 3 that "V*"* *nd integrating 

Hence, by putting t=1 shew that 

18 . Shew that, if t > 0, 

J.„*-*«-**«=t-he"** jl+2j ( e-»V« e0 s2»^J . 

f* S0L VI ' (m7) ' p ’ 592 i Journal far Math, nr 



CHAPTER VII 


THE EXPANSION OF FUNCTIONS IN INFINITE SERIES 


7*1. A formula due to Darboux*. 

Let f(z) be analytic at all points of the straight line joining a to z, and 
let <f> (t) be any polynomial of degree n in t 
Then if 0 < t ^ 1, we have by differentiation 

4 £ (-) m (z - a) n (t) f(a+t(z-a )) 

°*«=i 

= _(*_ «),£<») (t) f'(a+ t(z— a)) + (-)" (z - a)"+> <f> (t)/™ (a + t(z - a)). 
Noting that <f> {n) (t) is constant = ^> (B| (0), and integrating between the 
limits 0 and 1 of t, we get 

<f> w (0) {/(*)-/(«)} 

= £ {z - a) m {<£<»-»> (1)/<“' (z) - $<»-”*> (0)/ (m) (a)} 

m=l 

+ (~) n (*- <*) n+1 C 4> (*)/ (n+1) (a + t(z- a)) dt, 

Jo 

which is the formula in question. 

Taylors series may be obtained as a special case of this by writing 
<f> (t) a» (t — l) n and making n— >oo. 

Example. By substituting 2 t& for n in the formula of Darboux, and taking^ (£)=<*(£— l) n , 
obtain the expansion (supposed convergent) 

/(*>-/(«)=j, — (.«)}, 

and find the expression for the remainder after n terms in this series. 


7*2. The Bemoullian numbers and the Bemoullian polynomials. 

The function cot \z is analytic when \z\< 2ir, and, since it is an even 

function of z, it can be expanded into a Maclaurin series, thus 

cot g* = 1 — A gj — B 2 — B % gj —...; 
then B n is called the nth Bemoullian number f. It is found that J 

T) _ 1 T> _ 1- D _ I D _ i p — 5 

-°a *“ 30 9 ^ 9 -° 4 *” an » ““ aa * * * ‘ * 


42 * 


30 * 


‘66 J 


* Journal de Math. (3), n. (1876), p. 271. 

f These numbers were introduced by Jakob Bernoulli in his An Conjectandi , p. 97 (published 
posthumously, 1713). 

t The first sixty-two Bemoullian numbers were computed by Adams, Brit. Ass. Reports , 1877; 
the first nine significant figures of the first 250 Bemoullian numbers were subsequently published 
by Glaisher, Trans. Camb. Phil . Soe. xn. (1879), pp. 384-391. 
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These numbers can be expressed as definite integrals as follows: 

We have, by example 2 (p. 122) of Chapter VI, 
sin pxdx 1 , i . . 

Jo ~^ir != “^ + 2 cot *- p 

. 1 . 1 j, *»<¥>■ b ^, i 

a? sin i nnrj 


Since 


e**-l 


dx 


converges uniformly (by de la Valine Poussin’s test) near p = 0 we may, by 
| 4*44 corollary, differentiate both sides of this equation any number of 
times and then put p = 0; doing so and writing 2 1 for x, we obtain 

t*- 1 dt 


D , r * 3 *- 1 dt 


A proof of this result, depending on contour integration, is given by Carda, Monatshefte 
fur Math, und Pkys. v. (1894), pp. 321-4. 


Example. Shew that 




2 n 


i( 2 2» 




^ 2n_1 dx 


sinh 


x 


> 0 . 


Now consider the function t -g— - , which may be expanded into a 

Maclaurin series in powers of t valid when 1 1 1 < 27r. 

The Bemoidlian polynomial * of order n is defined to be the coefficient of 
IP 

— in this expansion. It is denoted by <f> n (z\ so that 

1 _ Z <f> n if)t n 
l"n5l «! ‘ 

This polynomial possesses several important properties. Writing z+1 
for z in the preceding equation and subtracting, we find that 

I {^(z + l)-<t, n (z)} 

*~1 71 A 

On equating coefficients of t n on both sides of this equation we obtain 
nz** 1 = <f) n (z + 1) - 

which is a difference-equation satisfied by the function <f> n (z). 

* The same was given bjRaabe, Journal fir Math . xlii. (1851), p. 348. For a full discussion 
of their properties, see Norland, Acta Math. xun. (1920), pp. 121-196. 
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An explicit expression for the Bernoullian polynomials can be obtained 
as follows. We have 


and 


zH % z*& 

e 2 * — 1 = zt + — 4* -gj -f .. 

t t . t * t Bjf B 2 V 

e*-l~2t 2 i 2 1 2 + 2! 4! 


Hence 


% +*(*)*{' ** , ** , \U + 

* x —l -r + 2f + 3l + l 1 “ 24T + ‘- 

From this, by equating coefficients of t n (§ 3*73), we have 

<f>n (?) — 2? — g n ^ n 1 “h 1 n@iB 2 Z n 4 + nPs^z2?~^ — • • •, 

the last term being that in £ or s 2 and «<? 2 , n (7 4 , ... being the binomial 
coefficients; this is the Maclaurin series for the ?ith Bernoullian polynomial. 
When z is an integer, it may be seen from the difference-equation that 
(#)/*= i»-i+2»“ l +... +(*-1)*' 1 . 

The Maclaurin series for the expression on the right was given by Bernoulli. 

Example. Shew that, when n> 1, 

)***(!-*). 


7*21. TAe Euler-Maclaurin expansion. 

In the formula of Darboux (§ 7-1) write <f> n (t) for <f>(t), where <f> n (t) is the 
nth Bernoullian polynomial. 

Differentiating the equation 

<f>n(t+l)-<l> n (t) = nt »- 1 

n — k times, we have 

fa ** (<+ 1 ) - (0 - « (* - 1 ) ... 

Putting t = 0 in this, we have (1) = (OX 

Now, from the Maclaurin series for <j> n (z) t we have if A > 0 

( 0 ) - 0 , 

(0)- 5 .»!, <f>* tn) (0) = n!. 

Substituting these values of (1) and (0) in Darboux’s result, 

we ob tain the Euler-Maclaurin sum formula*, 

* A history of the formula is given by Barnes, Proc . London Math . Soc . (2), nx. (1905), p. 253. 
It was discovered by Euler (1732), but was not published at the time. Euler communicated 
it (June 9,1736) to Stirling who replied (April 16, 1738) that it included his own theorem (see 
§ 12^33) as a particular case, and also that the more general theorem had been discovered by 
Maclaurin; and Euler, in a lengthy reply, waived his claims to priority. The theorem was 
published by Euler, Comm. Acad . Imp , Petrop . vi. (1732), [Published 1738], pp. 68-97, and by 
Maclaurin in 1742, Treatise on Fluxions, p. 672. For information concerning the correspondence 
between Euler and Stirling, we are indebted to Mr C. Tweedie. 
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+ 1C aym f / (sm) W -/ (sm) («)1 

- ^ f o 4hn (*)/ <Ja+1) {a + 0-a)*} di. 

In certain cases the last term tends to zero as n—>cc , and we can thus 
obtain an infinite series for f(z) —/(a). 

If we write g> for z — a and F(x) for f (a?), the last formula becomes 

ra+u i 

I F(x)dx ss g© \F(a) 4*jP(a + o>)} 

J a 

+ 2 LI-^. jfM (a + ©) - W} 

m=i (2m)! 

A ,sn+i ri 

Writing a + ©, a + 2co, ... a + (r — 1) a for a in this result and adding up, 
we get 

J F {x) dx = & F (a) + F (a + o>) ■+* F (a + 2m) + . •. + ^ F (a + r<w)j- 

+ 2 V ; o ": {F^> (a + r») -F «—* (a)) + JR*, 

OT-i (Zm) i 

g ) 2 ^ 1 r 1 f r_1 ) 

where R ^ 2 n( 0 | % F m (a + ma> + a>t)^dt 

This last formula is of the utmost importance in connexion with the 
numerical evaluation of definite integrals. It is valid if F{x) is analytic at 
all points of the straight line joining a to a -f ra>. 

Example 1. If f(z) be an odd function of z, shew that 

Example 2. Shew, by integrating by parts, that the remainder after n terms of the 
expansion of ^ s cot ^ z may be written in the form 

(Math. Trip. 1904.) 

7*3. Burmann's theorem 

We shall next consider several theorems which have for their object the 
expansion of one function in powers of another function. 

* Memoires de VInstitut, n. (1799), p. 13. See also Dixon, Proc . London Math . Soc. xxxiv. 
(1902), pp. 151-163. 
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Let <f> (z) be a function of z which is analytic in a closed region S of which 
a is an interior point; and let 

<f> (a) = b. 

Suppose also that <£' (a) + 0. Then Taylor’s theorem furnishes the 
expansion 

and if it is legitimate to revert this series we obtain 

which expresses z as an analytic function of the variable {<£ (z) — b), for 
sufficiently small values of \z — a\. If then f(z) be analytic near z = a, it 
follows that f(z) is an analytic function of [<f> (z) — 6} when | z — a | is sufficiently 
small, and so there will be an expansion of the form 


f(z) =/(a) + <*,{</>(*)-M+f, [<f >(*)~*}•■+ g \<f >(*) 

The actual coefficients in the expansion are given by the following 
theorem, which is generally known as Burmann's theorem . 

Let yfr(z) be a function of z defined by the equation 


1r(z) = 


z— a 


-<f>(z)-b' 

then an analytic function f(z) can , in a certain domain of values of z, be 
expanded in the form 

/(»)-/(»)+*i‘ ^ (+<«))■]+■*» 

and y is a contour in the t-plane, enclosing the points a and z and such that, if 
£ be any point inside it, the equation (f) has no roots on or inside the 

contour except* a simple root t = £ 

To prove this, we have 


f'(t)<f,-g)dtd^ r-=» { <KQ-b \” 

<t>(t) — b L»=o 1 4> (0 — b) 

+ »(i)-6i—w(<)-*(r)ij 


-MI, 


* It is assumed that such a contour can be chosen if | * - a | be sufficiently small; see § 7*31. 
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But, by § 4-3, 

_L f [ r { 4 >(z)-b}^ [ ftfydt 

biriJa }y\_<j>(t) — b\ <f>(t) — b 2iri (m + 1) J y {<£ (f) — 6}* 


,W+1 


” Sw*(» + 1) J r (i — a) m+1 (m + 1)! da* 17 WlfWJ * 

Therefore, writing m — 1 for m, 

/(*)-/(»)+ V 

J_ r* f r^O)-6-]^/W(£)^ 

2wt j a J y [^(t)-6j f) 


m -1 ^ • 

+ 


If the last integral tends to zero as n—>oo, we may write the right-hand 
side of this equation as an infinite series. 


Example 1. Prove that 


z=a+ 2 

*=i 


nl 


where 

- l\ (n ~ 2) (2na)»-> + nl (n ~ 1} ( ” "f,~ 3 > ^ (2««)»-»-.... 

To obtain this expansion, write 

/(*)•*> <Hz)-b=(z-a)e*~« 

in the above expression of Biirmann’s theorem ; we thus have 

00 1 f/ 7 n-l -i 

n=l w • V l*“ 1 J.-a 

But, putting z=a+t , 

=(w-1)! x the coefficient of tf* - " 1 in the expansion of e~ Ht ( 2a+t ) 
= (7i —1)! x the coefficient of tf* -1 in 2 -— ^ 

r =0 T I 

/ n, *Z l (-) l: tt r (2a) 2r - w * 1 
= (n-l)!x 2 ;. v , ■ x-.W „ 


: 0 (n—1—r)l (2r-ti+l) !* 


The highest value of r which gives a term in the summation is r-n- 1. Arranging 
therefore the summation in descending indices r, beginning with r~n- 1, we have 

*=(- )* _1 |(2no)- 1 - w( ”~| ) , ( ”~ 2) (2«a)»-a+...j. 

which gives the required result. 

Example 2. Obtain the expansion 

« 2 =sin 2 «4*|. ~sin 4 s+|-^| . |sin 6 s+...* 
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Example 3. Let & line p be drawn through the origin in the 2 -plane, perpendicular to 
the line which joins the origin to any point a. If z be any point on the 2 -plane which is 
on the same side of the liney> as the point a is, shew that 


logs**loga+2 2 

9»=1 


1 

2m-fl 


a \fc»+1 

f+a) 


7*31. Teixeira's extended form of BUrmanns theorem. 

In the last section we have not investigated closely the conditions of 
convergence of Biirmarm’s series, for the reason that a much more general 
form of the theorem will next be stated; this generalisation bears the same 
relation to the theorem just given that Laurent’s theorem bears to Taylors 
theorem: viz., in the last paragraph we were concerned only with the 
expansion of a function in positive powers of another function, whereas we 
shall now discuss the expansion of a function in positive and negative powers 
of the second function. 


The general statement of the theorem is due to Teixeira*, whose exposi¬ 
tion we shall follow in this section. 


Suppose (i) that f(z) is a function of z analytic in a ring-shaped region A, 
bounded by an outer curve G and an inner curve c; (ii) that 0 (z) is a function 
analytic on and inside <7, and has only one zero a within this contour, the zero 
being a simple one; (iii) that x is a given point within A ; (iv) that for all 
points z of C we have 

!*(*)!< I *(*)!> 


and for all points z of c we have 

i*(«)i>i0(*)i. 

The equation 0(z) — 0 ( x ) = 0 


has, in this case, a single root z = x in the interior of (7, as is seen from the 
equation f 


1 f j Z. (*) 

2TriJc0(z) — 0(&) 


1 f 0'(z)dz 

2m J c 0{z) ’ 


of which the left-hand and right-hand members represent respectively the 
number of roots of the equation considered (§ 6*31) and the number of the 
roots of the equation 0(z) = Q contained within (7. 


Cauchy’s theorem therefore gives 


„, irr mm* 

/W- 2 iri L Jo 6(z)-d(x) J e 6{z)-6{x) J - 


* Journal fUr Math . cxxn. (1900), pp. 97-123. See also Bateman, Trans . Anter. Math. Sat:. 
xxvm. (1926), pp. 346-356. 


t 


The expansion is justified by § 4*7, since 


S converges uniformly when z is on C. 

nmtXti*)} 
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The integrals in this formula can be expanded, as in Laurent’s theorem, 
in powers of 8 (x), by the formulae 

f f(z)&(z)dz _ | r fWWz 

J c 0(*)-8(s) { )l Jc {H*)] 1 * 1 ’ 

S /m^m —,l.i mr-I/ ( ‘ >{l> wl " r <*> *■ 

We thus have the formula 


where 


/(«)=S / .(*(,) ! . + S i! ^, 

A-j hi/-%$£■ *-is//« 


Integrating by parts, we get, if n* 0, 

This gives a development of /(a?) in positive and negative powers of 
0(#), valid for all points a? within the ring-shaped space A . 

If the zeros and poles of f(z) and 6{z) inside G are known, A n and B n can 
he evaluated by § 5*22 or by § 6*1. 

Example 1. Shew that, if | x | < 1, then 

1 / &r \ 1 / 2a; V , U /to \* 

*“S \l+*7 + 2.4 Vl +**/ + 2.4.e \1+*V + "" 

Shew that, when | x | > 1, the second member represents x~K 
Example 2. If denote the sum of all combinations of the numbers 

2 \ 4 *, 6 s ,... ( 2 »— 2 )*, 

taken m at a time, shew that 

i i . r (-)* +1 f i s m+u . (-)’ , ' s S)Ld1 .. 


(s»+2ji ito+3~ ai+T' r -' r — 3 — i } ( sin *) , " +l » 

the expansion being valid for all values of t represented by points within the oval whose 
equation is | sin z | — 1 and which contains the point e—0. (Teixeira.) 

7*32. Lagrange's theorem . 

Suppose now that the function f(z) of § 7*31 is analytic at all points in 
the interior of C, and let 6 (x) * (x — a) 6 1 (x). Then 6 X (x) is analytic and 
not zero on or inside G and the contour c can be dispensed with; therefore 
the formulae which give A n and B n now become, by § 5*22 and § 6*1, 

A _i_ [ /'(»)* 1 *2 if’(a) ] 

n 2 irin J c (* — a) n {0, (z)j’* n ! da ” -1 [Of (a)J 
_ 1 f f(z)#(z) dz _ 

0 2 iriJc 0 1 (z) z-a~-' w ’ 

R -0. 


(n > 1 ), 
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The theorem of the last section accordingly takes the following form, if 
we write 0 x (sr) = 1 /<£ (z): 

Let f{z) and <f> (z) be functions of z analytic on and inside a contour C 
surrounding a point a, and let the such that the inequality 

\t<f>(z)\<\z-a\ 

is satisfied at all points z on the perimeter of G; then the equation 

regarded as an equation in has one root in the interior of C; and further 
any function of £ analytic on and inside O can be expanded as a power seines 
in t by the formula 

/«)-/(»)+ 

This result was published by Lagrange* in 1770. 


Example 1. Within the contour surrounding a defined by the inequality | z (z - a) | >| a | 
where | a | <£ | a |, the equation 


z-a —=0 
z 


has one root £, the expansion of which is given by Lagrange’s theorem in the form 

, ; (-)»-* (27t-2) ! 

^ + nl (n — 1)! a 2 **" 1 

Now, from the elementary theory of quadratic equations, we know that the equation 


z 

has two roots, namely | {l + an< * \ j 1 ” an( ^ our ex P ans i° n 

represents the former t of these only —an example of the need for care in the discussion of 
these series. 


Example 2. If y be that one of the roots of the equation 
which tends to I when 0, shew that 

j yt(n+5) (ft+6) (n+7) ^ A ^ n (ft+6) (n+*7)(n+8) (»+9) ^ ^ 

so long as j 2 1 <£. 

Example 3. If x be that one of the roots of the equation 

x~l +yx* 

which tends to 1 when y-*-0, shew that 

, . 2a- 1 , . (3a — 1) (3a — 2) , , 

log#«=3H—^— y‘+ v -^-~V+-> 

the expansion being valid so long as 

| y | < | (a - l) a ~ l a” a |. (MeClintock.) 


* Mtm. de VAcad . de Berlin , xxiv.; Oeuvres, n. p. 25. 
t The latter is outside the given contour. 
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7'4 The expansion of a class offunctions in rational fractions * 

Consider a function f(z) } whose only singularities in the finite, part 
of the plane are simple poles a } , a*, a^, ..., where | | < | a* | ^ | a, | <...: let 

b u b t , ... be the residues at these poles, and let it be possible to choose a 
sequence of circles G m (the radius of C m being R m ) with centre at 0 , not 
passing through any poles, such that | f(z) | is bounded on C m . (The function 
cosec z may be cited as an example of the class of functions considered, and 
we take R m = (m -f £) 7 r.) Suppose further that Rm-+ oo as m-» oo and that 
the upper boundf of \f(z) | on G m is itself bounded as{ m—*cc; so that, for all 
points on the circle G m , j f(z) | < M, where M is independent of m. 

Then, if x be not a pole of f(z), since the only poles of the integrand are 
the poles of/ (z) and the point z = x, we have, by § 61, 


pf + 2 

zm J q^z — x J r a r — x 
where the summation extends over all poles in the interior of <7 W .. 

if we suppose the function f(z) to be analytic at the origin. 

Now as m— >oo, f is 0 (finT 1 ), and so tends to 

*Cn z \ z - x ) 

to infinity. 


zero as m 


tends 


Therefore, making m— >oo , we have 


i.e. 


0 


■/« -/ml K ^- Um / 

U-+1}. 

(x-a n On J 


/(*)=/(<>)+ 2 in 
*=1 


f(z)dz 

c^ziz-xy 


which is an expansion of f(x) in rational fractions of x; and the summation 
extends over all the poles of f(x). 

If |a A | < |a H+ i | this series converges uniformly throughout the region given by 
M where a is any constant (except near the points a*). For if be the radius 
of the circle which encloses the points | ai |,... | a* |, the modulus of the remainder of the 
terms of the series after the first n is 


J x f f(*)dz j Ma 

I *»* Jo** (*-■*) I 

by § 4*62; and, given c, we can choose n independent of x such that Majfjt a) < «. 

* Mittag-Leffler, Acta Soe . Sclent. Femricac, xz. (1880), pp. 273-293. See also Acta Math . nr. 
(1884), pp. 1-79. 

f Which is a function of in, 

t Of course R m need not (and frequently must not) tend to infinity continuously; e.g. in the 
example taken r, where m assumes only integer values. 
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The convergence is obviously still uniform even if | a n | <| a* +1 I provided the terms of 
the series are grouped so as to combine the terms corresponding to poles of equal moduli 

If, instead of the condition | f(z) \<M y we have the condition | srPf(z) | < If, where M is 
independent of m when z is on and p is a positive integer, then we should have to 


expand J by writing 


1 1 t x r 

Z — X~~Z “b ; g2“^*** + ;g p+l ( z-$y 

and should obtain a similar but somewhat more complicated expansion. 

Example 1. Prove that 

cosec2=^4*2 (-) n ( — - h —) , 

z J \z-Mr nirj’ 

the summation extending to all positive and negative values of n. 

To obtain this result, let cosec z—j =/( 2 ). The singularities of this function are at the 

points z~nn y where n is any positive or negative integer. 

The residue of f(z) at the singularity Mr is therefore (-)*, and the reader will easily 
see that \f(z) | is bounded on the circle | z | = (^+i) * as n-*- co . 

Applying now the general theorem 

where c* is the residue at the singularity o n , we have 

/«-/(»)+!(-)• + 

But /(0) = lim -- ~ n - Z =0. 

z-*o ssin* 

Therefore cosec 2 =--f- 2 (—) n f"—-— + — J, 

z ' ' \j-nir nirj 

which is the required result. 

Example 2. If 0 < a < 1, shew that 

1 00 2 z cos 2nair — 4n?r sin 2 nair 

e?—\ ~~ n =! * 2 +4» 2 »r a 

Example 3. Prove that 

1 1 1 12 1_ 

2ir^<cosh x—co&x) ** 2 irx A eV'-e-* 1 ' (2^)^+^ 

i_ _ l _+ .... 

e 3 " - —e“ 3,r (37r) 4 +i^* 

The general term of the series on the right is 

(ef* - e~ nr ) {(rtr) 4 + ix *} ’ 

which is the residue at each of the four singularities r, —r, n , — ri of the function 


(irV 4*i^) {€* z - «-**) sin nz ' 
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The singularities of this latter function which are not of the type r, -r 9 ri, “ n 51X0 
at the five points 

(±l±t> 

* 2t r * 


At 2=0 the residue is 


2 

imt 4 * 


at each of the four points the residue is 

4 iJT 


Therefore 

( —l) r r 


4 2 


{Sirr* (cos a? - cosh tf)}*" 1 . 
2 


^ _ _ J._ - 

r=i e"—(nr) 4 +J # 4 war 4 was* (cosh a: - cos x) 

—. lim f 
** n-^oo J C 


ttzdz 


2rri . 


(>r 4 « 4 +J**) (««-«-“) sin it* ’ 


where <7 is the circle whose radios is n+g, (n an integer), and whose centre is the origin. 

2 

But, at points on C, this integrand is 0(\t j" 3 ); the limit of the integral round C is there¬ 
fore zero. 

From the last equation the required result is now obvious. 

ExampUA. Prove that sec «-4* (71^-51^8 +■)• 

Example 5. Prove that cosech x-\-ix (7^-+ • 

Example 6. Prove that sech *-4, (7^ - §7,—* + • 

Akmpfc 7. Prove that coth *-;+te(^+ s ^ + jC ^ 3 ,+...) ■ 

« ® 1 ^.2 

Example 8. Prove that 2 2 - 9W . - ,, t = -r coth jt a coth 7r6. 

m=-« *=-« (m*+a 2 ) (7i s +6 s ) a& 

(Math. Trip. 1899.) 

7*5. lie expansion of a class of functions as infinite products . 

The theorem of the last article can be applied to the expansion of a certain 
class of functions as infinite products. 

For let f(z) be a function which has simple zeros at the points* 
«i> «*> <h> **•> where lim I a n | is infinite; and let f(z) be analytic for all values 

of Z. 

Then f* {z) is analytic for all values of z (§ 5*22), and so can have 

f\z) 

singularities only at the points Oj, a,, a*, .... 

Consequently, by Taylor's theorem, 

/«-<*- «r)/'(«r) + {l ^f"(Or) + ... 

/' (*) =/' (Or) + (* - Or)/"(Or) + .... 

* These being the only zeros o 1 /(z); and a*4*0. 


and 
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It follows immediately that at each of the points a~r, the function 


/'(«) 

/w 


M— 

= 1 [Z — 0*n a n) 


has a simple pole, with residue 4-1. 

If then we can find a sequence of circles C m of the nature described in 

f> / z \ 

§ 7*4, such that is bounded on C m as m—*cc y it follows, from the 

J\ z ) 

expansion given in § 7*4, that 

/'(«)_/'(0) , * 

/<*) /( 0 ) + 

Since this series converges uniformly when the terms are suitably grouped 
(§ 7*4), we may integrate term-by-term (§ 4*7). Doing so, and taking the 
exponential of each side, we get 

09* *> r / z \ —) 

/<*)-«'* j? l {( i_ s)4’ 

where c is independent of 2 . 

Putting ir = 0, we see that /(0) = c, and thus the general result becomes 

m-m.™ n {(*--)««}. 

This furnishes the expansion, in the form of an infinite product, of any 
function f(z) which fulfils the conditions stated. 

Example 1. Consider the function which has simple zeros at the points 

rir, where r is any positive or negative integer. 

In this case we have / (0) = 1, /' (0)=0, 

and so the theorem gives immediately 

f M 

for it is easily seen that the condition concerning the behaviour of 8,8 I z 1“*"® * s 
fulfilled. 

Example 2. Prove that 

{-©I K&H M^)'!) }. 

cosh k—coax 


1 -cos or 


(Trinity, 1899.) 


7‘6. The factor theorem of Weierstrass*. 

The theorem of § 7*5 is very similar to a more general theorem in which 
the character of the function f(z\ as | z |—»oo, is not so narrowly restricted. . 


Berliner Abh. (1876), pp. 11-60 ; Math. Werke , n. (1895), pp. 77-124. 
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Let f(z) be a function of z with no essential singularities (except at ‘ the 
point infinity J ); and let the zeros and poles of f(z) be at a^, a 8) ..., where 

0< |ai|<[a* * * § | ^\<h \• ••■ Let the zero* at a* be of (integer) order m n . 

If the number of zeros and poles is unlimited, it is necessary that 
| On |—»ao, as n—»oo; for, if not, the points would have a limit pointf, 
which would be an essential singularity of f(z). 

We proceed to shew first of all that it is possible to find polynomials 
g n (z) such that 


converges for allj finite values of z. 

Let K be any constant, and let \z\< K\ then, since |o*|—*oo, we can 
find N such that, when n>N, j a n | >2 j K. 


The first N factors of the product do not affect its convergence^; consider 
any value of n greater than and let 






+ 



*n-1 


Then 


-11 (•if+a.wL i i('V 

».imW m=k n rn Va*/ 


2 — 
a n m=0 &n 

<2|( J BTa n -)H 




since | za n _1 | < i. 

Hence 

where | u* (z) | ^ 21 m n (KdrT 1 ^ |. 

Now m» and a n are given, but k n is at our disposal; since Ka we 
choose k n to be the smallest number such that 2 | (jK'o n ‘" 1 ) t »! < b n > where 


2 b n is any convergent series § of positive terms. 

*=i 

Hence fi f{fl - -) [“”] = U 

*»W+1 l(\ a n' ) J »*iT+l 

where \Un(z)\< 6 n ; and therefore, since b n is independent of z, the product 
converges absolutely and uniformly when | z | < K> except near the points On. 


* We here regard a pole as being a zero of negative order, 

t From the two-dimensional analogue of § 2*21. 

t Provided that z is not at one of the points a % for which m* is negative. 

§ E.g. we might take b n =2~* 
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Now let 




Then, if f(z) + F(z) = G 1 (z), G 1 (z) is an integral function (§ 5*£4) of z 
and has no zeros. 


It follows that qtj^ @1 ( z ) 18 analytic for all finite values of z ; and 

00 

so, by Taylors theorem, this function can be expressed as a series % nb n z rt ~ 1 

1 

converging everywhere; integrating, it follows that 

(?, 0) = ce®W 

00 

where G(z) = 2 b n z n and o is a constant; this series converges everywhere, 
*=i 

and so G(z) is an integral function. 

Therefore, finally, 

m-m** 3 [j(i-i)««}-]■ 

where G{z) is some integral function such that ff (0) = 0. 

[Note. The presence of the arbitrary element Q (z) which occurs in this formula for 
f(z) is due to the lack of conditions as to the behaviour of/( 2 ) as | z (-►oo.] 

Corollary . If m n «l, it is sufficient to take K= 7 h by § 2*36. 


7*7. The expansion of a class of periodic functions in a series of 
cotangents . 

Let f(z) be a periodic function of z } analytic except at a certain number 
of simple poles; for convenience, let ir be the period of f{z) so that 
/ 0 ) =/(*+«■). 

Let z=*x + iy and let f{z)-*l uniformly with* respect to x as y—M- oc, 
when 0 < 7 r; similarly let/(s)— >1' uniformly as y—> — 00 . 

Let the poles of f(z) in the strip 0<x^tt be at a l3 Og,... o»; and let the 
residues at them be Ci, Cg, ... c». 

Further, let A BCD be a rectangle whose comers are* — i/>, nr — ip, 
7 r + ip' and ip' in order. 

Consider J /CO “ z ) dt 

taken round this rectangle; the residue of the integrand at a r is c r cot (a r — z) } 
and the residue at z is f(z). 

Also the integrals along DA and CB cancel on account of the periodicity 
of the integrand; and as p—>oo , the integrand on AB tends uniformly to 1% 
while as p'—> 00 the integrand on CD tends uniformly to — li; therefore 

H Q' + 1 ) =/(*) + t Cr cot (Or - z). 
r=l 

* If any of the poles are on x =x, shift the rectangle slightly to the right; p, p* are to be 
taken so large that a lt a*,... a n are inside the rectangle. 
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That is to say, we have the expansion 

f(z)=\(l’ + l)+ 2 C T cot (z - Or). 

* r-\ 

Example 1. 

cot (x-aj cot (x - a 2 ) ...cot (#-«») — 2 cot (a T — a x )..cot (a r —a*)cot (x -+(-)i n , 

r=l 

n 

or =2 cot (a,.—cot cot (.r-a r ), 

r=l 

according as »is even or odd; the * means that the factor cot (a r —a*) is omitted. 


Example 2. Prove that 

sin (#-&x) sin (x~b 2 )... sin (#- & n ) sin (ax — 5^ ... sin (a 1 — 6 n ) 

sin (ar- aO sin (tf-ag)... sin (x—a n ) ~ sin («i—ag)... sin (a x -a H ) ' l ' 


{ 8 ^( 02-60 
**" sin (og-aj) 


sin (a 2 -b n ) 
sin (a 2 - a») 


cot (^-<^) 


+. 

+ cos (a!+ 02 +... 4-- &!- 6 2 -... - i n ). 

7*8. BoreVs theorem f. 

ao / 

Let /(z) = 2 a*s n be analytic when | z | < r, so that, by § 5*23, | a^r 11 1 < if, 

»=o 

where M is independent of n. 


® Cbn Z n 

Hence, if ^(i) = 2 —-, <£ (s) is an integral function, and 

n—0 71 • 


l* 0 )l <2 


M\t»\ 


*-o r".«! 
and similarly < Me\‘\ lr jr n . 


= Me l jr l /r , 


Now consider yj (.?) = I (zt) dt ; this integral is an analytic function 
J 0 

of z when | z i < r, by § 5'32. 

Also, if we integrate by parts, 


fi (z) = e - * 0 (> +z j 0 e ~ i< t > ' 00 dt 

- 2 z n e -t <£ ,m| (*t)l + * n+1 f e~ l <j> (n+1) (zt) dt 
L Jo Jo 

But lim e^fj)^ (zt) = ; and, when | z \ < r t lim (gtf) = 0. 

£“*►0 t-^OD 

Therefore AO)** S Om^ + iJn, 

w »=0 


t Legont tur let Uriet divergent** (1901), p. 94. See also the memoirs there cited. 
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where 


| R n | < | z nJrl | j e~*. dt 


= \zir l | n+1 if {1 — 1| r^Jr 1 —>0, as n-»oo. 
Consequently , wAen | s | < r, 

/i0)- 2 


m=0 


and «o 




/(f) = f e-tfiztydt, 

J 0 


where <£ (z) = 2 <f>(z) is (sailed Bor el's function associated with 2 o^* 

*=0 W I n=0 

® « Q.%* r® 

If N= 2 a* and <£(*)= 2 -^-r- and if we can establish the relation S— / $-*<£ (f) 

n-0 n=0 a! Jo 

the series N is said (§ 8*41) to be * summable (B) 3 ; so that the theorem just proved 
shews that a Taylor’s series representing an analytic function is summable (B). 


7*81. BoreFs integral and analytic continuation. 

We next obtain BoreFs result that his integral represents an analytic function in 
a more extended region than the interior of the circle | z | =r. 



This extended region is obtained as follows: take the singularities a, b y c ,... of/(*) and 
through each of them draw a line perpendicular to the line joining that singularity to the 
origin. The lines so drawn will divide the plane into regions of which one is a polygon 
with the origin inside it. 

Then Borers integral represents an analytic function (which, by § 5*5 and § 7*8, is 
obviously that defined by f(z) and its continuations) throughout the interior of this 
polygon. The reader will observe that this is the first actual formula obtained for the 
analytic continuation of a function, except the trivial one of § 5*5, example. 

For, take any point P with affix f inside the polygon; then the circle on OP as 
diameter has no singularity on or inside it*; and consequently we can draw a slightly 

* The reader will see this from the figure; for if there were such a singularity the correspond¬ 
ing side of the polygon would pass between 0 and P; i.e. P would be outside the polygon. 
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larger concentric circle* * * § C with no singularity on or inside it. Then, by § 5*4, 



andso *(«“Ssi 0 Sf Iffi*'’ 

but I converges uniformly (§ 3*34) on C since f(z) is bounded and \z\l 

*=o nl ar * 1 

where 3 is independent of z; therefore, by § 4*7, 

jexp ({tz-^dz, 

and so, when t is real, | <f> ((t) \<F(fl e&, where F({) is bounded in any closed regie 
wholly inside the polygon and is independent of t; and X is the greatest value 
real part of flz on C. 


If we draw the circle traced out by the point we see that the real part c 
greatest when z is at the extremity of the diameter through f, and so the value 

!CMIfl+*r l <i. 

We can get a similar inequality for <p' ((t) and hence, by § 6*32, j e~ t <f>(C 
analytic at f and is obviously a one-valued function of f. 

This is the result stated above. 


7*82. Expansions in series of inverse factorials . 

A mode of development of functions, which, after being used by N 
and Stirling! in the eighteenth century, was systematically investigat 
Schlomilch§ in 1863, is that of expansion in a series of inverse factorial 

To obtain such an expansion of a function analytic when \z\>r,' 

* r® 

the function be f(z) = 2 a^z^, and use the formula f(z) = I ze^^ 
n=0 J 0 

co 

where (t) = 2 On1Pj{n 1); this result may be obtained in the same v 
that of § 7*8. Modify this by writing e~* — 1 — £ <f> (t) » F ((); then 

/«-f z<L~-fr*F($de. 

J 0 

Now if t = u iv and if t be confined to the strip — 7r<v<7T, £is; 
valued function of f and F{%) is an analytic function of £; and f is rest 
so that —7r < arg(1 — f) < w. Also the interior of the circle |ff | = 1 corres 

* The difference of the radii of the oiroles being, say, 3. 

t Mem dt VAcad. des ScL (Paris, 1717); see Tweedie, Proc. Edin. Math. Soc. xxxvi. (] 

J Methodus Differential™ (London, 1730). 

§ Compendium der h'dheren Analysis . More recent investigations are due to Kluyver,' 
and Pincherle. See Comptes Rendus , cxxxm. (1901), cxxxiv. (1902), Annales de I'icoU 
sup. (3), in., xxii., xxni., Rendiconti dei Lined , (5), xi. (1902), and Palermo Rendiconti , 
(1912). Properties of functions defined by series of inverse factorials have been studies 
important memoir by Norland, Acta Matff. xxxvn. (1914), pp. 327-387. 
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to the interior of the curve traced out by the point t — — log ^2 cos i«) 
(writing f = exp {i (6 -4- w)}); and inside this curve 

\t\-R(t)<[{R (t)Y + (*)-> 0 , 

as oo. 

It follows that, when | £| < 1, \F(^)\< MeT m <M 1 \d rt j, where M x is in¬ 
dependent of t ; and so F(^) < if x | (1 — f)~ r |. 

Now suppose that 0 < ff < 1; then, by § 5'23, | F in} (f) j < M ,. n\p~*, where 
Mi is the upper bound of \F(z)\ on a circle with centre |f and radius 
P< 1-f 

Taking p = (1 - £) and observing that * (14- n -1 )" < e we find that 

< Mxt (n + iy. n 1 (1 — 

Remembering that, by § 4r5, [ means lim f , we have, by repeated 

Jo c-^+O J 0 

integrations by parts, 

/(*)= lim [- 0 -&r(g>T~'+ r‘a-&*"($)<l? 

»^+oL Jo Jo 

- J£a [-<* - ^ ®r -+ 7TT [- (i - 


_1 , , _ ^8 | , __, n 

, + *+l + (s + l)(* + 2; “' + (.2r + l)(z + 2)... (r + n) + ’ 

where = lim [— (1 — £f +n F <"» (f )1 

«-m» L J« 

- F*> (0), 

if the real part of z+ n — r — n >0, i.e. if R(t)>r; further 

_ M x e (n -f 2) r . n 1 _ = 

< | (-? +1) (z 4- 2)... (z + n) |. R (z - r ) 

_ M x e (n + 2Y .n\ _ _ 

(r +1 + 8) (r + 2 + 8) ... (r + n + 8). 8 * 

where 8=* fi(z — r). 

* (l+ar 1 )* increases with a?; for >e y , when y< 1, and so log ^>y. That is to 

d ^ 1 

say, putting y-i=l+rr, ^ x log (1+*” 1 ) =log (1 4 -ar 1 ) - 
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Now 


n + - • 

i»=ilV m ) j 


tends to a limit (§ 2*71) as n— >oo , and so | R n \—*0 if (n + 2) r e (r+syii/m 
to zero; but 

% rn+l /jLi 

2 1/m > I — = log (n *fl), 
m=l J 1 x 

by § 4*43 (ii), and (n + 2) r (n + !)-’-*-» 0 when 8 >0; therefore J?»->0 as 
n—>oo , and so, when R (z) > r, we have the convergent expansion 

^) = 6o + J+I + (^ + l)^ + 2) + - + (^ + l )(0 + 2)...(^ + n) + "” 

Example 1. Obtain the same expansion by using the results 

(*+l)(*+2)-.(2+n+l) = HI Jo (' 1 “' U) ’ dU ’ 

Jc *-* Jc Jo 

Example 2. Obtain the expansion 

l°g (l + ”) —~ z ~ z (J+T) 2(s+l)(2+2) .* 

where a*—J (1 - 1) (2-0... (n—1 — t) dt , 

and discuss the region in which it converges. (Schlomilch.) 


REFERENCES. 

E. Goubsat, Court & Analyte (Paris, 1911), Chs. xv, xvi. 

E. Borel, Lemons tur let series divergences (Paris, 1901). 

T. J. Fa. Bromwich* Theory of Infinite Series (1908), Chs. vin, x, XL 
O. Schlomilch, Compendium der hoheren Analysis, il (Dresden, 1874). 


Miscellaneous Examples. 

1. If y-a?-$(y)s= 0, where is a given function of its argument* obtain the 
expansion 

/M-ZW+i i <* *)Vw. 

where / denotes any analytic function of its argument, and discuss the range of its 
validity. (Levi-Civith, Rend, dei Lincei, (5), xvi. (1907), p. 3.) 

2. Obtain (from the formula of Darboux or otherwise) the expansion 

/ w -/(*)= V™ « - r/w («)}; 

find the remainder after n terms, and discuss the convergence of the series. 

* The expansions considered by Bromwich are obtained by elementary methods, i.e. without 
the use of Cauchy’s theorem. 
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3. Shew that 


where 


+(->*A* +1 £ y«{<)/f +1 > (x+it) eU, 
y A {x)= x - /; 


and shew that y n (x) is the coefficient of n 1 1* in the expansion of {(1 - tx) (1 +1 - tr)} ” $ in 
ascending powers of t. 


4. By taking 


(j?+1) 


- x t^ [ ( j" r) ^ n 


’ n 1 [du n 


JJ. 


in the formula of Darboux, shew that 

f(x+h)-f(x)= - {/<“>(*+*)—/«(*)} 

+(—)*A h * 1 J*4> (<)/** +1 * (*+Af) <*, 

, 1—r , u u 2 u 3 

where " = 1 ~°» fi +a * F !~ a * Ti + "" 

5. Shew that 

/(*)-/(*)« J. (-) m - 1 <«)+/p»-») «} 


2m! 

2 »! 


1 f's»M/ (2 * +1) {<*+< (*-o)}<ft. 


r<*> +i , 


L«?v* +1 

\«*+I/J«-o* 


where +«(*)=: 

6. Prove that. 

/ (*j) -/ <*i)=<?i <** - *)/' (H)+C a (H- <*i) -C 3 (zt- *)»/’" (*,) 

- C A (* 2 -*k>»y**+ f g («*sech«)} ji _/“ +1) faj) *; 

in the series plus signs and minus signs occur in pairs, and the last term before the 
integral is that involving (s*-^)*; C» is the coefficient of z* in the expansion of 


004 (i-l) ' in ascending powers of 2 


(Trinity, 1899.) 


/; 


7. If £\ and x 2 are integers, and <j> (z) is a function which is analytic and bounded for 
all values of z such that x l ^R (z)^x 2i shew (by integrating 

<j>(z)dz 

tf *2»ir_i 

round indented rectangles whose comers are x u x 2 ±00 i, x 1 ± 001 ) that 
i<t> (a'i)+^(«a?i + l)+^(«»i+2) + ... + <^ (^2“ 1) + 

= (*)<&+- f” ^ (xt+W) ~0 (*i+HF)-$(*k-Kt)+$(*i -fr) 

J Xj ijo 

lienee, by applying the theorem 

a - r 1 ^ » 
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where B 1 , B iy ... are Bernoulli’s numbers, shew that 

(where C is a constant not involving ri) y provided that the last series converges. 

(This important formula is due to Plana, Mem. della R. Accad. di Torino , xxv. (1820), 
pp. 403-418; a proof by means of contour integration was published by Kronecker, 
Journal fUr Math, cv. (1889), pp. 345-348. For a detailed history, see Lindelof, Le Oalcul 
dee Residue. Some applications of the formula are given in Chapter xn.) 


8 . 


Obtain the expansion 



i.3.a) 
' ' »! 


2* 


for one root of the equation x»2«+a 2 , and shew that it converges so long as | x | < 1. 


9. If £*** . denote the sum of all combinations of the numbers 


taken m at a time, shew that 
cos* 1 , “ (-) n+1 

z sin* n«o(2»+2)! 


i* 3*, e* ... (2 ti-i)* 


f2*(»+ 1 ) (i, 2*» 

[2ti+ 3 °>(*+i)2»+l 


+ ...+(-)« S<»> 


20M-1) 


sin 2 * +i - z. 


(Teixeira.) 

10. If the function /(*) is analytic in the interior Of that one of the ovals whose 
equation is | sin *|=<7 (where 0^1), which includes the origin, shew that /(*) can, for all 
points * within this oval, be expanded in the form 


n=l 2711 

/P-+»(0) + ^ +1 /(*»-»(0) + ...+^"» + i/'(0) . . 


+ 2 
»=0 

where is the sum of all combinations of the numbers 


(2n + l)! 

re number! 
2*, 4 2 , 6 2 , ... (2ti-2) 2 , 


taken m at a time, and denotes the sum of all combinations of the numbers 


7 2»+l 

taken m at a time. 

11. Shew that the two series 


I 2 , 32, 52 , ...(2n-l)2, 


^ 2z* 2** 

2 * + f + ‘m + -> 


(Teixeira.) 


and 


2* 2 ( 2z V , 2.4 / 2* V 

1-** 1.3*\l-s*/ + 3.5 2 


represent the same function in a certain region of the * plane, and can be transformed 
into each other by Biirmann’s theorem. 

(Kapteyn, Nieuw Archief, (2), in. (1897), p. 225.) 


12. If a function /(*) is periodic, of period 2ir, and is analytic at all points in the 
infinite strip of the plane, included between the two branches of the curve | sin * |=C 
(where C> 1), shew that at all points in the strip it can be expanded in an infinite series 
of the form 


/(*)=^ 0 +J 1 sin*+...+^ n sin**+. 

-f cos * (B x + B % sin *+... sin**" 1 *+...); 

and find the coefficients A n and B n . 
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13. If and / are connected by the equation 

♦ W+VW- °» 

of which one root is a> shew that 




<*>' f*F 

r (f'Fy 

\ n 


„ ,! V W if*F) 

<**>" W 

9 ■ r w (pFY 




the general term being (—) m j-yg-j— ^ mu *tipbed by a determinant in which 

the elements of the first row are <f>, ffiY, (<£ 3 )',..., (/» F') and each row is the 

differential coefficient of the preceding one with respect to a; and F, /, F / ,... denote 
F{a) r f{a\F{a) . 

(Wronski, PhUosophie de la Technie, Section IL p. 381. For proofs of the theorem 
see Cayley, Quarterly Journal^ XH. (1873), Transon, Aowv. dnn. ofe JfeA xm. (1874), and 
C. Lagrange, Brux. Mem. Couronni8, 4°, xlyii. (1886), no. 2.) 

14. If the function W (a, 5, x) be defined by the series 

W(a, b, x)=xJf~- x*+^ — ^ ~ ^ s»+..., 


which converges so long as 


M< 




shew that ^ W(a, b, #)=» 14*(«- b) W (a- 6 , 6 , .r); 

and shew that if y = TF(a, 6, j?), 

then #=* jr(6, a, y). 

Examples of this function are 

W(l, 0, *) = «*-1, 

TF(0, 1, *)=log(l+:r), 

(l+*)“-l 


15. Prove that 


W (a, 1, x)= 


n=0 


(Jezek.) 


where 


#»= 


2ai 


0 

0 

... 0 

4a 2 

3a t 

2«o 

0 

... 0 

6a 3 

5a 2 

4a, 

3a 0 

... 0 

(2n-2) a n _,. 




....(n-l)ao 

no. 

(n-l)a._! 





and obtain a similar expression for 


2 a r x r 

r =0 


{Jo^} 4 

(Mangeot, cfe VEcole norm, sup . (3), xiv.) 

_* i asy+i „ 


16. Shew that 
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where S r is the sum of the rth powers of the reciprocals of the roots of the equation 

n 

2 0. 

r=o 

(Gambioli, Bologna Mentone, 1892.) 

17. If f n (z) denote the nth derivate of f(z\ and if /_* ( z ) denote that one of the nth 
integrals of f(z) which has an n-ple zero at z*= 0, shew that if the series 

2 /*(*)?_»(*) 

is convergent it represents a function of z+x; and if the domain of convergence includes 
the origin in the or-plane, the series is equal to 


2 /_»(*+*) £«(0). 

n=0 

Obtain Taylor's series from this result, by putting g (z) = 1. 
18. Shew that, if a? be not an integer, 

£ l 2 x+m+n 


(Guichard.) 


m= -y »=—»/ (-3?4-m) 2 (x+n)* 

as v-*-qo , provided that all terms for which m~n are omitted from the summation. 

(Math. Trip. 1895.) 


19. Sum the series 


| /_1_,1\ 

v=- q \(-) % x-a-7i nj y 


where the value n=0 is omitted, and p, q are positive integers to be increased without 
limit. 

(Math. Trip. 1896.) 

20. If F(x)=e!o xrcot< - x ’ )dx , shew that 


F(*> 


and that the function thus defined satisfies the relations 



(i-- 
\ n, 


*{( 

\ + -) 



F(x)F(l -*)~2sin#jr. 


Further, if ’K z )=*+p + f»+—- - J*log(l-t) j, 


shew that 
when 

21. Shew that 




il-« 


- iiriz I 


< 1 . 


where 

and 


(Trinity, 1898.) 

. 

n {1 - 2*-** cos (*r+ fa) + {1 - 2 e-*o cos (x - 

—_ i 

2** (1 - cos x)* n e- kcos * ln 

Og—i sin — n, ff g =;fccos —— it, 

^ n 9 it 

0<x<%r. (Mildner.) 
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22. If | x | < 1 and a is not a positive integer, shew that 

* &• _ Ziria? , x [ . 

** ^r a ~ i + i^r^i Jc t -x ' 

where C is a contour in the 2-plane enclosing the points 0, x. 

(Lerch, Casopis, xxi. (1892), pp. 66-68.) 


23. If fa (z), ^*(z), ... are any polynomials in z, and if F(z) be any integrable 
function, and if fa (z), fa(z ),... be polynomials defined by the equations 

I* F(*) 0i («) ^TJ/ X) W> 

J' **(*) 01 (*)0» (*) ... 0m—I (a?) fr), 


shew that 


/: 


b F(x)dx 0 ,(*) . 02 (i) 


03 W 


' 01 (?) 01 (*) 02 (*) 01 (*) 02 (f) 03 (2) 


0m(*) 


0l(*)02(*)—0»W 01 W 02 ( 2 ) 


^ ..; - 0 w (i) /* ** (*> *»« - 0»(*) 5s* 


24. A system of functions jo 0 (*), Pi ( 2 ), p 2 ( 2 )» — is defined by the equations 
Fk(*)"!» F.+i (2)-(2*+a B 3+5.)#, ( 2 ), 

where a n and 6* are given functions of w, which tend respectively to the limits 0 and — 1 
as »-► 00 . 

Shew that the region of convergence of a series of the form 2e„p*(z), where e u e iy ... 
are independent of z, is a Cassini’s oval with the foci +1, -1. 

Shew that every function/(z), which is analytic on and inside the oval, can, for points 
inside the oval, be expanded in a series 

where 

C **2S / ( a » + *) ?»(*)/(*) *» C »'=2^J (*>/(*)*» 

the integrals being taken round the boundary of the region, and the functions q n (z) being 
defined by the equations 

?0 W= ?+i+5o’ ? * +I W= J+a. + i2+J. + i ? " (2) ‘ 

(Pincherle, dei Lined , (4), v. (1889), p. 8.) 


25. Let G be a contour enclosing the point a, and let <f> (z) and /(z) be analytic when 
z is on or inside (7. Let 1 1 1 be so small that 

\t<f>(z)\<\z-a\ 

-when z is on the periphery of C. 


By expanding 


'I U 

2mJc J 


in ascending powers of t f shew that it is equal to 


Hence, by using §§ 6*3, 6*31, obtain Lagrange’s theorem. 



CHAPTER VIII 

ASYMPTOTIC EXPANSIONS AND SUMMABLE SERIES 


81. Simple example of an asymptotic expansion. 

Consider the function f(x) = f tr 1 e* - * dt, where x is real and positive, 

J x 

ad the path of integration is the real axis. 

By repeated integrations by parts, we obtain 

- + *» 1 1. 

n connexion with the function /(#), we therefore consider the expression 

( —) n ~ 1 (w — 1)! 

ad we shall write 


oP 


2 112! (—) n n! 

i« Mm= s _ ^ + ^"- + ^" ==5n(a5) - 


hen we have [ I = mx ~ l 00 as m-*oo. The series ^u m is there - 

>re divergent for all values of a ?. In spite of this, however, the series can 
e used for the calculation of f{x ); this can be seen in the following way. 

Take any fixed value for the number n, and calculate the value of S n . 
Te have 

f(x)-S n (x)=(-r+'(n + l)l 

id therefore, since &~ l ^ 1, 

|/(*)-5 n («)h(n + l)! I* <(n+l)l = 


or values of x which are sufficiently large, the right-hand member of this 
[uafcion is very small. Thus, if we take x ^ 2 n, we have 

|/(«)-S„(.)|< p * 5 „ 


liich for large values of n is very small. It follows therefore that the value 
the function f (a:) can be calculated with great accuracy for large values of x, 
taking the sum of a suitable number of terms of the series 2,u m . 

Taking even fairly small values of x and n 

N s (10)=0'09152, and 0</(10)- S 5 (10)< 000012. 
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*• 1 - 8 - 21 ] 


The series is on this account said to be an asymptotic expansion of the 
unction f(x). The precise definition of an asymptotic expansion will now 
3e given. 

82. Definition of an asymptotic expansion. 

A divergent series 

A 4 . 4 -—? + 


in which the sum of the first (n -t-1) terms is S n (z)> is said to be an asymptotic 
expansion of a function f(z) for a given range of values of ar gz, if the 
expression R n (z) — z 11 {f{z) — S n (z)) satisfies the condition 

lim Rn (z) =0 (n fixed), 
even though lim | Rn (z)\ = oo (z fixed). 

n-*a o 


When this is the case, we can make 


I {/(*)-£„(*)} I <e, 


where e is arbitrarily small, by taking | z | sufficiently large. 

We denote the fact that the series is the asymptotic expansion off^r) by 
writing 

f(*)~ t ^n^ n * 

n —0 

The definition which has just been given is due to Poincare*. Special 
asymptotic expansions had, however, been discovered and used in the 
eighteenth century by Stirling, Maclaurin and Euler. Asymptotic expan¬ 
sions are of great importance in the theory of Linear Differential Equations, 
and in Dynamical Astronomy; some applications will be given in subsequent 
chapters of the present work. 

The example discussed in § 8T clearly satisfies the definition just 
given: for, when x is positive, | of 1 {/(#) — S n (x) j | < n! x~ l -+ 0 as x oo. 

For the sake of simplicity, in this chapter we shall for the most part consider 
asymptotic expansions only in connexion with real positive values of the argument. 
The theory for complex values of the argument may be discussed by an extension of the 
analysis. 


8*21. Another example of an asymptotic expansion. 

As a second example, consider the function /(.r), represented by the series 


where x > 0 and 0 < c < 1. 


/to- 2 
*-1 


x+k' 


Acta Mathematical vni. (1886), pp. 295-344. 
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The ratio of the £th term of this series to the (£- l)th is less than c, and consequently 
the series converges for all positive values of x. We shall confine our attention to positive 
values of x. We have, when x>k, 

1 _1 h & & fr 

„ i 7. .. T * t~V » 






If, therefore, it were allowable* to expand each fraction ^ in this way, and to 
rearrange the series for f(x) in descending powers of we should obtain the formal series 

fr+3?+••■+!?+•••• 


where 


k=l 


But this procedure is not legitimate, and in fact 2 A n x~* diverges. We can, however, 

«=1 

shew that it is an asymptotic expansion of f(x). 

For let 


'S-(-)=#+p a +-+^r I - 


Then 


so that 


iw-*«i-ii(-r4.i<— a** 


Now 2 £"6* converges for any given value of n and is equal to G n , say; and hence 
\f(x)-Sn(x)\<C n zr*-\ 

GO 

Consequently f( x )~ 2 A n ar^. 

71=1 

Example. If f{x)~ J e* 2 -* 2 dt, where x is positive and the path of integration is the 
real axis, prove that 

- .1 1 1.3 1.3.5 

2 2 ^ + 2 V* 2V + '"‘ 

[In fact, it was shewn by Stokes in 1857 that 

the upper or lower sign is to be taken according as - Jn- <&r%x<\n or £ir<arg x < fir.] 


8*3. Multiplication of asymptotic expansions. 

We shall now shew that two asymptotic expansions, valid for a common 
range of values of arg z, can be multiplied together in the same way as 
ordinary series, the result being a new asymptotic expansion. 

For let f(z) ~ 2 4 M r", <f>(z) ~ 2 B m sr m , 

7 » = 0 }ft =0 


It is not allowable, since for all terms of the series after some definite term. 
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and let S n (z) and T n (z) be the sums of their first (n + 1) terms; so that, 
n being fixed, 

/O) - S n (z) = O (s~*), <f> (z) - T n ( z ) = 0 (*“»). 

Then, if C m = A a B m +A 1 B m _ 1 + ... + A m B 0 , it is obvious that* 

S n (z) T n (z) = £ C m z~ m + o (z~ n ). 

m** 0 

But f(z) <f> (z) = [S n (z) + o (*"»)} [T n (z) + o (z-)} 

= S n (z) T n (z) + o (z~ n ) 

= 2 C m z~ m + o (z~ n ). 

m —0 

This result being true for any fixed value of n, we see that 
f(z) <f> (z) ~ X 

m=0 


8*31. Integration of asymptotic expansions . 

We shall now shew that it is permissible to integrate an asymptotic 
expansion term by term, the resulting series being the asymptotic expansion 
of the integral of the function represented by the original series. 

For let f{x) ^ X A rn ar m i and let S n (x) = X A m x~ m . 

m =2 m-2 

Then, given any positive number e, we can find x 0 such that 
|/(^)-S n (^)[<€[a;[~ n when x>x 09 

and therefore 

J f(x) dx-j S n (x) dx | < J |/(ar) - S n (x )! dx 


But 


' 7n — 1) * n_1 


and therefore ( f(x) dx ~ 2 — - . 

On the other hand, it is not in general permissible f to differentiate an asymptotic 
expansion; this may be seen by considering e~ x sin (<?*). 


8*32. Uniqueness of an asymptotic expansion . 

A question naturally suggests itself, as to whether a given series can be 


* See § 2*11; we use o ($”*) to denote any funotion yp (z) such that z u ip (z) -*• 0 as j z | «♦» ® . 
t For a theorem concerning differentiation of asymptotic expansions representing analytic 
functions, seeBitt, Bull. American Math. Soc. xxiv. (1918), pp. 225-227. 
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the asymptotic expansion of several distinct functions. The answer to this 
is in the affirmative. To shew this, we first observe that there are functions 
L (x) which are represented asymptotically by a series all of whose terms are 
zero, i.e. functions such that lira a^L (x) =* 0 for every fixed value of n. The 

function er* is such a function when x is positive. The asymptotic expansion* 
of a function J(x) is therefore also the asymptotic expansion of 

J(x) + L (, x). 

On the other hand, a function cannot be represented by more than one distinct 
asymptotic expansion over the whole of a given range of values of z ; for, if 

/(*)- 2 f(z)~ i 

m=0 m=o 

then Um + 

*-.» \ * * * z #■) 

which can only bo if ^#=5 0 ; .... 

Important examples of asymptotic expansions will be discussed later, in connexion 
with the Gamma-function (Chapter xn) and Bessel functions (Chapter xvji). 

8*4 Methods of 1 summing’ series. 

We have seen that it is possible to obtain a development of the form 

/(*) = 2 A m ar m + R n (x), 

»=0 

oo 

where > oo as n—► oo, and the series 2 A m ar Jm> does not converge. 

fl)sO 

We now consider what meaning, if any, can be attached to the ‘ sum * of 
a non-convergent series. That is to say, given the numbers do, a^, ..., 

we wish to formulate definite rules by which we can obtain from them a 

00 00 

number 8 such that S = 2 a» if 2 a* converges, and such that S exists 
when this series does not converge. 

8*41. Bor el'8 \ method of summation. 

We have seen (§ 7*81) that 

2 OnZ**— f er 1 <£> (tz)dt, 
n-0 J o 


where <f>(tz)= 2^ • —- -, the equation certainly being true inside the circle 
00 

of convergence of 2 a n z n . If the integral exists at points z outside this 


»=o 


circle, we define the ‘Borel sum* of 2 o n z n to mean the integral. 

«=o 


* It has been shewn that when the coefficients in the expansion satisfy certain inequalities, 
there is only one analytic function with that asymptotic expansion. See Phil. Trans . 213, a. 
(1911), pp. 279-313. 

t Borel, Lemons sur Us SSries DivergenUs (1901), pp. 97-115. 
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Thus, whenever R (z) < 1, the ‘ Bore] sum ’ of the series 2 z* is 

*~o 

f e~ t e tt dt =* (1 — z)-\ 

J o 

If the * Borel sum ’ exists we say that the series is 1 summable ( B )/ 

8*42. Euler 8* method of summation. 

A method, practically due to Euler, is suggested by the theorem of § 3*71; 

to to 

the * sum ’of 2 may be defined as lim 2 a n z n , when this limit exists. 

»=0 n=0 

Thus the ‘ sum * of the series 1 —1 + 1 —1 + ... would be 
lim (1 — x + a? — ...) = lim (1 + a?)~ 1 = 


8*43. Ces&ro’s f method of summation. 

Let 5 n = o 1 + a 2 +... + On; then if S = lim -(si + s 2 + ... + s n ) exists, we 

n 

to 

say that 2 a* is ‘summable (Cl)* and that its sum (Cl) is S. It is 

n-l 

00 

necessary to establish the * condition of consistency^/ namely that S= 2 a n 
when this series is convergent. 


»=i 


To obtain the required result, let 2 a m = s, £ s m = nS n ; then we have 

**=1 m=l 


n +p 


2 a„ 




< e for all values of p , and 


to prove that S n —» s . 

Given e, we can choose n such that 
so 

Then, if v > n, we have 

S. = a 1 + a i ^1 — l) + ... + a n (l -^^) + a„ +l ^l - ~) + ••• + a * (l “ ^7“)' 

Since 1, 1 — v~~\ l — 2v~ l , ... is a positive decreasing sequence, it follows 
from Abel's inequality (§ 2*301) that 

Therefore 

S„- jo, + a,(l - i) + ...+o»(l - ^)}| < (l - ;)«• 


* Instit . Calc. Diff. (1755). See Borel, loc. cit. Introduction. 
+ Bulletin dee Sciences Math. (2), xiv. (1890), p. 114. 

X See the end of § 8*4. 
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we see that, if S be any one of the limit points (§ 2 21) 


S- % a n 

m=l 


^6. 


Therefore, since | s - s n i < «, we have 

\S-s\^2e. 

This inequality being true for every positive value of e we infer, as in § 2 21, 
that S-s; that is to say S, has the unique limit s; this is the theorem which 
had to be proved. 

Example 1. Frame a definition of ‘uniform summability (C 1) of a series of variable 
terms.* 

Example*. If h** >&*+!,*when *<*» and $ when n infixed, lim ^^1, and 

if 2 ct m =$, then lim j 2 
m=l U=1 * 


8*431. Ces&rv’s general method of summation. 

oo P 

A series 2 a* is said to be 1 summable (Or)’ if lim 2 OyJb^y exists, where 

n~0 v-»*<x *=0 




It follows from § 8*43 example 2 that the 1 condition of consistency* is satisfied; in 
fact it can be proved* that if a series is summable (Cr) it is also summable (O) when 
r>i f \ the condition of consistency is the particular case of this result when r=0. 


8*44. The method of summation ‘of Rieszf. 

A more extended method of ‘ summing * a series than the preceding is by means of 

lim 2 (l-^) an, 

y-^co *— 1 \ a p / 

in which X* is any real function of n which tends to infinity with n. A series for which 
this limit exists is said to he ‘ summable (Rr) with sum-function A*.* 


8-5. Habdy’sJ convergence theorem. 

co 

Let 2 a* be a series which is summable ( G 1). Then if 

o n = 0(l/n), 

00 

the seines 2 a n converges . 


* Bromwich, Infinite Series , 1122. 
t Comptes Hindus, cxux. (1910), pp. 18-21. 

t Proe . London Math. Soe . (2), yul (1910), pp. 302-30A For the proof here given, we are 
indebted to Mr Littlewood. 
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Let »» = Oi + a, + ... + <x»; then since 2 a n is summable (C 1), we have 

»=i 

«i + 8s +...+«» = n [* + o (1)}, 

00 

vhere 8 is the sum {0 1) of 2 o». 

*S=1 

Let 8 m -8 = t mi (m= 1, 2, ... n), 

tnd let + 4 + ... + tn = «r». 

With this notation, it is sufficient to shew that, if | a n [ < Kir\ where K 
is independent of n, and if <r n = n.o(l), then tn-+Q as n—*cc. 

Suppose first that ch, Oa, ... are real. Then, if t n does not tend to zero, 
there is some positive number A such that there are an unlimited number of 
bhe numbers £» which satisfy either (i) tn>A or (ii) t n <—h. We shall shew 
that either of these hypotheses implies a contradiction. Take the former*, 
and choose n so that t n > A. 

Then, when r = 0,1, 2, ..., 

| a n+r \<K/n. 



Now plot the points P r whose coordinates are (r, t n+r ) in a Cartesian 
diagram. Since the slope of the line PrPr +1 is less 

than 6 = arc tan (K/n). 

Therefore the points P 0 , P x> P 3 , ... lie above the line y = h — x tan 0. 
Let P* be the last of the points P„, Pi,... which lie on the left of x=hcot 0, 
so that A^Acot#. 

Draw rectangles as shewn in the figure. The area of these rectangles 
exceeds the area of the triangle bounded by y—h—x tan 0 and the axes; 
that is to say 

<Tn-j-Jfe 0»-i — tn + t n +i + ... + ^n-Hb 

> £A a cot 6 = 

* The reader will Bee that the latter hypothesis involves a contradiction by using arguments 
of a precisely similar character to those which will be employed in dealing with the former 
hypothesis. 
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But | <r n+ i — o»—i j <| <r n+i | +1 <r n -i \ 

= (?i + A;).0(1) + (» - l).o(l) 

= n.o(l), 

rince k <, hnK~ l , and h, K are independent of n. 

Therefore, for a set of values of n tending to infinity, 

%h,*K~ l n < n. o(l), 

,vhich is impossible since JA’jif -1 is not o (1) as n —* oo. 

This is the contradiction obtained on the hypothesis that lim t n ^h> 0; 
therefore 1m tn S 0. Similarly, by taking the corresponding case in which 
n ^ — h, we arrive at the result lim t„ ^ 0. Therefore since lim > lim tn. 

ve have lim t n = lim t n — 0, 

ind so t n —> 0. 

90 

That is to say s n — ► s, and so 2 a* is convergent and its sum is s . 

»=1 

If a* be complex, we consider R (a n ) and I (an) separately, and find 

oo ao 

hat 2 R(an) and 2 I(a n ) converge by the theorem just proved, and so 

«=i »=i 

00 

2 On converges. 

t=i 

The reader will see in Chapter ix that this result is of great importance 
n the modem theory of Fourier series. 

oo 

Corollary . If a* (£) be a function of f such, that 2 a n (£) is uniformly summable (C 1) 

71=1 

iroughout a domain of values of £, and if | a n (£) | < K n ^ 1 i where K is independent of 

OO 

2 a % (£) converges uniformly throughout the domain . 

*i 

For, retaining the notation of the preceding section, if t n (£) does not tend to zero 
niformly, we can find a positive number h independent of n and £ such that an infinite 
squence of values of n can be found for which t n (£„) > h or t n (£ n ) < - h for some point f w 
f the domain*; the value of £ n depends on the value of n under consideration. 

We then find, as in the original theorem, 

o (1) 

>r a set of values of n tending to infinity. The contradiction implied in the inequality 
lewst that A does not exist, and so t n (£)-*-0 uniformly. 

* It is assumed that a n (Q is real; the extension to complex variables can be made as in the 
•rmer theorem. If no such number h existed, t n (Q would tend to zero uniformly. 

t It is essential to observe that the constants involved in the inequality do not depend on £ 
or if, say, K depended on K~ l would really be a function of n and might be o (X) qua function 

* n. and the inequality would not imply a contradiction. 
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Miscellaneous Examples. 

I . Shew that ^ 4 -——... when x is real and positive. 


2 . Discuss the representation of the function 


/(«)= f° "4 {t)e*dt 


(where x is supposed real and positive, and <f> is a function subject to certain general con¬ 
ditions) by means of the series 


/<*) 


<ft ( 0 ) gc 

X X* + ** 


Shew that in certain cases (e.g. <£ (*)=««*) the series is absolutely convergent, and 
represents/^) for large positive values of x ; but that in certain other cases the series is 
the asymptotic expansion of /(j?). 


3. Shew that 


1 , a —1 . («-l)(g-2) 


ez~ a f e— x x a ~ 1 dx~- + ^- 5 ^ + - 

Jz * * 

for large positive values of z. 

(Legendre, Exercices de Calc. InL (1811), p. 340.) 

4. Shew that if, when x>0, 

/(*)=/“ |log« + log( T -L_)} 


then 


1 Bi B 9 B* 

f ~ Sx ~ I*£* + 4*s* ” + ' 


Shew also that/(x) can be expanded into an absolutely convergent series of the form 

^ w -ii.i .+i)(*4)...(«+*r !3AB " loh ' ) 

5 . Shew that if the series 1 + 0 + 0 - 1 + 0 + 1 + 0 + 0-1 + ..., in which two zeros 

precede each —1 and one zero precedes each + 1 , be ‘summed’ by Cesfcro’s method, 
its sum is (Euler, BoreL) 

6 . Shew that the series 1 — 2!+4! -... cannot be summed by Borel’s method, but the 
series 1+0-21+0+4!+... can be so summed. 


* This paper contains many references to recent developments of the subject. 

+ A bibliography of the literature of summable series will be found on p. 372 of this 



CHAPTER IX 

FOURIER SERIES AND TRIGONOMETRICAL SERIES 


9*1. Definition of Fourier series *. 

Series of the type 

£a 0 + (<h. cos x + b x sin x) 4- (a* cos 2x -I- b 2 sin 2a?) + ... 

CO 

= Ja 0 4- 2 (On cos nx + b n sin nx)> 

n-1 

where a», b n are independent of x } are of great importance in many investi¬ 
gations. They are called trigonometrical series. 

If there is a function f(t) such that J f(t) dt exists as a Riemann integral 
or as an improper integral which converges absolutely, and such that 

iron * f f(t) cos ntdt, irb n = f f(t) sin ntdt, 


then the trigonometrical series is called a Fourier series. 

Trigonometrical series first appeared in analysis in connexion with the investigations 
of Daniel Bernoulli on vibrating strings ; d’Alembert had previously solved the equation of 

motion y=a 2 ^— in the form {/ (x+at) +f (x - a/)}, where y**f(x) is the initial shape 

of the string starting from rest; and Bernoulli shewed that a formal solution is 


2 b, 

»=i 


. nirx 
am — 7 — cos 


71-rrat 


the fixed ends of the string being (0, 0) and (<?, 0); and he asserted that this was the most 
general solution of the problem. This appeared to d’Alembert and Euler to be impossible, 
since such a series, having period 2/, could not possibly represent such a function ast 
cx(l—x) when *=0. A controversy arose between these mathematicians, of which an 
account is given in Hobson’s Functions of a Real Variable. 


Fourier, in his Theorie de la Chaleur\ investigated a number of trigonometrical series 
and shewed that, in a large number of particular cases, a Fourier series actually converged 
to the sum f(x). Poisson attempted a general proof of this theorem, Journal de V&cole 
polytechnique , xil (1823), pp. 404-609. Two proofs were given by Cauchy, Mem. de 
VAcad . &. des Sci. vi. (1823, published 1826), pp. 603-612 ( Oeuvres , (1), ii. pp. 12-19) 
and Exercices de Math . n. (1827), pp. 341-376 ( Oeuvres , (2), vn. pp. 393-430); these proofs, 
which are based on the theory of contour integration, are concerned with rather particular 
classes of functions and one is invalid. The second proof has been investigated by 
Harnack, Math. Ann. xxxn. (1888), pp. 175-202. 


* Throughout this chapter (except in § 9*11) it is supposed that all the numbers involved are 
real . 

t This function gives a simple form to the initial shape of the string. 
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In 1829, Dirichlet gave the first rigorous proof* that, for a general class of functions, 
the Fourier series, defined as above, does converge to the sum f(x). A modification of this 
proof was given later by Bonnet t. 

The result of Dirichlet is that J if f(t) is defined and bounded in the range (— *r, n) and 
if/(<) has only a finite number of maxima and minima and a finite number of dis¬ 
continuities in this range and, further, if/(t) is defined by the equation 

/(*+2,r)«/(f) 

outside the range (—tt, *t), then, provided that 

^ 0 *= j f(t)co8ntdt , ir b n —J f(t)ainntdt , 

oo 

the series + 2 (a % cos nx+b n sin nx) converges to the sum £■{/(#+0) +/ (x - 0)}. 
n=l 

Later, Riemann and Cantor developed the theory of trigonometrical series generally, 
while still more recently Hurwitz, Fej&r and others have investigated properties of Fourier 
series when the series does not necessarily converge. Thus Fej^r has proved the re¬ 
markable theorem that a Fourier series (even if not convergent) is 1 summable (Cl) ’ 
at all points at which f(x± 0) exist, and its sum (Cl) is £{/(#+0)4*/(#-0)}, 

provided that J f(t)dt is an absolutely convergent integral. One of the investigations 

of the convergence of Fourier series which we shall give later (§ 9*42) is based on this result. 

For a fuller account of investigations subsequent to Riemann, the reader is referred to 
Hobson’s Functions of a Real Variable , and to de la Vallee Poussin’s Cours & Analyse 
Infinitdsimale. 


9*11. Nature of the region within which a trigonometrical series converges. 
Consider the series 


s a 0 + 2 (a n costtz+& n sinnz), 
z n—l 


where z may be complex. If we write the series becomes 


l o»+ji (flt+ib.) . 


This Laurent senes will converge, if it converges at all, in a region in which a ^ | {| ^b, 
where a, b are positive constants. 

But, if z=o;+zy, | f j = er*, and so we get, as the region of convergence of the trigono¬ 
metrical series, the strip in the z plane defined by the inequality 

loga<-y ^ log6. 

The case which is of the greatest importance in practice is that in which a=6=l, and 
the strip consists of a single line, namely the real axis. 

Example 1. Let 

/(s)=sin*-5sin Sz+^sin&r-isin^-K.., 

2 3 4 

where z=x+iy: 


* Journal fiir Math. iv. (1829), pp. 157-169* 

f M€moires des Savants Strangers of the Belgian Academy, xxm. (1848-1850). Bonnet em¬ 
ploys the second mean value theorem directly, while Dirichlet’s original proof makes use of 
arguments precisely similar to those by which that theorem is proved. See § 9*43. 

X The conditions postulated for / (f) are known as Dirichlet 1 s conditions ; as will be seen in 
§§ 9*2, 9*42, they are unnecessarily stringent. 
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Writing this in the form 

*'**-•) 

we notice that the first series converges* only if y ^ 0, and the second only if y < 0. 
Writing x in place of z (x being real), we see that by Abel’s theorem (§ 3*71), 

/(#)= lim ^rsin^-ir 2 sin2a?+|r 3 sina»— 

+i i > 4 « r ' ste +g ...)j.. 

This is the limit of one of the values of 

- Jt log (1 +r<?«)+Ji log (1 +r«“ te ), 

and as r-*~ 1 (if -v<x<v), this tends to \x+kir y where 1c is some integer, 
oc (“ sin nx 

Now 35 -— --converges uniformly (§ 3*35 example 1) and is therefore con- 

n=l W 

tinuous in the range —tt+5 < x jr — 3, where 8 is any positive constant. 

Since \x is continuous, h has the same value wherever x lies in the range; and putting 
37=0, we see that ir=0. 

Therefore i, when —ir<x<ir, f(x) = \x. 

But, when ir < x < 3ir, 

f{x) =f(x - 2tt) =J ( 3 ? - 2w) «■ Ja* - ir, 
and generally, if (2tt—1) ir < a? < (2n+ 1) ir, 

f(x)=$x-nir. 

We have thus arrived at an example in which f(x) is not represented by a single 
analytical expression. 

It must be observed that this phenomenon can only occur when the strip in which the 
Fourier series converges is a single line. For if the strip is not of zero breadth, the 
associated Laurent series converges in an annulus of non-zero breadth and represents an 
analytic function of (in that annulus; and, since (is an analytic function of z y the Fourier 
series represents an analytic function of z ; such a series is given by 
r sin - Jr* sin 2 j?+J r 5 sin 3i?— 

where 0 < r < 1; its sum is arc tan > the arc tan always representing an angle 

between ± Jjt. 

Example 2. When -ir^x^i r, 

* (-)*-i cos nx I , 1 „ 

Z -?-12'*-4^ 

The series converges only when x is real; by § 3*34 the convergence is then absolute 
and uniform. 

Since Jjr-aina?-Jsin23?+Jain33?-... 3>0), 

and this series converges uniformly, we may integrate term-by-term from 0 to x (§ 4*7), 
pnd consequently 


1 o * (—)*“ l (l—■ costu?) . , - ^ .. 

2 ^- L (-ir+3^a?^ir-3). 

* 71—1 n 

* The series do converge if y=0, see § 2*31 example 2. 
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That is to say, when + 

2 L~)"~ 1c °8^ 

4 *«! n 2 ’ 

where <7 is a constant, at present undetermined. 

But since the series on the right converges uniformly throughout the range jr, 

its sum is a continuous function of x in this extended range; and so, proceedingto'the 
limit when x-*~ ± it, we see that the last equation is still true when x— + ° 

To determine (7, integrate each side of the equation (§ 4*7) between the limits 
and we get 


27T<7-- 7T 3 *«0. 

o 

Consequently 

Example 3. By writing w- 2a? for x in example 2, shew that 
« sin 2 (O^x^n), 

n«i ^ 2 l«|{ 7 r|4f|-ar 2 } 

Values of the coefficients in terms of the sum of a trigonometrical 

series. 

00 

Let the trigonometrical series frc„ + 2 (c n cos nx + d n sin nx) be uniformly 

convergent in the range (- ir, it) and let its sum be /(*). Using the obvious 
results 


L* 


sin mx sin nxdx 


[ cos mx cos nxdx { ® n )> 

7 -» (= 7r (m = nf 0), 

we find, on multiplying the equation ^Co+ 2 (c n cos nx + d n sin nx)=f (x) 

»=1 

by* cos no? or by sinr?* and integrating term-by-term f (§ 4*7), 

7rc n —J * f (x) cos nxdx, md n = J f(x) sin 

Corollary. A trigonometrical series uniformly convergent in the range (- w, n) is a 
Fourier series. 


Note. Lebesgue has given a proof (Series trigonometriques, p. 124) of a theorem 
communicated to him by Fatou that the trigonometrical series 2 sin nxflog n, which con¬ 
verges for all real values of* (§ 2*31 example 1), is not a Fourierteries. 

9*2. On Dirichlet's conditions and Fourier 9 s theorem. 

A theorem, of the type described in § 9*1, concerning the expansibility of 
a function of a real variable into a trigonometrical series is usually described 

, J^ltiplying by these factors does not destroy the uniformity of the convergence* 

t These were given by Euler (with limits 0 and 2r), Nova Acta Acad . Petrop. xi. (1793). 
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as Fourier's theorem . On account of the length and difficulty of a forma 
proof of the theorem (even when the function to be expanded is subjected t< 
unnecessarily stringent conditions), we defer the proof until §§ 9*42,9*43. It is 
however, convenient to state here certain sufficient conditions under whici 
a function can be expanded into a trigonometrical series. 

Let f(t) be defined arbitrarily when — tt < t < rr and defined* for all other 
real values of t by means of the equation 

/« + 2tt) =/(*), 

so that f (t) is a periodic function with period 2ir. 

Let f(t) be such that J f(t) dt exists ; and if this is an improper integral , 

let it be absolutely convergent. 

Let a n , b n be defined by the equations f 

iron = j f(t) cos ntdt, 7r& n = J f(t) sin ntdt (n = 0,1, 2, ...). 

Then, if x be an interior point of any interval (a, b) in which f(t) has 

limited total fluctuation, the series 

00 

\at + 2 (a n cos nx 4* b n sin nx) 

»=i 

is convergent , and its sum\ is £ {f{x + 0) + f(x - 0)}. If f(t) is continuous 
at t = x, this sum reduces to f(x). 

This theorem will be assumed in §§ 9*21-9*32 ; these sections deal with theorems con¬ 
cerning Fourier series which are of some importance in practical applications. It should 
be stated here that every function which Applied Mathematicians need to expand into 
Fourier series satisfies the conditions just imposed on fit), so that the analysis given later 
in this chapter establishes the validity of all the expansions into Fourier series which are 
required in physical investigations. 

The reader will observe that in the theorem just stated,/(*) is subject to less stringent 
conditions than those contemplated by Dirichlet, and this decrease of stringency is of 

00 

considerable practical importance. Thus, so simple a series as 2 (- )’*“ l (cos nx)\n is the 

n«l 

expansion of the function § log] 2 cos | \ and this function does not satisfy Dirichlet’s 
condition of boundedness at ±tt. 

00 

It is convenient to describe the series J Oq + 2 (a n cos nx + b n sin nx) as 

n=l 

the Fourier series associated with f(t). This description must, however, be 

* This definition frequently results in / (t) not being expressible by a single analytical ex¬ 
pression for all real values of t. Cf. § 9*11 example 1. 

t The numbers a n , b n are called the Fourier constants of /(f), and the symbols a n , b n will be 
used in this sense throughout §§ 9*2-9*5. It may be shewn that the convergence and absolute 
convergence of the integrals defining the Fourier constants are consequences of the convergence 

and absolute convergence of j* f ( t ) dt. Cf. §§ 2*32, 4*5. 

X The limits f(x ±0) exist, by § 3*64 example 3. 

§ Cf. example 6 at the end of the chapter (p. 190). 
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taken as implying nothing concerning the convergence of the series in 
question. 

9*21. The representation of a function by Fourier series for ranges other 

than (— 7r, 7 r). 

Consider a function f(x) with an (absolutely) convergent integral, and 
with limited total fluctuation in the range a^x^b. 

Write a?*l(a + 6)-i(a-6)7r"V, f{x)-F(pf). 

Then it is known (§ 9*2) that 

\{F(a! + 0) + F(a/ — 0)} == 5 «o+ 2 (on cos rwtf' + 6 n sin ns'), 

* »=sl 

and so 


*{/<*+ 0 )+/(•-<>)} 


1 5 f mr (2x — a—h) , , . mr (2x — a — 6)1 

V. ' + »■-— S_j, - } ' 


where by an obvious transformation 


i (b - a) a n « j V (*) cos W7r ^_^ — dx, 
l (b - a) b n « £ f(x) sin dx. 


9*22. The cosine series and the sine series . 

Let f(x) be defined in the range (0, l) and let it have an (absolutely) 
convergent integral and also let it have limited total fluctuation in that range. 
Define f(x) in the range (0, — l ) by the equation 

/(- =/(*)■ 

Then 

\ {/(• + 0) +/(• “ 0)} = ^o+j£ {a, cos -p + b n sin , 
where, by § 9 21, 

lcin=J ^ f{t) cos d<« 2 J /(i) cos di, 

j" ^ /(<} sin eft = 0, 

so that when — l^x^l, 

\ {/(® + 0) +/(* - 0)} - g a„ + a„ cos ^; 

this is called the cosine series. 

If, however, we define f(x) in the range (0, — l) by the equation 
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J {/(« + 0) +/<• - 0)} = £ b n sin ^ , 

where “ 2 / 0 sin ^ eft; 

this is called the sine-series. 

Thus the series 

1 5 w tx 5 , . n-irx 

5 a,+ Z OnCos-p, 2 hnSin-i—, 

J *=i » *=i * 

where ^ 7-a» = jV(*) cos eft, ^ Z6»=/(«) sin ^ eft, 

Aai?e fAe sam6 when O^x^l; but their sums are numerically equal and 
opposite in sign when O^x^ — l. 

The cosine series was given by Olairaut, Hist, de VAcad . R. des Sci. *754 [published, 
1759], in a memoir dated July 9, 1757; the sine series was obtained between 1762 and 
1765 by Lagrange, Oeuvres , I. p. 553. 


Example 1. Expand £ («• -x) sin a? in a cosine series in the range 0<x< jt. 
[We have, by the formula just obtained, 

ee 

i (ir-x) sin x«£oo+ 2 a*cosflx, 

»—i 

where £ira n « J £ (ir —x) sin a? cos wxds. 

But, integrating by parts, if n + X, 
r 2 (ir - x ) sin a? cos war dir 


/; 


= J*(ir-x){sin (n+l)x-sin(tt-l)x}dx 
(*+l~»-l)""C 


cos (n+l) x cos (ft—l)x 


?i+l 




da? 


-2jt 


(n + l)(n-l)‘ 

Whereas if 1, we get j 2 (n- ~ a?) sin a? cos xdx=£tr. 


Therefore the required series is 


\ + i 008 *“0 cos ^“O 008 3^-0 008 4a? “ • 


It will be observed that it is only for values of x between 0 and it that the sum of this 
series is proved to be £ (ir— x) sin#; thus for instance when x has a value between 0 and 
—ir, the sum of the series is not (ir — x) sin x, but — i (ir +x) sin x ; when x has a value 
between ir and 2*r, the sum of the series happens to be again £ (*r—x) sinx, but this is a 
mere coincidence arising from the special function considered, and does not follow from 
the general theorem.] 

Example 2. Expand \rrx ( n — x) in a sine series, valid when 0 £x^ir. 

rrn , . . . sin 3x sin 5x - 

[The senes is sm x-j—— + —jp—b....] 
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Example 3. Shew that, when O^x^n, 

1 / a \ / • . o , cos 3x cos 5# , 

ggff (jr-2x)(ii*+2irx-2x*)==cofiX+--7j r - + —g*- + .... 

[Denoting the left-hand side by f(x), we have, on integrating by parts and observing 
that/'(0)«/'(ir)«0, 

\ f(x) eos7i#c£r == -1 /(*) sinnarl —if/' (a?) sinnacKr 
jo W L Jo n J o 

— ^ cos j*f”(x)co8nxdx 

= — ^3 J^/" (#) sin TiorJ f "(*) sin Titfda? 

— [/"' (*) 008 «*]l = ^4 ( J - 008 ««•)•] 

Example 4. Shew that for values of # between 0 and ir, can be expanded in the 
cosine series 


? (ew_1) (i 


t cos 2x t COS 427 f 
+ _ ?+4 + ?+T6 + 


-K <•"«> 05? 


x t cos3x t 
T 4" a , « P • 


and draw graphs of the function e 42 and of the sum of the series. 

Example 5. Shew that for values of x between 0 and tt, the function \ir (ir — 2x) can 
be expanded in the cosine series 

. cos&r , cos 5x 

*"*+-&r+S !- + •••> 

and draw graphs of the function ^ir(ir-2x) and of the sum of the series. 

9*3. The nature of the coefficients in a Fourier series *. 

Suppose that (as in the numerical examples which have been discussed) 
•the interval (— tt, tt) can be divided into a finite number of ranges 
(—7r, hi), (ifci, ia)... (k n , n r) such that throughout each range f(x) and all its 
differential coefficients are continuous with limited total fluctuation and that 
they have limits on the right and on the left (§ 3*2) at the end points of these 
ranges. 

Then 

ira m f(t) cos mtdt + [ f(t) cos mtdt + ... + [ fit) cos mtdt . 

J —w J k\ j A** 

Integrating by parts we get 

7ra m = £w l /($)sinmtj + sinratfj** + ...4- sinratfj 

— mr 1 1 f (t) sin mtdt — mr 1 f /' (t) sin mtdt — ... — mr 1 ( f (t) sin mtdt, 
j “IT j Jfc, J k n 


so that 


_ 

_ > 

771 m 


* The analysis of this section and of § 9*31 is contained in Stokes’ great memoir, Camb. Phil. 
Trane, vra. (1849), pp. 533-583 [Math. Papers , i. pp. 236-313]. 
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where 


irA m = 2 sin mk r [f(k r — 0) -/ (h T + 0)}, 


and b m ' is a Fourier constant of f' (x). 

7 B m . dm' 
Om * — + — » 


m m 


Similarly 
where 

7 rB m = - 2 cos mk r [f(k r - 0) — f(k r + 0)} — cos rrnr {f(ir - 0) -/(- it + 0)}, 

r=l 

and a,*' is a Fourier constant of /' (a?). 

Similarly* we get 


Om 


A • h " 


l / ffin , 

= — + — * 
771 771 


771 771 

’ where a*", 6 m " are the Fourier constants of /" (a?) and 
irA n '~ 2 sin77i& r {y 7 (Av — 0) — f*(k r + 0)}> 


r=l 

n 


S costuAv {/'(&»■-■ 0)—/'(Av + 0)} 

— COS 77177* {/' (w — 0) —/' (- 7T + 0)}. 

Therefore 

_ B m dm 7 _ B m -Am 

~ m 771* 771* * m 771 771* 771* ‘ 

Now as 77i—>oo, we see that 

A m ' -0 (1), B m ' = 0 (1), 

and, since the integrands involved in a m " and in,'' are bounded, it is evidenl 
that 

cim" =0(1), b m " = 0( 1). 

Hence if J. m = 0, B m = 0, the Fourier series for f(x) converges absolutely 
and uniformly, by § 3*34. 

The necessary and sufficient conditions that A m = B m = 0 for all values o 
77i are that 

/(*,-0)=/(fc r + 0), /(7T-0)=/(-7r + 0), 
that is to say that*/(a?) should be continuous for all values of x . 

9*31. Differentiation of Fourier series . 

The result of differentiating 
l 00 

5 a,»+ 2 (ctmcosrnx -rb m sinmx) 

4 m=l 


2 [mb m cos mx — ma m sin mx). 

m -1 


term by term is 

* Of course / (x) is also subject to the conditions stated at the beginning of the section. 
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With the notation of § 9*3, this is the same as 

l 00 f 

5 of + 2 (a m ' cos mx + b m ’ sin mx\ 

* m-X 

provided that A m *=B m = 0 and j f'(x)dx = 0; 

these conditions are satisfied if f (a?) is continuous for all values of x. 

Consequently sufficient conditions for the legitimacy of differentiating 
a Fourier series term by term are that f(x) should be continuous for all 
values of x and /' (x) should have only a finite number of points of discon¬ 
tinuity in the range (— 7 r, tt), both functions having limited total fluctuation 
throughout the range. 


9*32. Determination of points of discontinuity. 

The expressions for a m and b m which, have been found in § 9*3 can frequently be applied 
in practical examples to determine the points at which the sum of a given Fourier series 
may be discontinuous. Thus, let it be required to determine the places at which the sum 
of the series 

sin:c+£ sin &r+jBin 5x+... 

is discontinuous. 


Assuming that the series is a Fourier series and not any trigonometrical series and 
observing that a m «0, (1 - cos mir), we get on considering the formula found in 

§ 9 - 3 , , . , „ 

A m = 0, £-£cosm»r, a m =0. 

Hence if k ly k t ,... axe the places at which the analytic character of the sum is broken, 
we have 

0=jr.d m =[sin»n£i {/(*, -0)-/(*,+0)}+sin wi, {/(*» -0) -/(*,+0» + •••]• 

Since this is true for all values of m, the numbers k t ,... must be multiples of w; but 
there is only one even multiple of it in the range — v < x < ?r, namely zero. So 1 88 » 
and ... do not exist. Substituting £ t -0 in the equation B m =\-£ cos nor, we have 

tr (£ —£cosJ»7r)= —[cos m»r {_/(«•—0)—/( — ir+0)}+/(-0)—/(+0)]- 
Since this is true for all values of m, we have 

£w=/(+0)-/(-0), £ir=/(ir-0)-/(-w+0). 

This shews that, if the series is a Fourier series, fix) has discontinuities at the points 
( N any integer), and since o B '=C=0, we should expect* /(*> to be constant u> the 
open range (- «■, 0) and to be another constant in the open range (0, w). 


9-4. Fej£r’s theorem. 

We now begin the discussion of the theory of Fourier series by proving 
the following theorem, due to Fejerf, concerning the summabihty of the 
Fourier series associated with an arbitrary function, fit)- 

Let fit) be a function of the real variable t, defined arbitrarily when 
— ir ^ t < nr, and defined by the equation 

f(t + 2ir)<=fit) 

* In point of fact /M= -l x (' T<x<0 > : 

/(ar) = iw (0<*<x). 

+ Math. Ann. Lvm. (1904), pp. 51-69. 
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for all other real values of t; and let J f(t) dt exist and (if it is an improper 

integral) let it he absolutely convergent. 

Then the Fourier series associated with the function f(t) is summable* (01) 
at all points x at which the two limits f(x + 0) exist. 

And its sum (Cl) is 

*{/(• + 0 )+/(•-<>)}. 

Let a nj b n) (n = 0, 1, 2, ...) denote the Fourier constants (§9*2) of f(t) 
and let 

m 

On cos 7ix -f* h n sin tix = A n (®), 2 A n (tc)<=S m (x). 

n-0 

Then we have to prove that 


lim - + S 1 (x) + S,(x) + ...+ £f„_ x (ar)} = £ {f(x + 0) +f(x- 0)}, 

provided that the limits on the right exist. 

If we substitute for the Fourier constants their values in the form of 
integrals (§ 9*2), it is easy to verify thatf 

A 0 + 2 jSn(a?) = mA 0 + (w-l) A 1 (x) + (m- ( l)Ai(x) + ...+^ 1 ^) 

n=l 

1 f* 

= - I + (m — 1) cos (x — t) + (m — 2) cos 2 (x — t) + ... 

+ cos (m — 1) (x — £)} f(t) dt 

= jl r 3in 4™p- o f( t \dt 

= ±[ r+ * sin> jm(x-t) 

2ttJ _, +a . ma* *(«-*) /( ) ’ 

the last step following from the periodicity of the integrand. 

If now we bisect the path of integration and write x T 20 in place of £ in 
the two parts of the path, we get 

Consequently it is sufficient to prove that , as m—>oo , then 


* See § 8-43. 

t It is obvious that, if we write X fox «<(*-*) in the second line, then 
m+(m-1) (X+X-i) + (m-2) (X*+\-*) +... + (X«*-J+Xi-'») 

= (1 - X)-» {\i~*+x*-» +... + X -1 +1 - X - X s -... - X”} 

=(1 - X)-» {X 1 — - 2X+X«+ 1 } = (X*” - X-*~) S /(X*-X"V. 
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Now, if we integrate the equation 

^ n^f 5=5 + ( m *) cos 2# 4- • • - + cos 2 (m -1) 6 , 

we find that 

[l"sin*m0 7/ , T 

Jo sin 3 0 2 

and so we have to prove that 

1 f^ain a m0 /a a 
— - 4>(6)dt7-~>0 as m—*oo. 

mJo sm 2 0 

where <f> (0) stands in turn for each of the two functions 

/(a? + 20)-/(a? + O), /(a? - 20) -/(a? - 0). 

Now, given an arbitrary positive number e 3 we can choose 8 so that* 

l*W>l<« 

whenever 0 < 8 < £8. This choice of 8 is obviously independent of m. 
Then 


<=irsr* + s»»iri*» i- 

e ft* sin 8 m g . 1 f*»' 

^ mJo sin s 0 + wisin 3 £$J 0 

**” + ^s=pJT^ w|<w - 

Now the convergence of J \f(t) | cfe entails the convergence of 

fltWI dB % 

Jo 

and so, given € (and therefore 8), we can make 

\nTern sin 2 £8 > J* | <f> (0) | dO, 

by taking m sufficiently large. 

Hence, by taking m sufficiently large, we can make 
I 1 sin 3 m0 . /m 

|sj. 1•=** 

where e is an arbitrary positive number; that is to say, from the definition of 
a limit, 

1 e<Je _o 

m^mJo sin‘0 

and so Fejdr’s theorem is established. 

* On the assumption that/(s±0) exist. 
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Corollary 1. Let U and L be the upper and lower bounds of f(t) in any interval (a, b) 
whose length does not exceed 2 j r, and let 

f r _ r \m\dt=*A. 

Then, if a+q ^x^b-ij, where rj is any positive number, we have 


>r Uf- «• 

2m«- [J -»+* 


so that 


Similarly 


Stfitr \J —T+jf J *+ij ) ®in i 1 (II) ? 
&(*)]■ $ U+{\ U\+iA}l{mmn*b). 

m [ »=i J 

i {^0+2* * to} > *- (I J l+M/f* sin* J 1 ;}- 


U f* 

m J o 


Corollary 2. Let /(*) be continuous in the interval a < 6. Since continuity implies 
uniformity of continuity (§ 3*61), the choice of d corresponding to any value of x in (a, b) 
is independent of 47 , and the upper bound of \f(x±0) |, i.e. of |/(j?) |, is also independent 
of x, so that 

J* W 10(4)|<B- J* |/(*±S4) -f(x±X>) | d6 

and the upper bound of the last expression is independent of x. 

Hence the choice of m, which makes 

ft* sin* m& , //1N JA I ^ 

is independent of x, and consequently — 2 S n ( 4 :)} tends to the limit f(x) y as 

n l n=l J 

m-+>ao, uniformly throughout the interval a^x^b. 

9'41. The Riemann-Lebesgue lemmas . 

In order to be able to apply Hardy’s theorem (§ 8*5) to deduce the con¬ 
vergence of Fourier series from Fej^rs theorem, we need the two following 
lemmas: 

(I) Let (* ty{d)dd exist and {if it is an improper integral) let it be 
J a 

absolutely convergent. Then, as X—^ oo , 

0 (6) sin (\6) dd it o(l). 


/ 
J a 


(II) If farther , {$) has limited total fluctuation in the range (a, b) then , 

as X->oo, 


J y/t (0) sin (\0) dO is 0 (l/X). 
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Of these results (I) was stated by W. R Hamilton* and by Riemannt in the case of 
bounded functions. The truth of (II) seems to have been well known before its importance 
was realised; it is a generalisation of a result established by DirksenJ and Stokes 
(see § 9*3) in the case of functions with a continuous differential coefficient. 

The reader should observe that the analysis of this section remains valid when the 
sines are replaced throughout by cosines. 

(I) It is convenient§ to establish this lemma first in the case in which 
yfr (0) is bounded in the range (a, 6). In this case, let K be the upper bound 
of |^(0)j, aQ d let e be an arbitrary positive number. Divide the range (a, b ) 
into n parts by the points x u a ... x n -i, and form the sums S n , s n associated 
with the function yfr (8) after the manner of § 41. Take n so large that 
S n — ** < €; this is possible since yfr (0) is integrable. 

In the interval (x r ^, x r ) write 

yfr (0) = \fr r (< x + w r (0), 

so that | co r (0) \% U r — L r , 

where U r and L r are the upper and lower bounds of yfr (6) in the interval 

(&r—i> X r ). 

It is then clear that 
|J yfr (0) sin (X0) d8 

= 2 yfr r (x^) f sin (X0) d6 4 2 f r <o r (0) sin (\0) dd 

r-1 Jx r_, r-lJxr-i 

< i I^r r (a? r _ 1 )|.| r sin(X0) dd\ + £ P” |o> r (0)|d0 

r =1 I J Xr-i I r=l J x r -\ 

^ nK . (2/\) + ( S n — S n ) 

< ( 2nK /\) 4* e. 

By taking \ sufficiently large (n remaining fixed after e has been chosen), 
the last expression may be made less than 2s, so that 

lim f yfr (0) sin (\0) dd = 0, 

\-*-cc J a 

and this is the result stated. 

When yfr (8) is unbounded, if it has an absolutely convergent integral, by 
§ 4*5, we may enclose the points at which it is unbounded in a finite|| number 

* Trans. Dublin Acad. xix. (1843), p. 267. 

f Ges . Math. Werke, p. 241. For Lebesgue’s investigation see his Series trigonomctriques 
(1906), Ch. hi. 

+ Journal filr Math . iv. (1829), p. 172. 

§ For this proof we are indebted to Mr Hardy; it seems to be neater than the proofs given by 
other writers, e.g. de la Vallee Poussin, Cours d'Analyse Infinitesimale, il (1912), pp. 140-141. 

II The finiteness of the number of intervals is assumed in the definition of an improper 
integral, § 4*5. 



174 


THE PROCESSES OP ANALYSIS 


[CHAP. IX 


of intervals B lt $„ ... B p such that 

I f (0)| d6<e. 

r=l J t r 

If K denote the upper bound of | yjr (6) | for values of 8 outside these 
intervals, and if <y ly y 2 ,...<y p +i denote the portions of the interval (a, b) which 
do not belong to Si, Sit ... Sp we may prove as before that 

| ff(0)sin(X0)<Z0 -Iff f (6)sin(\d)d0+ f [ f(0)sin (X0)d6 

\Ja \r=lJyr r=lJ tr 

f (0)sin(X0)d0|+ I f |f (0)sin(X0)|d0 

\r=lJy r I r=lJ 8r 

< (2nK /\) 4* 2e. 

Now the choice of e fixes n and K, so that the last expression may be 
made less than 3e by taking \ sufficiently large. That is to say that, even 
if yfr ( 8 ) be unbounded, 

lim f '*fr(8)sm(\8)d8 = 0, 

\-*-ac J a 

provided that ifr (8) has an (improper) integral which is absolutely convergent. 
The first lemma is therefore completely proved. 

(II) When yjr (8) has limited total fluctuation in the range (a, b), by § 3*64 
example 2, we may write 

f (0) = xi ( e ) - x> W> 

where %i (0), x* (&) are positive increasing bounded functions. 

Then, by the second mean-value theorem (§ 4*14) a number f exists such 
that a^^b and 

| J %i (0) sin (X,0) d8 J = J Xi Q>) J * sin (\0) dd 
<2 Xl (6)/X. 

If we treat \*(0) i n a similar manner, it follows that 

jj* + (0) sin (Xfl) dd j ^ jj ^ 1 (^)sin(X^)d^j + j j X 2 (0) sin (\0) dd 

^2{% 1 (6) + ^ s (6)}/\ 

-o( m, 

and the second lemma is established. 


Corollary . If f(t) be such that J f{t) exists and is an absolutely convergent 

integral, the Fourier constants a n , b n of f{t) are o(l) as n -*-oo ; and if, further, f(t) has 
limited total fluctuation in the range (-«*, tt), the Fourier constants are 0 (l/n). 

[Of course these results are not sufficient to ensure the convergence of the Fourier 
series associated with f(t ); for a series, in which the terms are of the order of magnitude 
of the terms in the harmonic series (§ 2*3), is not necessarily convergent.] 
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9*42. The proof of Fourier's theorem. 

We shall now prove the theorem enunciated in § 9*2, namely: 

Let f(t) be a function defined arbitrarily when — 7 r ^ < tt, and defined by 
the equation f(t+2Tr) =f(t) for all other real values oft; and let J f(t) dt 
exist and (if it is an improper integral) let it be absolutely convergent 

Let a n , b n be defined by the equations 

iron = J f(t) cos nt dt, rrrb n = J f(t ) sin ntdt 

Then , if x be an interior point of any interval (a, b) within which f(t) has 
limited total fluctuation , the series 

OO 

^Oo+ 2 (a n cos nx + b n sin nx) 

n=l 

is convergent and its sum is % {f(x + 0) +f(x — 0)}. 

It is convenient to give two proofs, one applicable to functions for which 
it is permissible to take the interval (a, b) to be the interval (— ir + x, tt + x), 
the other applicable to functions for which it is not permissible. 

(I) When the interval (a, b) may be taken to be (— tt + x, tt + #),.it follows 
from § 9*41 (II) that cos nx -h b n sin nx is 0 (1 jn) as n-» oo. Now by Fej6r’s 
theorem (§9*4) the series under consideration is summable (Cl) and its sum 
(Cl) is* i [f(x + 0)4- f(x — 0)}. Therefore, by Hardys convergence theorem 
(§ 8*5), the series under consideration is convergent and its sum (by § 8*43) 

is 4 {/(« + 0) +/<* ~ °)1- 

(II) Even if it is not permissible to take the interval (a, b) to be the 
whole interval (— 7 r + x, n r-f#), it is possible, by hypothesis, to choose a 
positive number 8, less than 7r, such that f(t) has limited total fluctuation in 
the interval (x- 8, x + 8). We now define an auxiliary function g(t), which 
is equal to f(t) when x—8^t^x + 8, and which is equal to zero throughout 
the rest of the interval (— 7 r + x, tt + x); and g(t + 2 it) is to be equal to g ( t ) 
for all real values of t. 

Then g (t) satisfies the conditions postulated for the functions under 
consideration in (I), namely that it has an integral which is absolutely 
convergent and it has limited total fluctuation in the interval (—tt + x, tt + x); 
and so, if o* w , 6* tl) denote the Fourier constants of g(t) } the arguments used 
in (I) prove that the Fourier series associated with g (t)> namely 

00 

■J Oo (1) -f 2 (a n {l) cos nx + 6 H (1) sin nx), 

»=i 

is convergent and has the sum \ {g (x 4* 0) + g (x — 0)}, and this is equal to 

*{/(•+<>)+/(*-<>)}. 

* The limits f(x±0) exist, by § 8*64 example 3. 
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Now let S m (x) and S m w (x) denote the sums of the first m +1 tefms of 
the Fourier series associated with f(t) and g (t) respectively. Then it is 
easily seen that 

1 f r 

S m (x) = — I {^ + cos(«—t) + cos 2 (« — <) + ... + cos m(x-t)}f(t)dt 

TTJ -n 

_J_ f' sin(m + $)(s-Q 

~ 2 wJ_, sin ±(x-t) ■'* t)dt 


■u 


'+'* sin (m -f (x — t) 
■w+x sin i(x-t) 


f(t)dt 


_1 /■**■ sin( 2 m+l )0 


-if 

** J< 


1 fi y sin(2m+l)^ 


f(x-2O)d0, 


-w-^~f(x + 25) d0+ - . a 

S1EL0 7 7T J o Sin# 

by steps analogous to those given in § 9*4. 

In like manner 

«.»(.). i i l ’^*m g{x+20)de+ i 

ttJo sm# * v 7 7 r Jo sm 0 * 

and so, using the definition of <7 (£), we have 

S m (x)-S m a >(x)=- [* sin (2m+ 1) 6 

7 T J sm C 7 

+ J [*' sin (2m + 1 ) (9 cW. 

Since cosec # is a continuous function in the range (£S, ^ 7 r), it follows that 
/(# ± 2 #) cosec # are integrable functions with absolutely convergent integrals; 
and so, by the Riemann-Lebesgue lemma of § 9*41 (I), both the integrals on the 
right in the last equation tend to zero as m—too . 

That is to say lim [S m (x) — S m (1) (a?)} = 0 . 

Wl-*.ao 

Hence, since lim S m {1) (x) = -J- [f(x + 0 ) + f(x — 0)}, 


it follows also that 


lim S m (x) «£{/(* + 0) +f(x - 0 )}. 


We have therefore •proved that the Fourier series associated with f(t), 
namely ^a 0 + 2 (a* cos nx + b n sin nx), is convergent and its sum is 

i {fi x + 0 ) +/(x — 0 )}. 


9*43. The Dirichlet-Bonnet proof of Fourier s theorem . 

It is of some interest to prove directly th§ theorem of § 9*42, without 
making use of the theory of summability; accordingly we now give a proof 
which is on the same general lines as the proofs due to Dirichlet and Bonnet. 
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As usual we denote the sum of the first m + 1 terms of the Fourier series 
y S m (x), and then, by the analysis of § 9*42, we have 

« , 1 f*’ r sin(2m + 1)0 - 0/3 v ™ 1 f** sin (2m + 1)0 .. 

Again, on integrating the equation 

sin (2m + cos 20 + 2cos40 + ... + 2 cos 2m 0, 




re have 
o that 


[f ingm+I)« de , i 
Jo sin 0 36 


U*) - H/(*+o)+/(*-o)}« I jl'~ (2 ^ 1)d {/(«+**)-/<•+o)} <** 


1 f^ain (2m + 1)0 


In order to prove that 

lim S m (*) = | {/(<r + 0) +/(* - 0)}, 

t is therefore sufficient to prove that 

Km >% W M.o, 

m+acJo sm 0 

where <f> (0) stands in turn for each of the functions 

/(a? + 20) —f (x + 0), /(a? — 20) —/(# — 0). 

Now, by §3*64 example 4, 0<£ (0) cosec 0 is a function with limited total 
luctuation in an interval of which 0 = 0 is an end-point*; and so we may 
write 

0<£ (0) cosec 0 * x* (0) - %*(0), 

where (0), (0) are bounded positive increasing functions of 0 such that 

Xi(+0)=>x,(+0) = 0. 

Hence, given an arbitrary positive number e, we can choose a positive 
number S such that 

0 < Xi W < € > 0 < X« W < * 

whenever 0 $ 0 ^ & 

We now obtain inequalities satisfied by the three integrals on the right 
of the obvious equation 


f** sin (2m+ 1)0 


<f> (0) d6 = sin (2m +1) 0. 


f**sin (2m + 1)0 




* The other end-point is 0=£(6 -x) or flsj(*-a), according as ^(0) represents one or 
other of the two fnnetions. 



178 


THE PROCESSES OP ANALYSIS 


[CHAP. IX 


The modulus of the first integral can be made less than e by taking 
m sufficiently large; this follows from § 9*41 (i) since <f> ( 6 ) cosec 6 has an 
integral which converges absolutely in the interval (|8, r). 

Next, from the second mean-value theorem, it follows that there is a 
number f between 0 and 8 such that 




=xi(i$).i r*—* 

!•/(•+»)* « 


Since [ is convergent, it follows that f SIP M du 

J t j J u 

bound* B which is independent of /9, and it is then clear that 
I ft* sin (2m +1) 0 

J ft 


has an upper 




^ 2B Xl (iS) < 2Be. 


On treating the third integral in a similar manner, we see that we can 

malra 

f* w sin (2m + 1) 6 
sin 6 


r 

Jo 


<l>(d)de 


< (4 B + 1) e 


by taking m sufficiently large; and so we have proved that 


0 smd 


But it-has been seen that this is a sufficient condition for the limit of S m (x) 
to be i {f(x + 0) + f(x - 0)}; and we have therefore established the con¬ 
vergence of a Fourier series in the circumstances enunciated in § 9*42. 

Noth. The reader should observe that in either proof of the convergence of a Fourier 
series the second mean-value theorem is required; but to prove the summability of the 
series, the first mean-value theorem is adequate. It should also be observed that, while 
restrictions are laid upon/(*) throughout the range (— ir, rr) in establishing the summability 
at any point x, the only additional restriction necessary to ensure convergence is a re¬ 
striction on the behaviour of the function in the immediate neighbourhood of the point x. 
The fact that the convergence depends only on the behaviour of the function in the 
immediate neighbourhood of x (provided that the function has an integral which is 
absolutely convergent) was noticed by Riemann and has been emphasised by Lebesgue, 
Series Trigonomitriques, p. 60. 

It is obvious that the condition t that x should be an interior point of an interval 
in which f{t) has limited total fluctuation is merely a sufficient condition for the con¬ 
vergence of t?he Fourier series; and it may be replaced by any condition which makes 

Urn [ iw * » P*+ 2 * 4 W< U- 0. 

.Jo smtf ' 


* The reader will find it interesting to prove that B= j - du—\x. 

J o u 

t Dae to Jordan, Comptes Rendus , xcn. (1881), p. 228. 
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Jordan’s condition is, however, a natural modification of the Dirichlet condition that 
the function f(t) should have only a finite number of maxima and minima, and it does 
not increase the difficulty of the proof. 

Another condition with the same effect is due to Dini, Sopra le Serie di Fourier 
(Pisa, 1880), namely that, if 

then J* * (9)d9 should converge absolutely for some positive value of <u 
[If the condition is satisfied, given < we can find d so that 

f*\*(9)\d9«, 

and then | sin (2m + 1)3 $ (9) d9 <1tt* ; 

the proof that j — ^sin ^ W d9 <€ for sufficiently large values of m follows 
from the Riemann-Lebesgue lemma.] 

A more stringent condition than Dini’s is due to Lipschitz, Journal fur Math. Lxm. 
(1864), p. 296, namely j 0 (9) | < 09*, where C and k are positive and independent of 9. 

For other conditions due to Lebesgue and to de la Yallee Poussin, see the latter’s 
Court d? Analyte Infinitisimale , n. (1912), pp. 149-150. It should be noticed that Jordan’s 
condition differs in character from Dini’s condition; the latter is a condition that the 
series may converge at a point , the former that the series may converge throughout an 
interval . 


9*44. The uniformity of the convergence of Fourier series. 

Let f(t) satisfy the conditions enunciated in § 9*42, and further let it be continuous 
(in addition to having limited total fluctuation) in an interval (a, b). Then the Fourier 
aeries associated with f(t) converges uniformly to the sum f(x) at all points x for which 
a+b^x ^b— 6, where 8 is any positive number. 

Let h(t) be an auxiliary function defined to be equal to fit) when a^t^b and equal 
to zero for other values of t in the range (- tt, it), and let a*, £» denote the Fourier 
constants of h (t). Also let (x) denote the sum of the first m + 1 terms of the Fourier 
series associated with h (t). 

QD 

Then, by § 9*4 corollary 2, it follows that ^oqH- 2 (a H cos -f- sin nx) is uniformly 

n»l 

summable throughout the interval (a+5, b - d); and since 

| a, cos Jir+ft, sin nx | < (ai*+£»*)*, 

which is independent of x and which, by § 9'41 (n), is 0(l/n), it follows from § 8‘5 
corollary that 

so 

£a 0 +- 2 (a* cos nx +&» sin nx) 

n=l 

converges uniformly to the sum h(x), which is equal to f(x). 

Now, as in § 9*42, 


If* sin(2m+l)d 1 f* sjn(2m+l)d 

«* J j(6-x) sin 9 J ir J am $ 
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As in § 9*41 we choose an arbitrary positive number e and then enclose the points at 

which f{t) is unbounded in a set of intervals 3 a > ••• K such that I f \f(t) \dt<*. 

e*l J «r 

If JTbe the upper bound of \f{t) | outside these intervals, we then have, as in § 9*41, 

I (x)-S™{x) \ < (J^ +2.) ooeec», 

where the choice of n depends only on a and b and the form of the function f{t). Hence, 
by a choice of m independent of x we can make 

arbitrarily small; so that S m {x) — <S®(x) tends uniformly to zero. Since 5®(#)♦/ (x) 
uniformly, it is then obvious that S m (x) -*-f(x) uniformly; and this is the result to be 
proved. 

Note. It must be observed that no general statement can be made about uniformity 
or absoluteness of convergence of Fourier series. Thus the series of § 9*11 example 1 
converges uniformly except near .r=(2w+l) v but converges absolutely only when 
whereas the series of § 9*11 example 2 converges uniformly and absolutely for all real 
values of x. 


Example 1. If <j> (8) satisfies suitable conditions in the range (0, rr), shew that 
lim Um {* an (2m+1)6 

+ lim 

smd 

“i® - {^(+0)+^ (»—0)}. 

Example 2. Prove that, if a > 0, 

i(2n+l )6 


um 

«-*• co J o si: 


Bin 8 


a6 d8—\w coth \nir. 


(Math. Trip. 1894.) 


[Shew that 

r “5^+i 11 e-*> d6= Um [*' a i n - & +f>* e—dB 
Jo antf m—»7o sin 6 

— lim f r { e -aO+ e -oll+w)+ + e -a(»+mw)}d$ 

Bin 6 ' 


_[■* si 
Jo 


sin(2tt+l)0 e-**dO 


sm 8 




and use example 1.] 

Example 3. Discuss the uniformity of the convergence of Fourier series by means of 
the Dirichlet-Bonnet integrals, without making use of the theory of summability. 


9*5. The Hurwitz-Liapounoff* theorem concerning Fourier constants . 

Let f{x) be bounded in the interval (— 7r, it) and let j f(x) dx exist , so 

* Math. Ann . Lvn. (1903), p. 429. Li&potmoff discovered the theorem in 1896 and published 
it in the Proceeding* of the Math, Soc . of the Univ . of Kharkov . See Comptet Rendu*, cxxvi. 
(1896), p. 1024. 
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+ 2 (a>n 4* &» 2 ) 

n=l 

1 f r 

is convergent and its sum is * — / {/(#)} 2 dx. 

J —■* 

It will first be shewn that, with the notation of § 9*4, 

lim f 1/0*0-" 2 Sn0*0l dx= 0. 

Divide the interval (- ir, ir) into 4r parts, each of length 5 ; let the upper and lower 
bounds of f(x) in the interval {(2p —1) 5- w, (2/>+3) 5—*-} be U P9 L Pi and let the upper 
bound of | f(x) | in the interval (- ir, ir) be K. Then, by § 9*4 corollary 1, 

I/(*)-- S K (x) I < y p -Z p +2Z/{m8inH«} 

j fTl n= Q j 

< 22T [1 4- l/{m sin 2 £5}], 

when x lies between 2 p& and (2 p 4 2) 5. 

Consequently, by the first mean-value theorem, 

Since/(a?) satisfies the Riemann condition of integrability (§ 4*12), it follows that both 
r -1 1—1 

45 2 (Ujp — Xjp) and 45 2 (^ 2 i>+i -^ 2 p+ 1 ) can be made arbitrarily small by giving r a 

J>=0 p=»o 

sufficiently large value. When r (and therefore also 5) has been given such a value, we 
may choose m x sq large that rj{m x sin 2 J5} is arbitrarily small. That is to say, we can 
make the expression on the right of the last inequality arbitrarily small by giving m any 
yalue greater than a determinate value m x , Hence the expression on the left of the 
inequality tends to zero as m-^co. 

But evidently 

fir r 1 m—1 

-r \f{*)- m i lrr ^A n (x)Xdx 

J-v[ n -0 m ) 

fir ( m-1 m -1 n V* 

= /<*) -H.W+S rf* 

J -* ( n=0 «=0 ^ j 

fir / ^ fm-1 ) 

+ 2 J j/(®) - ^ ,4 n (®)j. j 2 # (®)J <2® 

f t»-l *\a ~r m-1 

= 1 ]/(*)- 2 4„(®)[ das+ — 2 n* (a** + &»*), 

J —ir [ *=*0 ) 171 n=0 


* This integral exists by § 4*12 example 1. A proof of the theorem has been given by de la 
Vall4e Poussin, in which the sole restrictions on f(x) are that the (improper) integrals of / (x) 
and {/(*)} 2 exist in the interval (-t, t). See his Court d 1 Analyte Inftnitftiinale , n. (1912), 
pp. 165-166. 
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since j f(x)A r (x)dx*= J | 2^ A n («)| A r (x)dx 

when r = 0,1, 2, ... m — 1. 

Since the original integral tends to zero and since it has been prove*} 
equal to the sum of two positive expressions, it follows that each of thes^ 
expressions tends to zero; that is to say 

f j/0)~ 2^ 4„0)j dx-> 0. 

Now the expression on the left is equal to 

j {/(»)}*das - 2 J- j/O) - 2^ . j A„(x) ■ dx 

r* (m-1 )a 

— I j 2 A n («)[ dx 

J-»ln -0 

= f {/(»)}*<&-f { 2 A»(x)- dx 

J —rr J -ir [»=0 

= J {/(«)}* dx — 7T |g Oo* + ^(.an + &»*)} > 

so that, as m—»oo, 

J {/(a)}* dx-v^<h t + 2 i (a» 1 +h„ , )|-»0. 

This is the theorem stated. 

Cordktry. ParsevdPs theorem* If/(#), Fix) both satisfy the conditions laid on fix) 
at the beginning of this section, and if A n , B n be the Fourier constants of F(x) y it follows 
by subtracting the pair of equations which may be combined in the one form 

j[jf^)±F^)} 1 (Oo±^o)*+J x {(«.± 4 J»+(6b±a»] 

that ^f{x)F(x)dx^ir^a 0 A i + 2^ (a»i»+6»5»)|. 

9*6. Riemanris theory of trigonometrical series . 

The theory of Diriehlet concerning Fourier series is devoted to series 
which represent given functions. Important advances in the theory were 
made by Biemann, who considered properties of functions defined by a series 

of the typef ^Oo+ 2 (o» cos rue -f b n sin nx), where it is assumed that 

* *=i 

lim (c^ cos nx+b n sin nx) = 0. We shall give the propositions leading up to 

Riemann’s theorem J that if two trigonometrical series converge and are equal 

* MSm, par divers savans, i. (1806), pp. 639-648. Parse val, of course, assumed the permissi¬ 
bility of integrating the trigonometrical series term-by-term. 

f Throughout §§ 9*6-9*632 the letters a n , b n do not necessarily denote Fourier constants. 
t The proof given is dne to G. Cantor, Journal/Ur Math . lxxii. (1870), pp. 130-142. 
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at all points of the range (— tt, n r) with the possible exception of a finite 
number of points, corresponding coefficients in the two series are equal. 

9*61. Riemanris associated junction . 

Let the sum of the series \a^ 4- 2 (a n cos nx 4- b n sin nx) = A 0 + 2 A n (x), 

n=l *=i 

at any point x where it converges, be denoted by f(x). 

Let F(x) = ):AqX*- 2 rr*A n (x). 

n=l 

Then, if the series defining f(x) comerges at all points of any finite interval , 
the series defining F(x) converges for all real values of x. 

To obtain this result we need the following Lemma due to Cantor: 
Cantor's lemma *. If lim A n (x )— 0 for all values of x such that a^x^b, then 
0 . 

For take two points x, x + d of the interval. Then, given c, we can find % such thatt, 
when n>riQ 

| OaCosn^+^sinw^l <«, |a w cosnOr+d) + b w sin n(x+d) |<c. 

Therefore 

| coswS(a n cos 7 w:+ 6 w sin 7 M?) + sin nd (— a n sin / nx+b n coanx) |<c. 

Since } cos nd (a n cos nx + b n sin nx) | < c, 

it follows that | sin ?id (— a n sin nx -f- b n cos nx) [ < 2 c, 

and it is obvious that | sin nd ( a n cos nx+b n sin nx) | < 2 c. 

Therefore, squaring and adding, 

(aj+bn 2 )^ | sin nd | < 2 c V 2 * 

Now suppose that a n , b n have not the unique limit 0 ; it will be shewn that this 
hypothesis involves a contradiction. For, by this hypothesis, some positive number c 0 
exists such that there is an unending increasing sequence n u n 2i ... of values of n, for 
which 

W+W* > 4*0. 

Now let the range of values of d be called the interval f of length L x on the real axis. 

Take n x the smallest of the integers n r such that Iq > ; then sin n{y goes through 

all its phases in the interval I x ; call I 2 that sub-interval J of I x in which sin n x 'y> 1 /V 2 ; 
its length is ir/(2?i 1 , )=^ a . Next take n{ the smallest of the integers «r(>»i') such that 
n{L % > 2 «*, so that sin nfy goes through all its phases in the interval 1% ; call / 3 that sub- 
interval}; of J 2 in which sin n 2 y >l/*/ 2 ; its length is 77 -/( 2712 ')=: Z 3 . We thus get a 
sequence of decreasing intervals h. h ,... each contained in all the previous ones. It is 
obvious from the definition of an irrational number that there is a certain point a which 
is not outside any of these intervals, and sin na^ 1/^2 when n=n l \ n 2 r ,... (7i' r +i> ?0- 

For these values of n, (a* 2 + b n 2 ) 4 sin na > 2c 0 But it has been shewn that corresponding 

* Biemann appears to have regarded this result as obvious. The proof here given is a 
modification of Cantor’s proof, Math. Ann , iv. (1871), pp. 139-143, and Journal filr Math . lxxii. 
(1870), pp. 130-138. 

t The value of 7 t 0 depends ou x and on 8. 

X If there is more than one such sub-interval, take that which lies on the left. 
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to given numbers a and « we can find n$ such that when n>n 0 , («» S +6 H *) 1 (sin «o) < 2c ; 
since some values of re,' are greater than n^, the required contradiction has been obtained, 
because we may take e< f 0 ; therefore 

Assuming that the series defining f(x) converges at all points of a certain 
interval of the real axis, we have just seen that a»-»0, 6 n —»0. Then, for all 

real values of x, | a* cos nx 4* b n sin nx (< (a n * + 0, and so, by § 3*34, the 

00 

series 2 rr i A n (x)^F(x) converges absolutely and uniformly for all 

*=i # 

real values of x ; therefore, (§ 3*32), F{x) is continuous for all real values of x. 
9*62. Properties of Riemanris associated function; Riemanns first lemma. 
It is now possible to prove Riemann’s first lemma that if 

rLt v F(x + 2a) +F(x — 2a) — 2F(x) 

** “ 4 ^ 

00 

then lim G(x, a) =f(x), provided that 2 A n (x) converges for the value of x 

a-M) *=0 

under consideration . 


Since the series defining F(x), F(x± 2a) converge absolutely, we may 
rearrange them; and, observing that 

cos n (x + 2a) -f cos n (x — 2a) — 2 cos nx « — 4 sin 8 na cos nx , 
sin n (x + 2a) + sin n (x — 2a) — 2 sin war = -* 4 sin 8 na sin nor, 
it is evident that 

<?(*, «) = A+ 2 (^)^»(x). 

n=i \ na J 

It will now be shewn that this series converges uniformly with regard to 

00 

a for all values of a, provided that 2 A n (x) converges. The result required 

n=l 

is then an immediate consequence of § 3*32: for, if f n (a) = > (a ^ 0), 

and /n(0) «1, then f n (a) is continuous for all values of a, and so G(x, a) is a 
continuous function of a, and therefore, by § 3*2, G ( x , 0) = lim G (x, a). 

a-M) 

To prove that the series defining G (a?, a) converges uniformly, we employ 
the test given in § 3*35 example 2. The expression corresponding to <o n (x) 
is /»(«), and it is obvious that |/ n (a)|^l; it is therefore sufficient to shew 

ac 

that 2 |/rf + i (a) — f n (a) | < K t where K is independent of a. 

»=i 


In fact* if * be the integer such that s | a | <($ + !) | a |, when a =4=0 we have 


* l I /.+1 W -/. (“) I- *V- («) “/.*! ( a )) = ^~f~ 

*=1 n—l « 


sin 2 »a 
A* * 


Since or 1 sin x decreases as x increases from 0 to ir. 
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Also 


* l./>l+l( a )-%/*(“) l = 2 


n=a+l 


K sin 2 na A ^ 1 \1 

a 2 V? ~ (n+l)VJ 


sin 2 na — sin 2 (n+1 ) a 1 


n=*+i 1 l a- y&* yi+ir/J (7i +1) 2 a 2 

- 1 (l 1 \ . ” Isi^no-sin^^+l)^! 

''*=•+1 ®* \ ftS (»+!)*/ n=«+i (n+ 1 )^ 0 ? 

| sin asin (2n + l)a| 


(* + l)«a“ + „J! +1 
1 


(* 2 + l) 2 a 2 
1 


i sip ct I « 

^(*+l) 2 « 2 + a 2 n^+i(n + l)* 
dx 


,J_ |sinaJ f 

*"-* + a 2 J, 


(* + !)* 




Therefore 


(*+!)!< 


<i+-+4- 

rr ir z 

Since this expression is independent of a, the result required has been obtained*. 

00 

Hence, if 2 A n (x) converges, the series defining G (x, a) converges 

»=o ^ 

uniformly with respect to a for all values of a, and, as stated above, 
lim G (x, a) = G (x, 0) = A 0 + I A n (x) ==/(*). 


a -*>0 


n=l 


Example. If H (*, a, P) = ^(*+°+0)~ ^(*+«-g)^(*-a+fl)+J'k-.-fl ) ^ 

that (#, a, when f(x) converges if a, 3-*-0 in such a way that a/3 and 3/a 

remain finite. (Riemann.) 

9 621. Riemann $ second lemma. With the notation of §§ 9*6-9*62, if 

a ni 6 n -+ 0, then lim + 2<X ^ + ^ _ oy or values of x. 

a-*-0 +a 

qo 

For ia- 1 {F (a; + 2a) + JP(«- 2a) - 2F<»} = A,a + 2 =l~ 4 n (*); but 

»=i w a 

30 sm 2 TIOL 

by § 9*11 example 3, if a > 0, 1 — = \ (tr — a); and so, since 


... “ sin a na . . . 

+ 2 , («) 

w=l ^ a 


»=i n*a 


= (a:) a + i (w - a) .d, (x) + 2 

n=l 


m=l 771 a J 


it follows from § 3*35 example 2, that this series converges uniformly with 
regard to a for all values of a greater than, or equal to, zerof. 


This inequality is obviously true when a = 0. 

If we define g n (a) by the equations g n (a) = 
then p n (a) is continuous when a^O, and < 7 n+1 (a) £g n (a) 


t If we define < 7 n (a) by the equations g n (a) = i(ir-a)~ 2 Sil V - * -, (a + 0), and 0 n (O) = Jir, 

>u=l W* a 
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But lim Jar 1 ! F(x + 2o) + F(x - 2a) — 2 F(x)} 

0 

= lim \A<,(x)a + b(ir — a) A l (x) + I g n (a){A n+1 (x)~ A n (x)} , 

a -*.+0 L »=1 J 

and this limit is the value of the function when a = 0, by § 3*32; and this 

value is zero since lim A n (x) = 0. By symmetry we see that lim = lim. 

n-*-cc a -**+0 a -*—0 

9*63. Riemanns theorem * on trigonometrical series. 

Two trigonometrical series which converge and are equal cut all points of 
the range (— w, w), with the possible exception of a finite number of points , 
must have corresponding coefficients equal. 

An immediate deduction from this theorem is that a function of the type considered 
in § 9*42 cannot he represented by any trigonometrical series in the range (— w, ir) other 
than the Fourier series. This fact was first noticed by Du Bois Raymond. 

We observe that it is certainly possible to have other expansions of (say) the form 

CO 

oo+ 2 (a™cos %mx+p m sin \mx\ 
m—1 

which represent/( j?) between - it and n ; for write x=2f, and consider a function <£(£), 
which is such that <j) (£) =/(2£) when - and <j> (£) =g (£) when -*<(<- 

and when Jtt<£<«*, where g($) is any function satisfying the conditions of § 9*43. 
Then if we expand <j> (£) in a Fourier series of the form 

40 

ao+ 2 (a^cosinf+£ m cosm£), 

1H=0 

this expansion represents f{x) when - ir<x<ir ; and clearly by choosing the fuuction g (|) 
in different ways an unlimited number of such expansions can be obtained. 

The question now at issue is, whether other series proceeding in sines and cosines of 
integral multiples of x exist, which differ from Fourier’s expansion and yet represent fix) 
between - n and rr. 

If possible, let there be two trigonometrical series satisfying the given 
conditions, and let their difference be the trigonometrical series 

-4o+ £ A n (x)=f(x). 

» = 1 

Then f(x) — 0 at all points of the range (— rr, t r) with a finite number of 
exceptions; let f ls f 2 be a consecutive pair of these exceptional points, and 
let F(x) be Riemann’s associated function. We proceed to establish a 
lemma concerning the value of F(x) when ^ 2 <x< f 2 . 

9*631. Schwart£ lemma +. In the range $i<x<£ 2i F(x) is a linear function of x, 
if f(x)=0 in this range . 

For if 0=1 or if 0= - 1 

is a continuous function of x in the range and <p (£i)=# (f 2 )=0. 

* The proof we give is due to G. Cantor, Journal fUr Math, lxxii. (1870), pp. 139-142. 
f Quoted by G. Cantor, Journal fur Math . lxxii. (1870). 
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If the first term of <f> (x) is not zero throughout the range* there will be some point 
at which it is not zero. Choose the sign of Q so that the first term is positive at c, 
and then choose A so small that <f> (c) is still positive. 

Since <j> (x) is continuous it attains its upper bound (§ 3*62), and this upper bound iB 
positive since <j b (c) > 0 . Let (x) attain its upper bound at Cj, so that =# & , % 4 = f 2 • 

Then, by Riemann’s first lemma, 

lim <t>(ci + a)+<t> (c 1 -a)-2# (c 3 ) _ ^ 
a-*-o a 2 

But <t>(Ci+a) ^<f> (c{), <j) (c x - a) ^ <£ (Cj), so this limit must be negative or zero. 

Hence, by supposing that the first term of <j> (a?) is not everywhere zero in the range 
(£i» £ 2)5 we have arrived at a contradiction. Therefore it is zero; and consequently F(x) is 
a linear function of x in the range £1 <£x < The lemma is therefore proved. 

9*632. Proof of Riemanns Theorem . 

We see that, in the circumstances under consideration, the curve y=F(x) 
represents a series of segments of straight lines, the beginning and end of 
each line corresponding to an exceptional point; and as F(x), being uniformly 
convergent, is a continuous function of x , these lines must be connected. 

But, by Riemann’s second lemma, even if f be an exceptional point, 

Iim jP (^ + tt) + iT( ^ a) — 2JT (?) _q 
a-^o a 

Now the fraction involved in this limit is the difference of the slopes of 
the two segments which meet at that point whose abscissa is f; therefore the 
two segments are continuous in direction, so the equation y = F(x) represents 
a single line. If then we write F(x) = cx + c', it follows that c and c' have 
the same values for all values of x. Thus 

GO 

^AqX 2 - cx — c' = 2 n- Q A n (x) i 

n-\ 

the right-hand side of this equation being periodic, with period 27 t. 

The left-hand side of this equation must therefore be periodic, with period 
27r. Hence 

Aq = 0, c — 0, 

GO 

and — c' = 2 n~*A n (x). 

M = 1 

Now the right-hand side of this equation converges uniformly, so we can 
multiply by cos nx or by sin nx and integrate. 

This process gives 

7 rn~*a n = —c'j cos nxdx = 0, 

J —tr 

7rn“ a 6n = — c J* sin nxdx = 0. 


If it is zero throughout the range, F ( x) is a linear function of x. 
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Therefore all the coefficients vanish, and therefore the two trigonometrical 
series whose difference is A 0 + 2 A n (x) have corresponding coefficients equal. 

n=l 

This is the result stated in § 9‘63. 


9*7. Fourier s representation of a function by an integral *. 

It follows from § 9'43 that, if f(x) be continuous except at a finite 
number of discontinuities and if it have limited total fluctuation in the 
range (— oo, oo ), then, if x be any internal point of the range (— or, ft), 

lira f 0 sin (2m+ !)(<-*) ^ & = lim ^^-x s i n 0 {/(* + 26) +/(* - 20)}. 

-a. (t-X) 0-H) 

Now let X be any real number, and choose the integer m so that 
X = 2m + 1+2*7 where 0 ^ rj < 1. 


Then j (sin\(2 — x)~ sin (2m 4- 1) (£ — #)}(£ — #) 1 f(t)dt 

- 2 {cos (2m + 1 + v) (t ~ *)} • {sin v(t~ «)} (* “ *)"*/(*) di 


—> 0 , 

as oo by § 9*41 (n), since (t - x)r l f(t) sin r) (t - x) has limited total 
fluctuation. 

Consequently, from the proof of the Riemann-Lebesgue lemma of § 9*41, 
it is obvious that if f \f(t) | dt and f \f(t) | dt converge, thenf 


lim f dt=^{f(x + 0) +f(m- 0)}, 

J — oo •*/ 

and so 

lim f j f cos u(t — x) dvhf(f) dt * {f(x + 0) +/(x — 0)}. 

A^ooJ—oo (Jo ) 

To obtain Fourier’s result, we must reverse the order of integration in 
this repeated integral. 

For any given value of X and any arbitrary value of e, there exists a 
number ft such that 

J"|/(0|*<*c/X; 


* La Theorie Analytique de la Chaleur , Ch. ix. For recent work on Fourier’s integral and 
the modern theory of ‘Fourier transforms,’ see Titchmarsh, Proc. Camb. Phil . Soc . xn. (1923), 
pp. 463-473 and Proc . London Math . Soc . (2) xxm. (1924), pp. 279-289. 


T. 


means the double limit lim 

p-**c0, 0^00 , 


If this limit exists, it is equal 


f p 

to lim I 
J —p 
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writing cos u (t - x) . f(t ) — <f> (t, u), we have* 

|/ {/ ^ ft ^ j ^ / |/ ^fttOdtfjdti 

— |J | J <f>(t, u) dwj d£ 4- J |J ($, u) dwj eft 

— J | J <f>(t, u)dtjdu—J jj $ (£, tt)d$jdtt| 

— [/ | J <f>(t,u) du | d£ — J | J <£ (£, w) dtfj du| 

</ |J | <f>(t, u) | dt*j d£ + J J [<£ (<, u)| d£du 
< 2\ j \f(t)\dt<€. 

Since this is true for all values of e, no matter how small, we infer that 
r P = f X r ; similarly f”" P- f P. 

Jo Jo JoJo J Jo J o JoJo 

Hence iw{/(#+ 0)+/(a> —0)} = lim f f cos u(t-x)f(t)dtdu 

A-fr .00 J 0 J -co 

cos u (t — x)f(t) dtdu . 


'0 J -oo 

This result is known as Fourier's integral theorem f. 

Example. Verify Fourier’s integral theorem directly (i) for the function 

/(*)=(«* +**)" 4, 

(ii) for the function defined by the equations 

/(•z)=l, (-1<*<1); /(*)=o, (1*1 >1). (Rayleigh.) 
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The equation / J fo~fo fo 


is easily justified by § 4*3, by considering the ranges within 


which/(ac) is continuous. 

f For a proof of the theorem when f(x) is subject to less stringent Restrictions, see 
Hobson, Functions of a Real Variable , §§ 492-493. The reader should observe that, although 

lim j j exists, the repeated integral J sin u(t-x) du| f(t) dt does not. 
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Miscellaneous Examples. 


1. Obtain the expansions 

(а) l-2rooii»+ ^° 1+rC08g+ ^ C082, ~ 1 '- > 

( б ) i log (l-3rtx»z+r a )>i—r<soaf- i ^coeEs -5 r 5 cob 3*—..., 

2 So 

(c) arc tan.-aersinx-f-sj^sin Sfc+x^sin 3$+..., 

w 1-rooea 2 3 * 

, ». 1 , 2 rsina . , 1 , . _ 1 , . „ 

(a) ^arc tan-|-~j 5 -=r8mx«f-r s sin3a;+-r ft sm5«+..., 


and shew that, when | r | < 1 , they are convergent for all values of z in certain strips 
parallel to the real axis in the z-plane. 

2. Expand X s and x in Fourier sine series valid when —n<x<nj and hence find 

the value of the sum of the series 

1 . _ 1 . _ 1 . , . 
sin.r—^sm 2 jr+^ sm ^sm4r+..., 

for all values of x, (Jesus, 1902.) 


3. Shew that the function of x represented by 2 a * -1 sin »ar sin* wo, is constant 

*=i 

( 0 < x < 2 a) and zero (2a<x <*■), and draw a graph of the function. 

(Pembroke, 1907.) 


4. Find the cosine series representing f(x) where 

/(a?)=sin x +cos x ( 0 <x ^£ir), 

/(a?)=sin a?-cos a? ($ir^x<ir). (Peterhouse, 1906.) 


5. Shew that 


-rinirfl?+ 


sin3rrj? sin &irx sin 7vx 


3 


OUl 1 7tUr , 1 r 1 

+ —— 


where [a?] denotes +1 or — 1 according as the integer next inferior to x is even or uneven, 
and is zero if x is an integer. (Trinity, 1895.) 


6 . Shew that the expansions 


log 2 cos 5 x cos x—£ cos 2 a ?+5 cos 34 ?... 

2 2 o 

and 

log I 2 sin ^ or = -cosar—^ cos 2a:—i cos 3a?... 

I 2 2 o 

are valid for all real values of x, except multiples of it. 

7. Obtain the expansion 

* ( - ) m cos mx . / 1 \ 1 > . « . 

m lo (m+I)(»»+2) ° (ooe+ ‘ 008lo * V 2008 2*) + 2* (sm U +Sm *)~ co®*- 


and find the range of values of x for which it is applicable. 

8 . Prove that, if 0 <x< 2 jt, then 


sina? 2 sin 2a? 3 sin 3a? n sinha (ir-a?) 

«*+l* a*+ 2 * + a*+3* + ‘"~2 sinhair ^ * 


(Trinity, 1898.) 


(Trinity, 1895.) 
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9. Shew that between the values —ir and +*■ of x the following expansions hold: 

2 . / sin a? 2sin2 x 3 sin 3# \ 

smm*=- amimr --rs-« 


cosmr=-smmjr 

IT 


f 1 mcos# mco* 
\>i l a -m a 2 a - 


^»wr_ 6 -t»» J 


2/1 fllCOS X 
ir \2m l a +m a + 


iex m oos 2a? , mcos3a? 
■m a 2*-m a + 3 2 -m 2 " 

moos2ar mcos3a? f \ 
2 ! +to s “ 3*+to s + —J‘ 


10. Let a? be a real variable between 0 and 1, and let n be an odd number > 3. 
Shew that 

/ i \« 1.2® 1 , fliff _ 

( — ].)•=- + - 2 — tan — cos 2mrnr, 
n ir M =i m n 5 

if x is not a multiple of where s is the greatest integer contained in nx; but 

~ 12*1 mv a 

0=-H— 2 — tan—cos2m?r.3?, 
n ir „,«.i m n 


if x is an integer multiple of 1 jn. 

11. Shew that the sum of the series 


(Berger.) 


$+4ir _1 2 to' 1 sin §wur cos Zmm-x 

JW*=1 

is 1 when 0<a?< J, and when $<a?<l, and is -1 when J<a?<§. (Trinity, 1901.) 
12. If ae** = * a n V n (x) 

e* -1 *»o n ! * 

shew that, when — 1 <x < 1, 

- r.w, 


(Math. Trip. 1896.) 


13. If m is an integer, shew that, for all real values of 


cos am ar»2 


1.3.5... (2m-1) fl m 
2.4.6 ...2m l2 + m+l 


cos 2a? + 


(m + l)(m + 2) < 


f m (m — 1) (m - 2) _ t 

+ (m+l)(m+2)(m+3) 008 

, , 4 2.4.6 ... (2m-—2) fl 2m-1 . (2m-1)(2m-3) 

'*I-; 1.3.5... (fat-1) fe + SS+I ' 0082j?+ (2TO + l)(2TO + 3) C08to+ - 


14 A point moves in a straight line with a velocity which is initially u, and which 
receives constant increments, each equal to u, at equal intervals r. Prove that the velocity 
at any time t after the beginning of the motion is 


u . tU u ® 1 . 2m*r* 

-H- b - 2 — sin- , 

2 r t r WaBl m r 


and *that the distance traversed is 

ut . . , ur ut ® 1 2mir< 

( <+r >+i2" 2^ m !, 008 —• 


(Trinity, 1894.) 
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m - 5,5T1«(«*-«■*' 1 * *,2~1 8in < 2 *~ 1} * 

3 JS ( . sin bx . sin 7# sin 11# , 

+ ^_| sin ^___ + _-n*“ H 

(Wthat /(+0)»/(»-0)--iir, 

I /(J»+0)-/(i»-0)“-i»f /(f ff +0)-/(§» 

Observing that the last series is 


shew that 


6 * sin J(2n-1) irsin (2n-l)# 

-J, (2^1? ’ 


draw the graph of /(#). 

16. Shew that, when 0 <# < w, 


(Math. Trip. 1893.) 


/(•*)=-y~ ^cosx-g cos5x+^co 8 7#—~ cos 

=sin2j+ssin4r+7sin8^+rsin 10#+... 

2 4 0 

where /(*)=$■■ (0<*<J.r), 

/(*)-0 (Jir <*<§»■), 

/(*)“-i" - (§w<*<w). 

Find the sum of each series when #=0, Jtr, f *r, ®r, and for all other values of #. 

(Trinity, 1908.) 

17. Prove that the locus represented by 

* (-)*- 1 . 

2 -—~~ am nx sin ny=0 
«-i n* 9 

is two systems of lines at right angles, dividing the coordinate plane into squares of 
**** '* (Math. Trip. 1895.) 

18. Shew that the equation 

*-i » 3 ** 

represents the lines jr- ±*r, (m-0,1 2,...) together with a set of arcs of ellipses whose 
seou-ues are * and *■/>/3, the arcs being placed in squares of area 2w*. Draw a diagr am 
of the locus. /TV s • .. . 

(Trinity, 1903.) 

19. Shew that, if the point (#, y, t) lies inside the octahedron bounded by the planes 

±*±Jf±*«ir, then r 

2 (-)«-! ™ wwn gin 

*-i n 8 sx 2 x ^ Zm 

(Math. Trip. 1904.) 

° { nd l aa / ^ ^ aW “ bavin « *eir centres at the alternate angular points 

— e, “““ * ** <»««—a *«. «*, 

6715 " 5 + ri 008 O 008 ^Oo 008M > 

the initial line being taken to pass through the centre of one of the circles. 

(Pembroke, 1902.) 
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21. Draw the graph represented by 


where m is an integer. 


r 

a 


. ,2m . 
1-1-sin 

7T 


7r fl * (— )*cos7m#l 

w\2 + »=i i-(»»»)* r 


(Jesus, 1908.) 


22. With each vertex of a regular hexagon of side 2 a as centre the arc of a circle of 
radius 2a lying within the hexagon is drawn. Shew that the equation of the figure 
formed by the six arcs is 


^=6-3 ^3 + 2 2 

4a »=i 


{(-)*- 1 6 + 3^3} 
(6n-l)(6n+l) 


COS 6710, 


the prime vector bisecting a petal 


(Trinity, 1905.) 


23. Shew that, if c > 0, 

/** 11 

lim / 6“« f cotxsin(27i+l)^.(ia?= 5 irtanh-cir. 

n-^oD JO A l 


24. Shew that 


lim f sin(2 *+ - 
J 0 SiH <27 


(271 + 1)47 C&7 1 

----S 7T coth 1. 


1+47* 2 

25. Shew that, when -1 < x < 1 and a is real, 

lim f c ° 8 * p (2ft+1)#sin(l+4?)fl 6 l^ sinhoa: 

»-*.*> Jo sind a a +0 2 “ 2^ sinha' 


(Trinity, 1894.) 

(King’s, 1901.) 


(Math. Trip. 1905.) 


26. Assuming the possibility of expanding f(x) in a uniformly convergent series of 
he form 2 A* sin lex, where h is a root of the equation k cos a£+5 sin ak=0 and the 

ummation is extended to all positive roots of this equation, determine the constants A k . 

(Math. Trip. 1898.) 


27. If 


1 00 

/(x) = -Oq+ 2 (a n cos 7i4?+5 n sin 7147) 

2 n=l 


i a Fourier series, shew that, if / ( 4 ?) satisfies certain general conditions, 

4 /•« I dt 4 f® l dt 

a n —- P I f (t) cos niton jrt--, b n ~~ I f{t) sin nt tan x t -r- • 

IT Jo 4 t IT J 0 3 it 

(Beau.) 

28. If (4?)=2 2 (-)y-i — prove that the highest maximum of $ n (4:) in the 

r=i r 


terval (0, 7r) is at 4?=^-^ and prove that, as a-*-oo, 

sduce that, as n-^ao, the shape of the curve y*=S n (x) in the interval (0, ir) tends to 
proximate to the shape of the curve formed by the line y=4r, (O^x^ir) together with 
5 line 4?=ir, (0 $ y < (7), where 


(7=2 




ie fact that (7=3*704... >*n*s known as Gibbs’ phenomenon ; see Nature , lxix. (1899), 
306. The phenomenon, is characteristic of a Fourier series in the neighbourhood of a 
nt of ordinary discontinuity of the function which it represents. For a full discussion 
;he phenomenon, which was discovered by Wilbraham, Camb . and Dublin Math . Journal , 
(1848), pp. 198-201, see Carslaw, Fourier’s Series and Integrals (1921), Ch. ix.] 



CHAPTER X 

LINEAR DIFFERENTIAL EQUATIONS 


101. Linear Differential Equations *. Ordinary points and singular points . 

In some of the later chapters of this work, we shall be concerned with the 
investigation of extensive and important classes of functions which satisfy 
linear differential equations of the second order. Accordingly, it is desirable 
that we should now establish some general results concerning solutions of 
such differential equations. 

The standard form of the linear differential equation of the second order 
will be taken to be 

S + *<*>S +?( * )m==o . (A)> 

and it will be assumed that there is a domain S in which both p (z), q (z) are 
analytic except at a finite number of poles. 

Any point of S at which p (z) } q (z) are both analytic will be called an 
ordinary point of the equation; other points of S will be called singular 
points . 

10*2. Solution f of a differential equation valid in the vicinity of an 
ordinal*y point 

Let b be an ordinary point of the differential equation, and let Si be the 
domain formed by a circle of radius r bi whose centre is 6, and its interior, the 
radius of the circle being such that every point of Si is a point of S, and is 
an ordinary point of the equation. 

Let z be a variable point of S b , 

In the equation write u « v exp j—^ J p (?) d? j , and it becomes 

S + = 0 .(B), 

where J (*) = q (z) - * ^ - \ {p (*)}’. 

* The analysis contained in. this chapter is mainly theoretical; it consists, for the most part, 
of existence theorems. It is assumed that the reader has some knowledge of practical methods 
of solving differential equations; these methods are given in works exclusively devoted to the 
subject, such as Forsyth, A Treatise on Differential Equations (1914). 

t This method is applicable only to equations of the second order. For a method applicable 
to equations of any order, see Forsyth, Theory of Differential Equations , rv. (1902), Oh. i. 
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It is easily seen (§ 5*22) that an ordinary point of equation (A) is also 
an ordinary point of equation (B). 

Now consider the sequence of functions v n (*), analytic in S b , defined by 
the equations 

v 0 (z)^a 0 ^a 1 (z-b) J 

f(r -*)J(Q*~(QdZ (n = 1, 2, 3, ...) 

j b 

where a 0 , a x are arbitrary constants. 

Let Jf, fi be the upper bounds of \J(z)\ and | v Q (z) | in the domain S b . 
Then at all points of this domain 

| v n (z) | < pM n | z-b |*y(n!). 

For this inequality is true when n — 0; if it is true when »»0,1, M .m-1, 
we have, by taking the path of integration to be a straight line, 

1 Wm (g) 1= z) J(0 Vm ~ 1 (?) 

<— nM m \z-b\™. 


Therefore, by induction, the inequality holds for all values of n. 

aM n r h ,m ® 

Also, since \v n (z) | —r 2 - when z is in S b and z fj.M n r h tn /(n !) con- 

‘ n l n=0 

00 

verges, it follows (§ 3*34) that v(z)= 2 v n (z) is a series of analytic functions 

«=o 

uniformly convergent in S b ; while, from the definition of v n (z), 

J z v« (Z) = -JV(?) ^ (?) dK, (n = 1, 2, 3,...) 
(*) = -./(*) Vn~i (z ); 

hence it follows (§ 5’3) that 


cN (z) _ d% (z) 2 <fa> n (g) 

dz* ~ dz 1 ds? 


— — J (z) V (z). 

Therefore v(z) is a function of z, analytic in St,, which satisfies the 
differential equation 

J (z)v(z) = 0. 
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and, from the value obtained for ^ v n (z), it is evident that 

»(«-«.. v '^ = {j z v ^} z _ b =Ch ’ 


where a*,, Oj are arbitrary. 


10*21. Uniqueness of the solution. 

If there were two analytic solutions of the equation for v, say v l (z) and v 2 (z) 
such that v x (6) = v 2 (b) ■» a 0 , v/(b) = v 2 '(b) = a lt then, writing w (z) —v 1 (z)-v 2 {z\ 
we should have 

^+JW-W-0. 

Differentiating this equation n — 2 times and putting z = b, we get 
W (n) (J) + J ( 6 ) yj{n—2) ( 6 ) + n _ 2 C x J\b)w^ (b) 4-... +/M (&) w (fe) = 0. 

Putting 7i=2, 3, 4,... in succession, we see that all the differential coefficients 
of w(z) vanish at b ; and so, by Taylors theorem, w(z) = 0; that is to say the 
two solutions v 1 (z) } v 2 (z) axe identical. 

Writing u(z) = v (z) exp j- s/ 4 P (?) » 

we infer without difficulty that u (z) is the only analytic solution of (A) such 
that u(5) = A 0 , u'(b) = A u where 

Ao = a<>, 

Now that we know that a solution of (A) exists which is analytic in S b 
and such that u(b ), v! (b) have the arbitrary values A 0f A u the simplest 
method of obtaining the solution in the form of a Taylor’s series is to assume 
00 

u (z) — 2 A n (z — b) n , substitute this series in the differential equation and 
«=o 

equate coefficients of successive powers of z — b to zero (§ 3*73) to determine 
in order the values of A 2 , A Zi ... in terms of A 0 , A x . 

[Note. In practice, in carrying out this process of substitution, the reader will find 
it much more simple to have the equation ‘ cleared of fractions* rather than in the 
canonical form (A) of § 10*1. Thus the equations in examples 1 and 2 below should 
be treated in the form in which they stand; the factors 1 -z 2 , (2-2) (2 — 3) should not be 
divided out. The same remark applies to the examples of §§ 10*3, 10*32.] 

From the general theory of analytic continuation (§ 5*5) it follows that 
the solution obtained is analytic at all points of 8 except at singularities 
of the differential equation. The solution however is not , in general, 
‘analytic throughout S’ (§5*2 cor. 2, footnote), except at these points, as it 
may not be one-valued; i.e. it may not return to the same value when z 
describes a circuit surrounding one or more singularities of the equation. 
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[The property that the solution of a linear differential equation is analytic 
except at singularities of the coefficients of the equation is common to linear 
equations of all orders.] 

When two particular solutions of an equation of the second order are not 
constant multiples of each other, they are said to form a fundamental system. 
Example 1. Shew that the equation 

(1 - 2 J ) ?«" - Zzu’ +Jm=0 
has the fundamental system of solutions 

“2=« + A* 3 + I 1 A 2S +--- 

Determine the general coefficient in each series, and shew that the radius of con- 
vergence of each series is 1. 

Example 2. Discuss the equation 

{z — 2) (z-3) tt" — (22 — 5) w'-h2u—0 
in a manner similar to that of example 1. 

10*3. Points which are regular for a differential equation . 

Suppose that a point c of 8 is such that, although p (, z ) or q ( z ) or both 
have poles at c, the poles are of such orders that (z-c)p(z), (z-c)*q(z) are 
analytic at c. Such a point is called a regular point* for the differential 
equation. Any poles of p (z) or of q (z) which are not of this nature are called 
irregular points. The reason for making the distinction will become apparent 
in the course of this section. 

If c be a regular point, the equation may be writtenf 

(z-oy^ + iz-c) .P(z-o)~ z + Q(z-c)u^0, 

where P (z — c), Q(z — c) are analytic at c; hence, by Taylor's theorem, 

P (z-c) =p 0 + Pi (z - c) + p 2 (z-c) a +..., 

Q ( z - c) « q Q 4- q x {z - c) 4* q 2 (z - c) s + ..., 

where p 0 , p x , ..., q 0} q lt ... are constants; and these series converge in the 
domain S e formed by a circle of radius r (centre c ) and its interior, where r is 
so small that c is the only singular point of the equation which is in S c . 

Let us assume as a formal solution of the equation 
u « (z - c) a 1 + 2 On (z - c) n , 

L «=i 

where a, a x , Oj, ... are constants to be determined. 

* The name ‘regular point’ is due to Thom6, Journal fur Math. lxxv. (1873), p. 266. 
Fuchs had previously used the phrase ‘ point of determinateness.’ 
f Frobenius calls this the normal form of the equation. 
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Substituting in the differential equation (assuming that the term-by-term 
differentiations and multiplications of series are legitimate) we get 


(z — cY |a(a—1)+ 2 a„(a + n)(a + n — l)(z— c)"J 

+ (z — cYP(z-c). |jx+ 2^ a„ (a + n) (z -c) n j 

+ (z-cYQ(z-c) j^l + 2^a„(z-c)*J = 0. 


Substituting the series for P(z — c), Q(z — c), multiplying out and equating 
to zero the coefficients of successive powers of z — c, we obtain the following 
sequence of equations: 

a s + (p 0 -l)«+?. = 0 > 
a, {(a + 1)* + (p 0 - 1) (a +1) + 3o} + aj»i + ?i = 0, 
or, {(a + 2) 5 + (p„ -1) (a + 2) + ? 0 } + a a {(a-t-l)p! + ji} + ap, + q 2 = 0, 


«»{(a + n)* + (p 0 -1) (a + n) + q 0 ] 

*—1 

+ 2 a n ~ m {(a + n — m) p m + + ap» + q» = 0. 

m=l 

The first of these equations, called the indicial equation * determines two 
values (which may, however, be equal) for a . The reader will easily convince 
himself that if c had been an irregular point, the indicial equation would have 
been (at most) of the first degree; and he will now appreciate the distinction 
made between regular and irregular singular points. 

Let a*=p,, a = p 2 be the rootsf of the indicial equation 
F(a) = a 2 + (p 0 - 1) a + q 0 = 0; 

then the succeeding equations (when a has been chosen) determine a lf a *,..., 
in order, uniquely, provided that F(a + n) does not vanish when n = 1, 2, 3, ; 

that is to say, if a = p u that p 2 is not one of the numbers p 1 + 1, p Y 4- 2, ...; 
and, if a = p s , that p 1 is not one of the numbers p 2 +1 , p 2 + 2, .... 

Hence, if the difference of the exponents is not zero, or an integer, it is 
always possible to obtain two distinct series which formally satisfy the 
equation. 


Example. Shew that, if m is not zero or an integer, the equation 
is formally satisfied by two series whose leading terms are 


A+m 


1 + 


16(l+wi) 




16 (1—m) 




determine the coefficient of the general term in each series, and shew that the series 
converge for all values of a 


* The name is due to Cayley, Quarterly Journal , xxi. (1886), p. 326. 

t The roots pi, p 2 of the indicial equation are called the exponents of the differential 
equation at the point c. 
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10*31. Convergence of the expansion o/§ 10'3. 

If the exponents p lt p t are not equal, let p x be that one whose real part is 
not inferior to the real part of the other, and let pi — /> s = s ; then 

F(p 1 + n) = n(s + n). 

Now, by § 5*23, we can find a positive number M such that 
|p„j<Jfr-», \q n \<Mr~ n , \ Pl p n +q n \< Mr~ n , 
where M is independent of n ; it is convenient to take 
Taking a=p lt we see that 

M 


i g I —l^hjh + gil 


M 

< 7 * 


since 1 8 -f1 (> 1. 

If now we assume | a n | < M n r~ n when n = 1, 2, ... m — 1, we get 




tn-1 


2 {(/>! + m-Op* + 

*=i_ 


F (pi + m) 

*»—1 m—1 

S |I. I PiPt + qt [ +1 Pip m +q m \+ 2 (m-t)\a m -t\\p t \ 

• t —i___ t —i 



m 1 8 + m | 

rnM m r~ m + j 

r»- 1 ) 

2 (ra — £)[* 
lt=i ) 

m 2 

1 1 + 5m"" 1 II 1 


Since 11 + sm" 1 1 ^ 1, because R ( s ) is not negative, we get 

I a m I < M m T JM < M m r~ m , 

II 2m 

and so, by induction, \a n \<M n r~ n for all values of n. 

If the values of the coefficients corresponding to the exponent p 2 be 
a/, a/,... we should obtain, by a similar induction, 

|a n '|< M n K n r-'\ 

where k is the upper bound of | 1 — s \~\ | 1 - ]“\ 11 - I" 1 , ...; this 

bound exists when 8 is not a positive integer. 

We have thus obtained two formal series 


Wi (a) = (a - cY' £l + £ a n (z - c) B J , 

(a) — (z — cY 1 J^l + 2 a n '(z— c) n j . 


The first, however, is a uniformly convergent series of analytic functions 
when |z — c\< rM~\ as is also the second when | z — c | < rM~ l ht 1 , provided 
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in each case that arg (z — c) is restricted in such a way that the series an 
one-valued; consequently, the formal substitution of these series into the 
left-hand side of the differential equation is justified, and each of the series is 
a solution of the equation; provided always that pi — p 2 is not a positive 
integer or zero*. 

With this exception, we have therefore obtained a fundamental system a 
solutions valid in the vicinity of a regular singular point. And by the theory 
of analytic continuation, we see that if all the singularities in 8 of the equatior 
are regular points, each member of a pair of fundamental solutions is analytic 
at all points of 8 except at the singularities of the equation, which are branch¬ 
points of the solution. 


10*32. Derivation of a second solution in the case when the difference 
of the exponents is an integer or zero . 

In the case when p x - p 2 = s is a positive integer or zero, the solution 
w 2 (z) found in § 10*31 may break downf or coincide with w 1 (z). 

If we write u = w x (z) J, the equation to determine f is 

(*-«)’ S + { J p 

of which the general solution is 

f '- A+B S' rW" esp {- /’ *} • * 

- A +“p {"ft (* -“) - \p* (* - e ? - • * 

=» A 4- B j (z — c ) - * 0-2 *g (z) dz, 


where A , B are arbitrary constants and g (z) is analytic throughout the 
interior of any circle whose centre is c, which does not contain any singu¬ 
larities of P (z — c) or singularities or zeros of (z — c) iv Y (z) ; also g (c) = 1. 

Let g(^)- 1+ 2 g n .(z-c)\ 

n=l 

Then, if s ^ 0, 

S' 3 * -4- -t- -S J jl + 2 g n (2 - c) n | {z - c) - * -1 dz 

= ^1 + B ["-i( 2 -c)-'- 2 ~~~z c) n— * + c/s log (z — c) 

L s n=l Z — n 

+ 2 (2 — . 
»=*+! «-« J 

* If Pi -p» is a positive integer, k does not exist; if />i=p 2 > the two solutions are the same, 
t The coefficient a/ may be indeterminate or it may be infinite; in the former case w 2 (z) 
will be a solution containing two arbitrary constants clq and a *; the series of which a/ is s 
factor will be a constant multiple of w x (z). 
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Therefore the general solution of the differential equation, which is 
analytic at ail points of C (c excepted), is 

A w j (z) + B [g s w 1 (z) log (z — c) •+■ w (s)], 
where, by § 2*53, w(z) = (z - c) * ( - - 4- 2 h n (z- c) n l, 

l 8 71 = 1 J 

the coefficients A* being constants. 

When 5 = 0, the corresponding form of the solution is 

A w l (z) + B ^w 1 (z) log (z—c) + (z — c) p * 2 h n (z — c)*j . 

The statement made at the end of § 10*31 is now seen to hold in the 
exceptional case when s is zero or a positive integer. 

In the special case when g 8 = 0, the second solution does not involve 
a logarithm. 

The solutions obtained, which are valid in the vicinity of a regular point 
of the equation, are called regular integrals . 

Integrals of an equation valid near a regular point c may be obtained 
practically by first obtaining w x (z), and then determining the coefficients in 

a function w x (z) = 2 b n (z — c) Pa+n , by substituting w x (z) log (z — c) + w x (z) in 

71 = 0 

the left-hand side of the equation and equating to zero the coefficients of the 
various powers of z — c in the resulting expression. An alternative method 
due to Frobenius * is given by Forsyth, Treatise on Differential Equations , 
pp. 243-258. 

Example 1. Shew that integrals of the equation 


regular near z—0 are 


ePu 1 du o n 
~T"jT "4" “ T--!»*»-0 
dz* z dz 

oo m ln z tn - 

Wl( * )=1+ »ix2sr^ri? 


and 


® m 2 * z in 


G + s + - + s)- 


Verify that these series converge for all values of z. 
Example 2. Shew that integrals of the equation 


regular near 2=0 are 




and 




Verify that these series converge when | z | <1 and obtain integrals regular near 2 = 1 . 
* Journal f Ur Math, lxxvi. (1874), pp. 214-224. 
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Example 3. Shew that the hypergeometric equation 

2(1 -2) < ^+{c~(a+b+l)z} “ - abu = 0 

is satisfied by the hypergeometric series of § 2*38. 

Obtain the complete solution of the equation when c—1. 

10*4. Solutions valid for large values of\z\. 

Let z = 1/^; then a solution of the differential equation is said to be 
valid for Marge values of 1^1* if it is valid for sufficiently small values of | z x |; 
and it is said that ‘the point at infinity is an ordinary (or regular or irregular) 
point of the equation’ when the point ^ = 0 is an ordinary (or regular or 
irregular) point of the equation when it has been transformed so that z l is 
the independent variable. 

Since 


‘' r ©} 5 , + « © 


we see that the conditions that the point z = oo should be (i) an ordinary 
point, (ii) a regular point, are (i) that 2z — z*p (z), z i q{z) should be analytic 
at infinity (§ 5*62) and (ii) that zp (z), z 3 q (z) should be analytic at infinity. 


Example 1. Shew that every point (including infinity) is either an ordinary point or 
a regular point for each of the equations 

* (1 ^ +{c- (<*+^+ 1 ) z ) ■ -abu^O, 


where a, b, c,n are constants. 

Example 2. Shew that every point except infinity is either an ordinary point or a 
regular point for the equation 

, dhi , du , , 5 _ 

* d? + *-dz +(z n)U=0> 

where n is a constant. 


Example 3. Shew that the equation 

( i -^S- 2 *£ +6 “=° 

has the two solutions 

j 1 13.41 314.5.6 1 

3* 23 + 2.7 « 6 + 2.4.7.92 7 + “ m 

the latter converging when | z | > 1. 


10*5. Irregular singularities and confluence . 

Near a point which is not a regular point, an equation of the second order 
cannot have two regular integrals, for the indicial equation is at most of 
the first degree; there may be one regular integral or there may be none. 
We shall see later (e.g. § 16*3) what is the nature of the solution near 
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such points in some simple cases. A general investigation of such solutions* * * § 
is beyond the scope of this book. 

It frequently happens that a differential equation may be derived from 
another differential equation by making two or more singularities of the 
latter tend to coincidence. Such a limiting process is called confluence ; 
and the former equation is called a confluent form of the latter. It will be 
seen in § 10*6 that the singularities of the former equation may be of a more 
complicated nature than those of the latter. 


10 * 6 . The differential equations of mathematical physics . 

The most general differential equation of the second order which has 
every point except a 1} a*, a*, a 4 and oo as an ordinary point, these five points 
being regular points with exponents ctr, fi r at a r (r = 1, 2, 3, 4) and exponents 
f*i, fh at oo, may be verified! 

f * I -g r -f3 r }du a r fi r , A* + 2Bz+C ) 

^ 2 + tr=l z-Vr 1 dz \r=i(z-a r y ft ( Z - a r ) * 

r=1 

where A is such thatj and p* are the roots of 

/jl z + fi- 2 (a r + fir) — si 4* 2 a r fi r + A = 0, 

(r=l J r=1 

and B , C are constants. 


The remarkable theorem has been proved by Klein§ and Bocher|| that 
all the linear differential equations which occur in certain branches of 
Mathematical Physics are confluent forms of the special equation of this 
type in which the difference of the two exponents at each singularity is i; 
a brief investigation of these forms will now be given. 


If we put fi r = (r = 1, 2, 3, 4) and write f in place of z, the last 

written eouation becomes 


d?u i-2cc r \ du * ar(«r + i) A? + 2B£ + C 

dl? (r=l d£ ,r=l (f*“ a rY A « \ 


n (r-a r ) 

r =1 


u = 0, 


* Some elementary investigations are given in Forsyth’s Differential Equations (1914). 
Complete investigations are given in his Theory of Differential Equations , iv. (1902). 

■f* The coefficients of and u mast be rational or they would have an essential singularity 

at some point; the denominators of p (z), q(z) must be EE^ {z - a r ), II [z-a r ) 2 respectively; 

putting p(z) and q{z) into partial fractions and remembering that p (z) = 0(z~ 1 ) i q(z) = 0(z~ 2 ) 
as [ z | ®, we obtain the required result without difficulty. ^ ^ 

+ It will be observed that m, /u 2 are connected by the relation M 1 +M 2 + 2 (a r +^ r )=3. 

§ Ueber lineare Differentialgleichungen der zweiter Ordnuiig (1894), p. 40; see also Vorlesung 
iiber LanU’tchen Funktionen. 

|| TJeber die Reihenentwichelungen der Potentialtheorie (1894), p. 193. 
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where (on account of the condition ^ — /ii = i) 

A = ( 2 Or) - 2 a, 2 -§ 2 Or + tV- 

V=1 / r=l r=l 

This differential equation is called the generalised Lami equation . 

It is evident, on writing a l — a 2 throughout the equation, that the 
confluence of the two singularities a lf a 2 yields a singularity at which the 
exponents a, ft are given by the equations 

a + ft — 2 (a x + 02 ), a/3 = a x (a t 4- £) 4- a 2 (a 2 4- J) 4- D, 
where * D = (Aa? 4- 2 Ba l 4* C)J[(ot — a 3 ) (a x — a 4 )}. 

Therefore the exponent-difference at the confluent singularity is not \ y 
bat it may have any assigned value by suitable choice of B and C. In like 
manner, by the confluence of three or more singularities, we can obtain 
one irregular singularity. 

By suitable confluences of the five singularities at our disposal, we can 
obtain six types of equations, which may be classified according to (a) the 
number of their singularities with exponent-difference (6) the number of 
their other regular singularities, (c) the number of their irregular singu¬ 
larities, by means of the following scheme, which is easily seen to be 
exhaustive*: 



(<*) 

(6) 

(*) 


(I) 

3 

1 

0 

Lame 

(II) 

2 

0 

1 

M&thieu 

(III) 

1 

2 

0 

Legefidre 

(IV) 

(V) 

0 

1 

1 

Bessel 

1 

0 

1 

Weber, Hermite 

(VI) 

0 

0 

1 

Stokes t 


These equations are usually known by the names of the mathematicians 
in the last column. Speaking generally, the later an equation comes in 
this scheme, the more simple are the properties of its solution. The 
solutions of (II)-(VI) are discussed in Chapters xv-xix of this work, andj 
of (I) in Chapter xxm. The derivation of the standard forms of the equations 
from the generalised Lamd equation is indicated by the following examples: 

* For instance the arrangement (a) 3, (b) 0, (c) 1 is inadmissible as it would necessitate star 
initial singularities. 

f The equation of this type was considered by Stokes in his researches on Diffraction, 
Camb. Phil, Trans, ix. (1856), pp. 168-182; it is, however, easily transformed into a particular 
case of Bessel’s equation (example 6, below). 

t For properties of equations of type (I), see the works of Klein and Forsyth cited at the 
end of this chapter; also Todhunter, The Functions of Laplace , Lame and Bessel (1875). 
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Example 1. Obtain Lamp’s equation 

, f l i 1 * {?i(»+l)f+A}« „ 

4P + Uff=^ar- 7 T^) ’ 

r=l 

(where h and n are constants) by taking 

a i* a 2* sa 3 == o4=0, 85=?i (w+1) a 4 , 4C=ha i , 

and making a 4 -*-oo. 

Example 2. Obtain the equation 




^ I /i I i \ (a—16g+32gf)tt 

V Irf-lM 4f(f-l) 


(where a and q are constants) by taking ^ = 0, a^ = l, and making a 3 =a 4 -*-ao. Derive 
Mathieu’s equation (§ 19*1) 

dhi 

-r^+(a+\6qcos 2s)tt=0 

by the substitution f=cos 2 z. 

Example 3. Obtain the equation 


by taking 


+ 1? + FiJ ^ +i -Fi/ C(f-Ij =0 ’ 


d? 


Q-X — CH — lj a 3 —fl 4 —0, a 1 = a 2 *=a 3 = 0, a 4 = ^. 

Derive Legendre’s equation (§§ 15*13, 15*5) 
by the substitution f=z~ 2 . 

Example 4. By taking « 1 ==a 2 =0, Ql =a 2 =a 3 =a 4 =0, and making %=<z 4 -*-ao, obtain 
the equation 

Derive Bessel’s equation (§17*11) 

z ^ +z * +(z n) ““° 

by the substitution f=z 3 . 

Example 5. By taking ^=0, a 1 = a 2 =a 3 =a 4 = 0, and making a. 2 =a 3 =a 4 -*~oo, obtain 
the equation 

( ^+i ^+i (»+£-&) 


Derive Weber’s equation (§ 16*5) 

d % u 
d ? 


rl%i 


by the substitution £=s 2 . 

Example 6. By taking <^=0, and making a r -*- qo (r=l, 2, 3, 4), obtain the equation 


By taking 
shew that 


+ ^i) «—0- 

«-(*.£+<*)** BJ+C^Brf*, 
adh) , dv t 9 A 

z &* +z S +(z * )l,=a 
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Example 7. Shew that the general form of the generalised Lamd equation is un¬ 
altered (i) by any homographic change of independent variable such that oo is a singular 
point of the transformed equation, (ii) by any change of dependent variable of the type 
u~(z-a r ) K v. 

Example 8. Deduce from example 7 that the various confluent forms of the 
generalised Larnd equation may always be reduced to the forms given in examples 1-6. 

[Note that a suitable homographic change of variable will transform any three distinct 
points into the points 0,1, oo.} 


10*7. j Linear differential equations with three singularities . 


Let 


d?u , K du , . 


'dz 


have three, and only three singularities *, a, b, c; let these points be regular 
points, the exponents thereat being a, a'; ft; 7, y\ 

Then p (z) is a rational function with simple poles at a, 6 , c, its residues at 
these poles being 1 - a - a', 1 1 - 7 - 7 '; and as s 00 , p (z) - 2z~* 

is 0 (sT*). Therefore 


P(*) = 


l-u-g' 
z — a z—b 


1 - 7 - 7 ' 
z — c 


andf a + a' + / 8 +£' + 7 + 7 = 1 . 

In a similar manner 



and hence the differential equation is 


X (z — a) (z — b) (z — c)’ 


_j_ ( 1 — ft/ , 1 — ft , 1 — 7 — 7 0 du 

dz * \ z — a z — b z — c J dz 

-f | gq/ ( a — — <0 . (b — c)(b- a) 77 '(c — a)(c — 6 ) ) 

( s-6 s-c J 


X (z-a){z-b)(z-c) 

This equation was first given by PapperitzJ. 

To express the fact that u satisfies an equation of this type (which will be 
called Riemann’s P-equation), Riemann§ wrote 

( a b c 

a J3 y z 

*' ff 7' 

The point at infinity is to b® an ordinary point, 
f This relation must be satisfied by the exponents. 

Z Math, Ann, xxv. (1885), p. 213. 

• Ab *‘J- k - Ges - d - Fi “- *» OBttingen, tii. (1857). It will be seen from this memoir that, 
althongh Biemann did not apparently constrnot the equation, he must have inferred its existence 
from the bypergeometric equation. 
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The singular points of the equation are placed in the first row with the 
corresponding exponents directly beneath them, and the independent variable 
is placed in the fourth column. 

Example. Shew that the liypergeometric equation 

3(l-z) < ^+{c-(a+b+l)z}^-abu=0 
is defined by the scheme 

r o oo i i 
jP-J 0 a 0 

U-c b e-a-b ) 


10-71. Transformations of Riemann’s P-equation. 

The two transformations which are typified by the equations 




(a b 
(II) P\a 0 


c 

7 

/ 

7 


a b c 

z\ = Pla+k k — l y + J 
[a' + k ff-k-l y'+l 


c 
7 

a' ft 7 ' 



(where z 19 Oj, b lt Cx are derived from z, a, 6 , c by the same homographic 
transformation) are of great importance. They may be derived by direct 
transformation of the differential equation of Papperitz and Riemann by 
suitable changes in the dependent and independent variables respectively; 
but the truth of the results of the transformations may be seen intuitively 
when we consider that Riemann’s P-equation is determined uniquely by a 
knowledge of the three singularities and their exponents, and (I) that if 


( a b c ) 
a £ 7 zi, 

«' ff 7 J 

then Ui — f-—gj (—" 7 J u satisfies a differential equation of the second 

order with the same three singular points and exponents <x + k, a +k; 
/3 — k — l,/3' — k — l; y+l f y+l; and that the sum of the exponents is 1. 


Also (II) if we write z = , the equation in z x is a linear equation 

of the second order with singularities at the points derived from a, 6 , c by this 
homographic transformation, and exponents a, a ; ft ft; 7 , y thereat. 
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10‘72. The connexion of Riemann’s P-equation with the hypergeometric 
equation. 

By means of the results of § 10*71 it follows that 

(shs)’4° 

la-a 0+a + y 



"fc?) GdX p ,° ^ +a+7 

(a-a /S'-fa+ 7 



where 


x = 


(z — a) (c — b) 


(z — 6) (c — a)' 

Hence, by § 10*7 example, the solution of Riemann’s P-equation can 
always be obtained in terms of the solution of the hypergeometric equation 

whose elements a, 6, c, x are a -f 0 + 7, a + 0 + 7 , 1 + a-a, 7 ^— 

(z — 0 ) (c — a) 

respectively. 

10*8. Linear differential equations with two singularities . 

If, in § 10*7, we make the point c an ordinary point, we must have 

, , A , A j aa'(a-6)(a-c) , 00 (b — c) (b - a) x r 

1 - 7 - 7 = 0 , 77=0 and —^-—-+—- ~ -- must be 

z — a z — 0 

divisible by z — c, in order that p (z) and q (z) may be analytic at c. 

Hence a-fa +0 + 0 = 0 , aa = 00, and the equation is 
d 2 u f 1 — g — a' 1-f gf gO du ad (a — Vfu 

dz* { z—a * z — b ) dz+(z—ay(z-by~ * 

of which the solution is 

that is to say, the solution involves elementary functions only. 

When a = a', the solution is 
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Miscellaneous Examples. 

1. Shew that two solutions of the equation 

d*u . 

^p+*M=° 

are z— 1 fez i +1 - and investigate the region of convergence of these series. 

2. Obtain integrals of the equation 


d*u 1 


regular near z—0, in the form 


“* zi { 1 + 16 + 1024 + —}’ 


8 =«ilogz-jg + .... 


3. Shew that the equation 


has the solutions 


2n+l 4ra 2 +4n+3 

i-- 4 —*+—_— 

2n+1 4w»+4w+7 

12 + 480 

and that these series converge for all values of z. 

4. Shew that the equation 

<*»■(« Q 
^ 2+ tr«l J^ + ’ 

where 

2 (a r +j9 r )=7i-2, 2 2> r =0, 2 (a,.^+ 0 ,^= 0 , 2 (a r 2 i) r 4-2a r a r /3 r )=0 ) 

r=l r=l r=l r=l 

is the most general equation for which all points (including oo), except a u a^, ... a*, are 
ordinary points, and the points a r are regular points with exponents ctj., ft. respectively. 

(Klein.) 

5. Shew that, if j3-by+/3'+y then 


(Riemann.) 


(0 oo 

i } 

f-i 

00 

1 ] 

i>]0 0 

y *4=i>- 

y 

2/3 

y *r 

li ff 

y' J 

l y' 

2^ 

y' J 


[The differential equation in each case is 


d*u 2z (1 — y— 
dz* + 




6. Shew that, if y+y'*=£ and if a>, co 2 are the complex cube roots of unity, then 


'0 « i | r 

>Jo 0 y A=rl 

i y J l 


(0 ao 1 
0 y 

4 y 

[The differential equation in each case is 

d 2 u t 2z 2 du , 9yy 'zu _ , 


1 « <o 2 1 

y y y z \ 

y i i J 


(Riemann.) 
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7. Shew that the equation 
is defined by the scheme 


(l-z^^-(2a + l)z~£+n(n+2a)u—0 


(i * - 1 } 

■! o -n o zV, 

ij-a n + 2ct £-a J 


and that the equation 
may be obtained from it by taking a —1 and changing the independent variable. 


(i + f»)*^+»(»+2)«- 0 


8. Discuss the solutions of the equation 

dhc , * du f l \ 

2 ^ + (*+1+™)^ + (n+l+-mj u=0 

valid near z—0 and those valid near z— qo . 

9. Discuss the solutions of the equation 

dht , 2u du A du - , . 

valid near z=0 and those valid near z= co . 

Consider the following special cases : 

(i) (ii) >i=i, (iii) /*+*=3. 

10. Prove that the equation 

* a " 2) S + i (i_2j:) S +(a * +6) “ ==o 


(Halm.) 


(Cunningham.) 


(Curzon.) 


has two particular integrals the product of which is a single-valued transcendental 
function. Under what circumstances are these two particular integrals coincident? 
If their product be F(z\ prove that the particular integrals are 

«„ (,)}*. exp > 

where C is a determinate constant. (Lindemann ; see § 19*5.) 

11. Prove that the general linear differential equation of the third order, whose 
singularities are 0, 1 , co , which has all its integrals regular near each singularity (the 
exponents at each singularity being 1,1, — 1), is 

d*u (2 2 1 dht (1 3 11 du 

d£*\z + z- lj dz 2 ~ V~z(s-l) + (s-l) 2 J dz 

, fl 3 cos 2 a 3 sin 2 a 1 ) 

+ (P “ sf(t - 1) “* *(*- l) 2 + (TTIpJ t *~ 0 ’ 

where a may have any constant value. 


(Math. Trip. 1912.) 



CHAPTER XI 


INTEGRAL EQUATIONS 

11 * 1 . Definition of an integral equation. 

An integral equation is one which involves an unknown function under 
the sign of integration; and the process of determining the unknown function 
is called solving the equation*. 

The introduction of integral equations into analysis is due to Laplace 
(1782) who considered the equations 

/(*) = Je 3 *<f>(t)dt, g(x) — jtf ^ 1 <f>(t)dt 

(where in each case <f> represents the unknown function), in connexion with 
the solution of differential equations. The first integral equation of which 
a solution was obtained, was Fourier’s equation 

/O) =f a cos (xt) <f> (t) dt 3 
of which, in certain circumstances, a solution isf 

<f> (x) = - / cos (ux) f(u) du , 

7Tj 0 

f(x) being an even function of x, since cos {xt) is an even function. 

Later, AbelJ was led to an integral equation in connexion with a mechanical 
problem and obtained two solutions of it; after this, Liouville investigated an 
integral equation which arose in the course of his researches on differential 
equations and discovered an important method for solving integral equations §, 
which will be discussed in § 11*4. 

In recent years, the subject of integral equations has become of some 
importance in various branches of Mathematics; such equations (in physical 
problems) frequently involve repeated integrals and the investigation of them 
naturally presents greater difficulties than do those elementary equations 
which will be treated in this chapter. 

To render the analysis as easy as possible, we shall suppose throughout 
that the constants a, b and the variables x, y, f are real and further that 

* Except in the case of Fourier’s integral (§ 9*7) we practically always need continuous 
solutions of integral’ equations. 

t If this value of ^ be substituted in the equation we obtain a result which is, effectively, that 
of § 9*7. 

J Solution de quelques problemes a Vaide d'intigrales difinies (182S). See Oeuvres , i. pp. 11,97. 

§ The numerical computation of solutions of integral equations has been investigated by 
Whittaker, Proc. Roy . Soc. xciv. (A), (1918), pp. 367-383. 
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a^x, y, also that the given function* K (x, y), which occurs under the 

integral sign in the majority of equations considered, is a real function of 
x and y and either (i) it is a continuous function of both variables in the 
range (a^x^b, a^y^b), or (ii) it is a continuous function of both variables 
in the range and K(x,y) — 0 when y>x; in the latter case 

K(z, y) has its discontinuities regularly distributed, and in either case it is 

easily proved that, if f (y) is continuous when a ^ b, j f(y) K (x, y) dy is a 
continuous function of x when a ^x^b. 

11*11. An algebraical lemma. 

The algebraical result which will now be obtained is of great importance in Fredholm’s 
theory of integral equations. 

Let (*i, y x , 2 *), (* 2 , y 2 , * 2 ), (* 3 > * 3 ) be three points at unit distance from the origin. 

The greatest (numerical) value of the volume of the parallelepiped, of which the lines 
joining the origin to these points are conterminous edges, is 4*1, the edges then being 
perpendicular. Therefore, if ar r 2 +y r 2 +^ 3ss =l (r-1, 2, 3), the upper and lower bounds of 
the determinant 

*2 y 2 *2 

H 

are ±1. 

A lemma due to Hadamardf generalises this result. 

Let <h.u a i 2 j • a in “A 

«21, ■ «2n 


°n27 *** a iwi 


where a^ is real and 2 a 2 **.*! (m=l, 2, ... n ); let A mr be the cofactor of a mr in D and 

r=l 


let A be the determinant whose elements are A mr , so that, by a well-known theorem J, 

A=D*~ 1 . 


Since D is a continuous function of its elements, and is obviously bounded, the 
ordinary theory of maxima and minima is applicable, and if we consider variations in 

* dD 

a lr (r= 1, 2,... n) only, D is stationary for such variations if 2 5 — da lr =0, where da lr ,... 

r=l v<Hr 
n 

are variations subject to the sole condition 2 a lr 5a lr =0; therefore § 

r=l 

"0Oi r " 
n 

but 2 ai r d lr —D> and soX2a 2 lr =Z>; therefore j4 lr =Z)a lr . 

r -1 


* Bdcher in his important work on integral equations ( Camb. Math. Tracts , No. 10), always 
considers the more general case in which K (x, y) has discontinuities regularly distributed , 
i.e. the discontinuities are of the nature described in Chapter iv, example 11. The reader will 
see from that example that the results of this chapter can almost all be generalised in this 
way. To make this chapter more simple we shall not consider such generalisations. 

+ Bulletin des Sci. Math. (2), xvn. (1893), p. 240. 

X Burnside and Panton, Theory of Equations , n. p. 40. 

§ By the ordinary theory of undetermined multipliers. 
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Considering variations in the other elements of D y we see that D is stationary for 
variations in all elements when (m=l, 2,... n ; r= 1, 2,... n). Consequently 

A=D a . Z>, and so D n+1 =D*~ 1 . Hence the maximum and minimum values of D are ±1. 

Corollary. If a mr be real and subject only to the condition [ | < M y since 

I {a mr /(ni M)Y « 1, 
r=l 

we easily see that the maximum value of | D [ is M) H =n^ n M n . 


11*2. Fredholms* equation and its tentative solution. 

An important integral equation of a general type is 

<f>(x)=f(x)+\[ b K(x,Z)<l>(Z)dZ, 

J a 

where f(x) is a given continuous function, X is a parameter (in general 
complex) and K (x, %) is subject to the conditions*)* laid down in § 11*1. 
K (x, £) is called the nucleus J of the equation. 

This integral equation is known as Fredholms equation or the integral 
equation of the second hind (see § 11*3). It was observed by Volterra that an 
equation of this type could be regarded as a limiting form of a system 
of linear equations. Fredholm’s investigation involved the tentative carrying 
out of a similar limiting process, and justifying it by the reasoning given 
below in § 11*21. Hilbert ( Gottinger Nach. 1904, pp. 49-91) justified the 
limiting process directly. 

We now proceed to write down the system of linear equations in question, 
and shall then investigate Fredholm’s method of justifying the passage to 
the limit. 

The integral equation is the limiting form (when of the equation 

(a?; =/(ar) + X 2 K (x, x Q ) $ {x Q ) 8, 

q=l 

where x g -x q _i=d, j; 0 =a, x n —b. 

Since this equation is to be true when a ^ x ^ 6, it is true when x takes the values 
x», ... x n ; and so 

— 2 K (x pi x q ) <p (#g) +0 = f( x p) (jp—1, 2, ... ?i). 

«=i 

* Fredholm’s first paper on the subject appeared in the Ofversigt af K. Vetenskaps-Akad. 
Forhandlingar (Stockholm), lvii. (1900), pp. 39-46. His researches are also given in Acta Math. 
xxvii. (1903), pp. 365-390. 

t The reader will observe that if K (*, £) = 0 (£>£)» the equation may be written 

<t >(*) =/(i) +\( X K(x, |) <f> (?) d£. 

This is called an equation with variable upper limit. 

J Another term is kernel; French noyau , German Kem. 
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This system of equations for (x p \ (p= 1, 2, ... n) has a unique solution if the 
determinant formed by the coefficients of (x p ) does not vanish. This determinant is 


2>*(X) = 


1 -\&K(x l7 x t ) -X8AT (x t9 x 2 ) ••• —XAAT (x l7 x n ) 

“XJjST (x2^ X\) 1 ~ X8JT (^2i ^ 2 ) “X8A (a?2? ^n) 

•X8iT(^n> ^* 1 ) XdA (ar^, # 2 ) *** 1 XAAT(a? n , # n ) 

X 2 * 62 1 ^ (Fp* ^p) & (*^P> A '$) 


p=l 2lp t q*i K (X Q7 Xjy) K. (Xq , Xq) 


\3 * 

-T! 2 33 

0 * P><I,r=l 


K (Xpy Xp) K (Xp , J7 ff ) K (tCpy x r ) 
A (#0, #;>) AT (#$, Xq) K (Xqy Xj.) 
K (x r , x p ) K (x r , x q ) K ix T , x r ) 


+ ... 


on expanding* in powers of X. 

Making n~^co , and writing the summations as integrations, we are thus led to 
consider the series 

zhx>-i-x/>,,«,)*,+£/; /;11||;« 

Further, if D n (a>» ar„) is the cofactor of the term in D n (X) which involves AT (#„, a: M ), 
the solution of the system of linear equations is 

a. x /(*0 D * (**» *i)+/te) A* (**» * 2 ) +... +/(**) A) n (x U7 x n ) 

*(*„>—--—--A^x) 

Now it is easily seen that the appropriate limiting form to be considered in association 
with 7)* (a* M , -r M ) is J)(\) ; also that, if ^4= v 7 


At (&11 » — X 5 


AT(ar M , .r„)-Xa 2 


p=-i 


AT(a^, ar„) A^ar^, a?p) 
K (Xp , ar,,) K {x P7 x p ) 


s 

L • p, 5=1 


K^Xpy Xp) K. (x^y Xp) K. (Xp f Xq) 

^ (ar p , Xp) K (Xp , a?p) A (a7p, a^) 

A” (xq , ar„) A" (ar 5 , x p ) K (x q , x q ) 


So that the limiting form for d -1 D (a? M , a?„) to be considered t is 


D (.r M , x v ; X)=XA (ay, ay) -X 2 J 


6 I X (. x m x v) K(. x in £l) 


<*£i 


^ f b n & ( x n.i x v) & (pin a) & ( x ni &) 
2! -/“•'* *(&.*») JT(| 15 |i) JT(6,6) 

A (6,^) Z(6,fc) 

Consequently we are led to consider the possibility of the equation 

<t> (*)-/<*>+j^ £; X)/d) df 

giving the solution of the integral equation. 


1 2 — — 


* The factorials appear because each determinant of 3 rows and columns occurs s I times as 
p, g, ... take aZZ the values 1, 2, ... n, whereas it appears only once in the original determinant 
for D n (X). 

t The law of formation of successive terms is obvious from those written down. 
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Example 1. Shew that, in the case of the equation 
<j>(x)=x+\ 

we have 

D (X) = l - JX, D (x, y ; \)**\xy 

and a solution is 



*(*)- 


Zx 

3-X 


Example 2. Shew that, in the case of the equation 

<j>(x)=x+\ j^(xy+y 2 )<l>(y)dy> 

we have 

2)(X)=1-$X-^X*, 

D (*» y ; X)=X (xy +y 2 ) +X 2 (Jay 2 -J-ay-Jy 2 +iy), 
and obtain a solution of the equation. 


11 * 21 . Investigation of Fredholms solution . 


So far the construction of the solution has been purely tentative; we now 
start ah initio and verify that we actually do get a solution of the equation; 
to do this we consider the two functions D (A), D(x, y \ X) arrived at in § 11*2. 


We write the series, by which D (X) was defined in § 11*2, in the form 
1+2 so that 

*=i »! 


*.(-).(• r.-.r * ( ^ 2) 

J-J. Jm K (ft. ft) *(£„&) 


*(&. ?») 


d£idlj 2 ... df,,; 


since if (a?, y) is continuous and therefore bounded, we have [if (#, y) | < if, 
where if is independent of x and y; since if (a, y) is real, we may employ 
Hadamard’s lemma (§ 11*11) and we see at once that 


|On| < n^ n M n .(b — a) n . 


Write ?i^ w if n (6 — a) w = w! b n ; then 


iv 


lim (UW= lim( -^^ 


/ 1> 

since 1 + - 

V ft, 


* e. 



The series 2 b n \ n is therefore absolutely convergent for all values of X; 

*~i 

CO q 

and so (§ 2*34) the series 1+2 ^ converges for all values of X and there¬ 

fore (§ 5*64) represents an integral function of X. 


Now write the series for D(x> y; X) in the form 2 

*=o 


?/)^ n+I 
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Then, by Hadamard's lemma (§ ITU), 

j *>n-i (*, y) | < rfi l M n (b - o) n ~ \ 

”n(x, y) 1 

n\ 


and hence 


< c n , where c n is independent of x and y and 2 c n X n+1 is 


«=o 


absolutely convergent. 

Therefore D(x,y\ X) is an integral function of X and the series for 
D(x, y\ X)- \K (x, y) is a uniformly convergent (§ 3*34) series of continuous* 
functions of x and y when a^x ^6, a^y < i. 

Now pick out the coefficient of K ( x t y) in D (x , y ; X) ; and we get 


where 


D(x,y,\) = \D (X) K (*, y) + I (-)»X»* , 

n=l “■ * 


Q (x u)=[ 6 f 6 [* ^( X * ^i)’ ^ > ?!»)> • • • (® > £») 

’ • a J a “J a R (£, y), Z (fc f £), Z <&. &),... JT <fc, &) 




Expanding in minors of the first column, we get Q n (x, y) equal to the 
integral of the sum of n determinants; writing &, f 2 , ••• fm-i, £ £n> • •• f»-i 
in place of £, £ 2 , ... f n in the mth of them, we see that the integrals of all 
the determinants f are equal and so 

*b fA rA 


where 


Q»(*,y) = -”j n J a 

... K(ly)P n dW 1 ...d£ a _ 1) 

J a 

P» = 

K (*> £)> 

K i x > &)> 

.. K (x, ^n_i) 




•• JT(&. few) 


K(M»- i.O. 

&). .. 



It follows at once that 

D (x, y:\) = \D (X) K (x, y) + X f* D (», f; X) y) df. 

J a 

Now take the equation 

<HZ)=fm + *j b K(£,y)<l>(y)dy, 

J a 


multiply by D (x, f; X) and integrate, and we get 

Cf(&D(x,f;\)df 

J a 

= f $ (£) -D (*, f ; X) df - X [ f D(x,%\\)K (f, y) <£ (y) dyd%, 

J a J a J a 

the integrations in the repeated integral being in either order. 


* It is easy to verify that every term (except possibly the first) of the series for D (x, y; X) 
is a continuous function under either hypothesis (i) or hypothesis (ii) of § 11*1. 
f The order of integration is immaterial (§ 4*3). 
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That is to say 
ff(S)D(x,?;\)d£ 

J a 

=J%(©2)(«, f*{D(x, r ,\)-\D(\)K(x, y)}<f>(y)dy 

= XZ)(\) f K (x, y) 4> (y) dy 

J a 

= L(X){<f>(x)-f(x)}, 
in virtue of the given equation. 

Therefore if D (X) 0 and if Fredholm’s equation has a solution it can be 

none other than 

<f> (•) -/(•) + j/(B <*£; 

and, by actual substitution of this value of <£(#) in the integral equation, 
we see that it actually is a solution. 

This is, therefore, the unique continuous solution of the equation if 
D (X) 0. 

Corollary. If we put /(#) s 0, the 4 homogeneous * equation 

has no continuous solution except <f> (x)=0 unless D (X) =0. 

Example 1. By expanding the determinant involved in $ n ( y ) in minors of its first 
row, shew that 

D(x,y; X)-X2>(A)JT(*y)+X [* £(*, () D(& y ; X)dg. 

a 

Example 2. By using the formulae 

Z>(*)=1+ 1 2>(*,y; X)=X2>(X)£>, y)+ I (-)* — 

*=1 71 • n*i n ■ 

shewthat J 2)(£, f; X)c?g= -X 

Example 3. If jfiTfo y)=l (y^x\ JT(.r, y)=0 (y > x\ 
shew that /> (X) = exp {- (b - «) XJ. 

Example 4. Shew that, if K(x, y)=f\ (x) -fi (y), and if 

jA, 

then 

D (X)«1 - AX, D(x,y; X)=X/, (x)f, (y), 
and the solution of the corresponding integral equation is 

<#>(*)=/(*)+//(©/*©«*f. 




218 THE PROCESSES OF ANALYSIS [CHAP. XI 

Example 5. Shew that, if 

K (*, y) =/i (*) 9i (y) +fi {*) ffi (y), 

then D (X) and E(x,y; X) are quadratic in X; and, more generally, if 

K{x,y)*= 2 f n {x)g m (y), 

m=l 

then D (X) and D (x, y, X) are polynomials of degree n in X. 

11*22. Volterra’s reciprocal functions . 

Two functions K (x 3 y\ k (x } y ; \) are said to be reciprocal if they are 
bounded in the ranges a ^ x, y ^ b } if any discontinuities they may have are 
regularly distributed (§ 11*1, footnote), and if 

K(x, y) + k(x, y;X) = \ f k(x, %; A) K (ff, y)dfj. 

J a 

We observe that, since the right-hand side is continuous* the sum of two reciprocal 
functions is continuous. 

Also, a function K (x, y) can only have one reciprocal if D (X) ± 0; for if there were two, 
their difference Jc x {x y y) would be a continuous solution of the homogeneous equation 

*1 (x,y; X)=x j* k x (x, (;\)E ((, y) d(, 

(where x is to be regarded as a parameter), and by § 11*21 corollary, the only continuous 
solution of this equation is zero. 

By the use of reciprocal functions,^ Volterra has obtained an elegant 
reciprocal relation between pairs of equations of Fredholm’s type. 

We first observe, from the relation 

I){x > y = K(x, y) + \J D(x, f ;X) JT(f, 

proved in § 11*21, that the value of k (x, y\ \) is 

— Z) (or, y; X)/{XZ> (X)}, 
and from § 11*21 example 1, the equation 

k(x> y;\) + IT(x, y) = \ [ K(x, ?)A (fc y; X) d% 

J a 

is evidently true. 

Then, if we take the integral equation 

<f> 0*0 =/(*) + X f K ( x , £) <f> (f) 

J a 

when a%x^b, we have, on multiplying the equation 

t (?) =/(?)+* f Kit t)4> (?.)<*£ 

J a 


By example 11 at the end of Chapter iv. 
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by k(x, f; X) and integrating, 

J a 

= f 6 k(x,?;X)/(g)df + x[ i [ t k(x, S ;X) K& ft) <f> (ft) dftdft 
J a J a J a 

Reversing the order of integration* in the repeated integral and making 
use of the relation defining reciprocal functions, we get 

f b k(x,Z:\)<f>(£)dZ 

J a 

= f*ft(«, f ;X)/(0d? + ( b {K(x, ft)+fc(«, ft; x)} <f> (ft) dft, 

J a J a 

and ao X f k (x, f; X)/(f) df = - X P * K (x, ft) <f> (ft) dft 

J a J a 

— — <f>(x) +f (x). 

Hence /(*) = <f>(x) + \j' k (x, £; X)/(ft> df; 

similarly, from this equation we can derive the equation 

* <«) -/(•) + X f?) <f> (g) dft 

J a 

so that either of these equations with reciprocal nuclei may be regarded as 
the solution of the other. 


11‘23. Homogeneous integral equations. 

rb 

The equation <f> (x) = X I K ( x , f) (f) df is called a homogeneous integral 

Jo 

equation. We have seen (§ 11*21 corollary) that the only continuous solution 
of the homogeneous equation, when D (X) 4= 0, is <#> (x) = 0. 

The roots of the equation D (X) = 0 are therefore of considerable 
importance in the theory of the integral equation. They are called the 
characteristic numbers f of the nucleus. 

It will now be shewn that, when D (X) = 0, a solution which is not 
identically zero can be obtained. 

LetJ X « X 0 be a root m times repeated of the equation D (X) = 0. 

Since D (X) is an integral function, we may expand it into the convergent 
series 

D (X) = c m (X — X 0 ) 

m + c m+ 1 (X -Xo) m +> + ... (m > 0, c,„ + 0). 

* The reader will have no difficulty in extending the result of § 4*3 to the integral under 
consideration. 

f French valeurs caracteristiquet, German Eigenwerthe. 

J It wiU be proved in § 11 *51 that, if K (j:, y) s K ( y t x), the equation J> (X) =0 has at least one 
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Similarly, since D (x, y: A) is an integral function of A, there exists 
a Taylor series of the form 


2>(*, y;A) (A-A,y + (X- X.)** 1 + - (J>0,y*£0); 


by § 3*34 it is easily verified that the series defining g n (x, y), (n = l, l +1,...) 
converges absolutely and uniformly when a^x^b, a ^y ^b, and thence that 
the series for D(x, y; X) converges absolutely and uniformly in the same 
domain of values of x and y. 


But, by § 11*21 example 2, 


now the right-hand side has a zero of order m — 1 at \q, while the left-hand 
side has a zero of order at least l, and so we have m —1^1. 


Substituting the series just given for D (X) and D (x, y \ X) in the result of 
§11*21 example 1, viz. 

D{x, y; X) = \D (X) K (Xy y) + \[ K(x, £) Z)(£y;X)df, 

J a 

dividing by (A — Ao)* and making A A,, we get 

9i O. y) = \ [ K (*> %) gi (£ y) df 

J a 

Hence if y have any constant value, gi (x } y) satisfies the homogeneous 
integral equation, and any linear combination of such solutions, obtained by 
giving y various values, is a solution. 

Corollary. The equation 

4> (*)=■/(*)+A> f* £(.*, & <t> (& <*£ 

has no solution or an infinite number. For, if <fi (x) is a solution, so is (x)+'2c v g i (x\ y), 

v 

where c 9 may be any function of y. 

Example 1. Shew that solutions of 

$ (*) - A J' ^ cos- (x -1) 0 (f) d$ 

are <£ (r)=cos (n-2r) x, and <j> (x)=$m(n-2r)x; where r assumes all positive integral 
values (zero included) not exceeding -in. 

Example 2. Shew that 

* cos w (#+£)<£(£)df 

has the same solutions as those given in example 1, and shew that the corresponding 
values of X give all the roots of D (X) =0. 
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11*3. Integral equations of the first and second kinds. 

Fredholm's equation is sometimes called an integral equation of the second 
cind ; while the equation 

f(x)=\[ b K(x,£)<f>(Z)dZ 

J a 

s called the integral equation of the first kind . 

In the case when K (x, f) = 0 if f > x, we may write the equations of the 
irst and second kinds in the respective forms 

/(®) = \f K (x, f) 4> (£) d%, 

J a 

<fi (*) =/(*) + ^ \ X f) <f> (f) dt 

J a 

These are described as equations with variable upper limits . 

11*31. Volterra’s equation . 

The equation of the first kind with variable upper limit is frequently 
mown as Volterra’s equation. The problem of solving it has been reduced 
yy that writer to the solution of Fredholm's equation. 

Assuming that K ( x , £) is a continuous function of both variables when 
;^,we have 

J a 

The right-hand side has a differential coefficient (§ 4*2 example 1) if 

~ exists and is continuous, and so 
dx 

f (x) = XK {x, x)<f>(x) + xj^~<f> (f) df 

This is an equation of Fredholm's type. If we denote its solution by 
f> (x), we get on integrating from a to x, 

f{x)-f(a) = x\ X K(x,Z)<M)dl 

J a 

md so the solution of the Fredholm equation gives a solution of Volterra's 
squation if /(a) = 0. 

The solution of the equation of the first kind with constant upper limit 
san frequently be obtained in the form of a series*. 

11*4. The Liouville-Neumann method of successive substitutions 
A method of solving the equation 

<Hx)=f(x) + x[ b K(x,Z)4>(Z)dZ, 

J a 

vhich is of historical importance, is due to Liouville. 

* See example 7, p. 231; a solution valid under fewer restrictions is given by Bocher. 
t Journal de Math . n. (1837), in. (1838). K. Neumann’s investigations were later (1870) ; 
ee his Untersuchungen iiber das logarithmische und Newton'sche Potential, 



222 


THE PROCESSES OP ANALYSIS 


[CHAP. XI 

It consists in continually substituting the value of (f> (x) given by the 
right-hand side in the expression <fc (ft which occurs on the right-hand side. 

This procedure gives the series 

0(«)-/(«)+xJ* K{x, ft)J* .S'(ft, ft) 

... I* d£ m ...d& 

J a 

Since | K (x, y) | and | f(x) | are bounded, let their upper bounds be if, M ' 
Then the modulus of the general term of the series does not exceed 
| X | m M m M'(b-a) m . 

The series for S (x) therefore converges uniformly when 
jX|< M~ l (b — a)* 1 ; 

and, by actual substitution, it satisfies the integral equation* 

If K(x, y)—0 when y>x> we find by induction that the modulus of the general 
term in the series for S {x) does not exceed 

| X | m M m M’ {x - a) m l(m !) ^ | X | ,n M m M ' (b - a) m /m !, 

and so the series converges uniformly for all values of X ; and we infer that in this case 
Fredholm’s solution is an integral function of X. 

It is obvious from the form of the solution that when |X| < M~ l (b — a)" 1 , 
the reciprocal function k (x 9 £; X) may be written in the form 

*(* f ;X)— K(x, ft- i X ”*- 1 f K{X, ft) f Z(ft, ft) 
m=2 Ja Ja 

••• j ?) d£m—i dfw-2 ••• d£i> 

for with this definition of k{x, £; X), we see that 

S (m) -/(•) - X f* k (x, f; X)/(ft dft 

so that k(x, ft X) is a reciprocal function, and by § 1122 there is only one 
reciprocal function if D (X) + 0. 

Write 

K (*> ?) - to fi). f a K(x, ft) K n (ft, ft dft=-fiT n+1 (*, ft, 

and then we have 

-*(*$;*)-£ \ m K m+l to ft, 

m=0 

while f JT m (*, ft) JT n (ft, ftdft=if m+ , 4 (x, ft, 

j a 

as may be seen at once on writing each side as an (m + n — l)-tuple integral. 
The functions K m (x } g) are called iterated functions. 
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11*5. Symmetric nuclei. 

Let Ki (a?, y) s K x (y, x); then the nucleus K(x, y) is said to be symmetric. 
The iterated functions of such a nucleus are also symmetric, i.e. 
K n (x, y) = K n (y, x) for all values of n ; for, if K n (x y y) is symmetric, then 

K n+1 (x, y) = F KM © K n (l y) d£= F K, (fc *)#»(?> Qdf 

J a J a 

■ f K n (y, () K x (fc«) d£=(y, a), 

J a 

and the required result follows by induction. 

Also, none of the iterated functions are identically zero; for, if possible, let 
K p ( x y y) = 0; let n be chosen so that 2 n_1 < p ^ 2 n , and, since K P (x 3 y) = 0, it 
follows that K tn (x, y) = 0, from the recurrence formula. 

But then 0 = K, n (x, x) jST ! 1 „_ 1 (®, f) (£, x ) df 

r 

J a 

and so K&-i(x, f) = 0; continuing this argument, we find ultimately that 
JKi (x t y) = 0, and the integral equation is trivial. 


11*51. Schmidt's* theorem that , if the nucleus is symmetric , £/ie equation 
D (x) = 0 has at least one root . 

To prove this theorem, let 

^n = I K n (x y x) dx 3 
J a 

so that, when | X | < if -1 (6 — a)” 1 , we have, by § 11*21 example 2 and § 11*4, 


Now since 


1 dD (X) 
D (X) d\ 


= i u n h n ~ i . 

n=l 


[ [ {/*Z n+l O, f) 

J a J a 


+ Zn.! (#, f)} 2 df d# ^ 0 


for all real values of fi y we have 


y? C^an+a + 2/4 11^ + 2 ^ 

and SO Z7m+a ^—2 ^ £7"m 2 j ^2n —2 > 0. 

Therefore £7 2 , t7 4 , ... are all positive, and if TJ^jU^ — v, it follows, by in¬ 
duction from the inequality U m+2 ^ 2 n -2 ^ that U 2n + 2 IU 2n '^v n . 


00 


Therefore when | X* | ^ ir\ the terms of 2 f7 n X n_1 do not tend to zero; 

1 n=l 


and so, by § 5‘4, the function 


1 dD(\) 

D(X) dX 


has a singularity inside or on the 


* The proof given is due to Kneser, Palermo Rendiconti , xxii. (1906), p. 2S6. 
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circle |X| — but) since D(X) is an integral function, the only possible 
singularities of are zeros of D(X); therefore D (X) has a zero 

inside or on the circle IX| = v~ 


[Note. By §.11*21, D (X) is either an integral function or else a mere polynomial; in 
the latter case, it has a zero by § 6*31 example 1; the point of the theorem Is that in 
the former case D (X) cannot be such a function as e k *, which has no zeros.] 


11*6. Orthogonal functions . 

The real continuous functions fa (x), fa (x), ... are said to be orthogonal 
and normal* for the range (a, b) if 

L ** {x) ** (x) *** {= 1 (mi»).’ 

If we are given n real continuous linearly independent functions 
u 1 {x\u 2 {x\ ... u n (x), we can form n linear combinations of them which 
are orthogonal. 

For suppose we can construct m — 1 orthogonal functions fa, ... such 
that fa is a linear combination of u 2 , ... (where p = 1 , 2, ... m — 1); 
we shall now shew how to construct the function fa such that fa, fa ,... fa 
are all normal and orthogonal. 

Let x fa (x) = c 1>m fa (x) + c^ m fa (x) + ...+ c m ^ fa^ 1 (x) + %(4 
so that x fa is a function of u l9 ... Um. 


Then, multiplying by fa and integrating, 

J ifa(x) fa («) dx = c p>m +f u m (x) fa (x) dx (p< m). 


Hence 


if 


J ifa(&)fa(x)dx = 0 

Cp,m = - f u m (x)fa(x)dx; 
J a 


a function !fa(x), orthogonal to fa (x), fa (x ),... fa~i (x), is therefore con¬ 
structed. 

Now choose a so that a 3 / { x fa (a?)} 2 dx=l; 

J a 

and take <f> m (x) = a.^ m (x). 

rb 

Then 

We can thus obtain the functions fa, fa ,... in order. 




* They are said to be orthogonal if the first equation only is satisfied; the systematic study 
of such functions is due to Murphy, Comb. Phil. Tram, iv. (1833), pp. 353-408, and v. (1835), 
pp. 113-148, 315-394. 
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The members of a finite set of orthogonal functions are linearly inde¬ 
pendent. For, if 

(*) + « 2 (x) + ... + (x) 5 = 0 , 

we should get, on multiplying by and integrating, Op = 0; therefore all 
the coefficients Op vanish and the relation is nugatory. 

It is obvious that *r “ i cos mx i n “ 4 sin mx form a set of normal orthogonal functions 
for the range (- w, ir). 

Example 1. From the functions 1, x, x 1 , ... construct the following set of functions 
which are orthogonal (but not normal) for the range (-1, 1): 

I» x, aP — %x, ^ — .... 

Example 2. From the functions 1, x, ... construct a set of functions 

/•W/iW/fW... 

which are orthogonal (but not normal) for the range (a, b ); where 

/»(*) - {(* - «)* (* - w* 

[A similar investigation is given in § 15*14] 

11*61. The connexion of orthogonal functions with homogeneous integral 
equations. 

Consider the homogeneous equation 

4>{x) = \ t [ <f> (£) K (x, £)<£f, 

. a 

where X 0 is » real* characteristic number for K (x, f); we have already seen how 
solutions of it may be constructed; let ?? linearly independent solutions be taken 
and construct from them n orthogonal and normal functions <f>i, <fh> </>». 

Then, since the functions (f> m are orthogonal and normal, 

[T $ M)\**(*.*)MS)dt\'dy- 2 

■>« L» a l J m=l J a Ja J 

and it is easily seen that the expression on the right may be written in the 
form 

{£*(*«)*» (8 <*?}* 

on performing the integration with regard to y ; and this is the same as 

2 f K (x, y) $m(y)dy { K (x, £) <f>„ (f) d£. 
m—lJ a Ja 

Therefore, if we write K for K (x, y) and A for 

2 <j> m (y) C K(x,!)<t> m (?)dt, 

♦*=1 J a 

* It will be seen immediately that the characteristic numbers of a symmetric nucleus are all 
real. 
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we have 

and so 

Therefore 


and so 


j A?dy = J KAdy, 

I A 'dy « j* K*dy —f* (.K - A)* dy. 

P { 2 dy < P {K(x, y)}*dy, 

J a (j»=1 Ad ) J a 

V* 2 [<f>m («)}’ < f {A («, y)} 4 dy. 

**=*! J a 


Integrating, we get 


n « V [ [ [K (x, y))'dydx. 
J aJ a 


This formula gives an upper limit to the number, n, of orthogonal functions 
corresponding to any characteristic number X*,. 

These n orthogonal functions are called characteiistic functions (or auto - 
functions) corresponding to V 

Now let <j>® (x), <j) a) (x) be characteristic functions corresponding to 
different characteristic numbers 

Then <t>® (x) <f>u (x) = xj* K (x, f) <f>m ( x ) <f >« (£) d£, 
and so 

I" (x)<f>u (x)dx=X l j i J K(x, %) <j>® (x) <f>u {?)d£dx ...(1), 


and similarly 

P <f>® (x) (x)dx = \ P P K (x, £) ($) <f> a > (x) d(dx 

J a J a J a 

- \ r r r •) <f> m (*> ** (»• • -(2). 

J a J a 

on interchanging x and f. 

We infer from (1) and (2) that if Xj 4 s \> and if K (x, £) = JT (f, a?), 

J <f > w (a?) (a?) da? = 0, 

and so the functions ^ (a:), <£ a) (a?) are mutually orthogonal. 

If therefore the nucleus be symmetric and if, corresponding to each 
characteristic number, we construct the complete system of orthogonal 
functions, all the functions so obtained will be orthogonal. 

Further, if the nucleus be symmetric all the characteristic numbers are 
real ; for if X 0 , \ be conjugate complex roots and if* u Q (x) = v (x) + iw(x) be 


* v (x) and w (x) being real. 
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a solution for the characteristic number X«, then u 1 (x)—v(x)—tw(x) is 
a solution for the characteristic number A,; replacing (x), (x) in the 

equation 

J <f>*'(x)4>v(x)dx = 0 

by v (x) + ito (x), v ( x) — iw (x), (which is obviously permissible), we get 

f 6 O (*)}> + [w (a:)}*] dx= 0 , 

J a 

which implies v(x) = w (x) 5 0 , so that the integral equation has no solution 
except zero corresponding to the characteristic numbers Xo, X*; this is 
contrary to § 11*23; hence, if the nucleus be symmetric, the characteristic 
numbers are real 


11*7. The development * of a symmetric nucleus . 

Let fa(x), <f> z (x), faix), ... be a complete set of orthogonal functions 
satisfying the homogeneous integral equation with symmetric nucleus 

*<•)-* f *(«.»*«) 

J a 

the corresponding characteristic numbers beingf X x , X*, X s , .... 

Now supposel that the series I is uniformly convergent 

when a^x^b, u^y %b. Then it will be shewn that 
K(x,y)= 2 *S (*)£»&> . 

n=l *•» 

For consider the symmetric nucleus 

rr/ X rr/ a 5 <#>»(*) <My) 

H(x, y) = K(x, y) - 2 r - z~ -- 

w-1 A -n 

If this nucleus is not identically zero, it will possess (§ 11*51) at least one 
characteristic number /a. 

Let ^(x) be any solution of the equation 

yfr(x)=/i f H{x, i)yfr(^)d^, 

J a 

which does not vanish identically. 

Multiply by <f> n (x) and integrate and we get 

f Vr (x) 4> n (*) dx = n j** \ b \k(x,%)- 2 * (?) 4> n (x) dxdt, 

Ja Ja Ja v i»=l J 


* This investigation is due to Schmidt, the result to Hilbert. 

f These numbers are not all different if there is more thau one orthogonal function to each 
characteristic number. 

X The supposition is, of course, a matter for verification with any particular equation. 
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since the series converges uniformly, we may integrate term by term and get 

= 0 . 

Therefore ifr(x) is orthogonal to &(«), &(«),and so taking the 
equation 

*<•)-* £ |^(®, ©-£ 

we have (£)<4r- 

Therefore p is a characteristic number of -S’ (a?, y), and so ^ (a?) must be 
a linear combination of the (finite number of) functions <f> n (#) corresponding 
to this number; let 

f(x) = %a m <f> m (x). 

m 

Multiply by 4>m(z) and integrate; then since yfr(x) is orthogonal to all the 
functions <f> n (a?), we see that a** = 0, so, contrary to hypothesis, yfr (x) = 0. 

The contradiction implies that the nucleus H (a?, y) must be identically 
zero; that is to say, K (a?, y) can be expanded in the given series, if it is 
uniformly convergent. 

Example, Shew that, if Xo be a characteristic number, the equation 

4> ( x ) —f ( x ) +^o j & ( x > i) 4> (£) d( 

certainly has no solution when the nucleus is symmetric, unless f{x) is orthogonal to all 
the characteristic functions corresponding to Xo. 

11"71. The solution of Fredholm's equation by a series. 

Retaining the notation of § 11*7, consider the integral equation 

* («) -/(•)+*■£■*■ o> i) * dt 

where K (x, £) is symmetric. 

If we assume that $ (f) can be expanded into a uniformly convergent 
series 2 (f), we have 

*=i 

i a n <t>n (x) =f(x) + I A a n <f> n (x), 

n=A n» 1 A-n 

so that / (x) can be expanded in the series 


2 On 


*=1 


An — \ 

A» 


(*)• 


_ Henoe if 0* faction f{x) can be expanded into the convergent series 
lK^{x), then the series if it converges uni f wml y in 

the range (a, b), is the solution of Fredholm's equation. 
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To determine the coefficients b n we observe that 2 b n <f> n (a?) converges uni- 
formly by § 335*; then, multiplying by <f> n (x) and integrating, we get 

bn = f $« 

J a 

11*8. Solution of AbeTs integral equation. 

This equation is of the form 


sr 


di 


(0< / i<l, a ^ x ^ 5), 


where/' {x) is continuous and/(a)=0; we proceed to find a continuous solution u{x). 

Let tp (x)— J u (f) d£, and take the formula + 

f* dx _ 

'./ f 


sin fiir 


multiply by u (() and integrate, and we get, on using Dirichlet’s formula (§ 4*51 corollary), 


Sin fJLTT 




' f(x)dx 
(z—x) 1 -*' 

Since the original expression has a continuous derivate, so has the final one; therefore the 
continuous solution, if it exist , can be none other than 


u (z) = 


sin fin d 


[‘ f(*)dx . 


it dz J 

and it can be verified by substitution J that this function actually is a solution. 

11*81. SchlomilcKs § integral equation. 

Let f(x) have a continuous differential coefficient when - w < w. Then the equation 

/(#) = — P <j>(xainff)dB 
v J o 

has one solution with a continuous differential coefficient when — ir ^ w, namely 

<f> (j?)=/(0)+a? p f (x sin 6) d&. 

From § 4*2 it follows that 

/' (x) = — P sin 6c{)' (x sin B) dB 
ir J o 

(so that we have 0 (0)«/(0), <*>' (0(0)). 


* Since the numbers X* are all real we may arrange them in two sets, one negative the 
other positive, the members in each set being in order of magnitude; then, when j X» \ > X, it is 
evident that X*/(X*-\) is a monotonio sequence in the case of either set. 

t This follows from § 6*24 example 1, by writing (z - x)l(x - £) in place of x. 

X For the details we refer to Bdcher’s tract. 

S Zeitsckrifi ftlr Math . und Phys. n. (1857). The reader will easily see that this is reducible 
to a case of Volterra’s equation with a discontinuous nucleus. 
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Write xsin yfr for x, and we have on multiplying by x and integrating 

x f iW f' (* sin ^ sin $$' (xain B sin y/r) dS J- dyfr. 

Change the order of integration in the repeated integral (§ 4*3) and take a new variable x 
in place of yfr, defined by the equation sin x=sin 6 sin yfr. 

Then */V (*sin *) d+JZ f*{f* 

Changing the order of integration again (§ 4-51), 

and so x dyjt^x j** <f>' 0* sin x) cos x^X 

=<f>(x)-<l>(P). 

Since <j> (0)—/(0), we must have 

=*/(<>)+* J^fixarntydy/r; 

and it can be verified by substitution that this function actually is a solution. 
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Miscellaneous Examples. 

1. Shew that if the time of descent of a particle down a smooth curve to its lowest 
point is independent of the starting-point (the particle starting from rest) the curve is a 
cycloid. (Abel.) 

* Hie reader will find a more complete bibliography in this Report than it is possible to give 
here. 
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2. Shew that, if f(x) is continuous, the solution of 

<t>(x)~f(x)+\ f cos (2 x»)<j>(s)d» 

J o 

/(#)-fX f /(«) cos (2xs) ds 

♦«--- - 

Burning the legitimacy of a certain change of order of integration, 

3. Shew that the Weber-Hermite functions 




itisfy 

ir the characteristic values of X. 


«4<« <f> (*) dt 


(A. Milne.) 


4. Shew that even periodic solutions (with period 2n) of the differential equation 


~ + (a 2 +ir 2 cos 2 .r) (j?) = 0 


itisfy the integral equation 


# (a:)*=X^ ^co«*co«i ^ <&. (Whittaker; see § 19*21.) 

5. Shew that’the characteristic functions of the equation 

<t> (*)-* j w _ r l^*" 1 (*-y) s - 1 1 .*-y ij <#> (y) <*y 

re 4> (#) = cos ma?, sin mx, 

'here X«=m 2 and m is any integer. 

6. Shew that ({) 

as the discontinuous solution <p (x)—1c& ~ K (Bocher.) 

7. Shew that a solution of the integral equation with a symmetric nucleus 

i $>(*) = 2 

nssi 

•rovided that this series converges uniformly, where X*, <f> n (x) are the characteristic 

so 

Lumbers and functions of 'K ( 4 ?, £) and 2 a n <f> n ( x ) is the expansion of f(x). 

n=sl 


8. Shew that, if | h | < 1, the characteristic functions of the equation 

/_, 1-2A cos({-*)+A**^ 

re 1, cosma?, sin mx, the corresponding characteristic numbers being 1, 1/A m , 1 /A™, where 
i takes all positive integral values. 
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THE TRANSCENDENTAL FUNCTIONS 




CHAPTER XII 


THE GAMMA FUNCTION 

12*1. Definitions of the Gamma function. The Weierstrassian product. 

Historically, the Gamma-function* F (z) was first defined by Euler as the 
limit of a product; (§ 12 * 11 ) from which can be derived the infinite integral 

1 but in developing the theory of the function, it is more con- 

J o 

venient to define it by means of an infinite product of Weierstrass* canonical 
form. 

Consider the product ze^ z II 

where 7 = lim JJ + 1 + ... + - - log ml = 0-5772157.... 

»-*>oo (1-6 m ) 

[The constant y is known as Euler’s or Mascheroni’s constant; to prove that it 
exists we observe that, if 






t 1 , »+1 

(»+<)*■“» log n ’ 


u n is positive and less than / -» == -5 ; therefore 2 w* converges, and 
Jo n* n *=1 

n 1 1 1 f m m + ll * 

11“ logrn|-=* .lim -j 2 w »+log—-f = 2 u n , 

»-^oo (12 ffl J m-^-ao ln—1 m J »=1 

The value of y has been calculated by J. C. Adams to 260 places of decimals.] 

The product under consideration represents an analytic function of z, for 
all values of z ; for, if N be an integer such that | z | ^ \N y we havef, i fn>N, 

li fi . z \ z \ I 1^,1^ I 

j + n) n\ I 2n a + 3 7i 8 * | 

sWji + lf + + 

n 2 { I n n % \ j 

1 JV*I 1 1 1 IN* 

^4¥l 1 + 2 + 2> + -P5'^- 

00 

Since the series 2 {N 2 j(2n 2 )) converges, it follows that, when \z\ 

n=JV+l 


* The notation T (z) was introduced by Legendre in 1814. 
f Taking the principal value of log (1 + z[n). 
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X 

»=y+i 


( l0 *( 1+ ;H; 


is an absolutely and uniformly convergent series 
of analytic functions, and so it is an analytic function (§ 5* * * § 3); con¬ 
sequently its exponential II j^l+^s~^jisan analytic function, and 

so z€* z II 1 + e ~ »| is an analytic function when \z\^ where N is 
any integer; that is to say, the product is analytic for all finite values of z. 
The Gamma-function was defined by Weierstrass* by the equation 

_ = ^n((i+-)e »j; 

from this equation it is apparent that T (z) is analytic except at the points 
z — 0, — 1, — 2, where it has simple poles. 

Proofs have been published by HSlder +, Moore J, and Barnes § of a theorem known to 
Weierstrass that the Gamma-function does not satisfy any differential equation with 
rational coefficients. 


r(i)-i, r'(i):— y , 


Example 1. Prove that 

where y is Euler’s constant. 

[Justify differentiating logarithmically the equation 

by § 4*7, and put z—l after the differentiations have been performed.] 
Example 2. Shew that 

and hence that Euler’s constant y is given by || 


Example 3. Shew that 




ey*T(z+l) 

'r(s-*+i)’ 


* Journal filr Math. lz. (1856). This formula for T (s) had been obtained from Euler’s formula 
(§ 12*11) in 1848 by F. W. Newman, Cambridge and Dublin Math. Journal , in. (1848), p. 60. 

t Math. Ann. xzvin. (1887), pp. 1-18. 

t Math. Ann . xlvzii. (1897), pp. 70-74. 

§ Messenger of Math. xux. (1900), pp. 122-128. 

|| The reader will see later (§ 12*2 example 4) that this limit may be written 
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.2-11, 12-12] 

12*11. Euler’8 formula for the Gamma-function. 
By the definition of an infinite product -we have 

(i + g+... +i -log»'\ 

lim e' 2 m J 


[« H *" {K>1] 

— z lim I mr z II (l +-)1 

=z lim pnYi+iy* n (i+-)] 

L*« 1 \ n ' »=A nj J 

This formula is due to Euler*; it is valid except when z = 0, — 1, — 2, 


Example. Prove that 


„ /x v 1.2 ... (n- 1) 
r(s)= hm — ;-*-=r «*. 

* -►ao z (*+1) ••• (S+Tt 1) 


(Euler.) 


12*12. The difference equation satisfied by the Gamma-function . 

We shall now shew that the function T (z) satisfies the difference equation 

i>+i).= *r (4 

For, by Eulers formula, if z is not a negative integer. 


r(*+i)/r(#)-j-pY 


- 

/ lV +1 l 


( l\*~ 

lim II 

TO'*'00 »=1 

( 1+ ;) 


1 lim n ^ + 

l + * +1 


z to-^oo n=l ^ ^ 

_ 

n 


71 


= -^- lim n 

Z + 1 TO-►00 »—1 

.. 771+1 

= * hm -— ■ 

TO-*>00 F + 771 + 1 


f( i + i)( I+ . ) 


^ + 71+1 


This is one of the most important properties of the Gamma-function. 
Since T (1) = 1, it follows that, if z is a positive integer, T (z) = (z — 1) !. 

* It was given in 1729 in a letter to Goldb&ch, printed in Fuss 1 Corresp. Math. 
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Example. Prove that 

111 , t [1 11,11 _ 

r(*+i) + r(*+ 2 ) + r(*+3) + ‘" , “r(«) ~i!*+i 2!*+I 

[Consider the expression 

i i i . . 1 

J + r(r+l) + *(*+l)(*+2) r " «(* + !)...(*+«») ' 


It can be expressed in partial fractions in the form 2 z + n > where 

» 1 e m ( — )* 1 ( « 1 \ 

Noting that 2 —:< 7 -rTTr> P 1 * 0 ^ that 2 -r-—| 2 —as 

6 r^m-n+ir 1 («-» + !)! r n=0 » I *+* lr*«-n+l ** 


»w-*-oo when z is not a negative integer,] 


12*13. Tfte evaluation of a general class of infinite products . 

By means of the Gamma-function, it is possible to evaluate the general 
class of infinite products of the form 


II u n 

71 = 1 


where u n is any rational function of the index n. 

For, resolving u n into its factors, we can write the product in the form 

TT M ( n ~ ( n ~gg) — . 

»=it (n-60... (n-6j) j’ 

and it is supposed that no factor in the denominator vanishes. 


In order that this product may converge, the number of factors in the 
numerator must clearly be the same as the number of factors in the 
denominator, and also A = 1; for, otherwise, the general factor of the product 
would not tend to the value unity as n tends to infinity. 

We have therefore k = l, and, denoting the product by P, we may write 

p = n . ( w a *) * * * ( n 

»=i (a — bi) ... (n — 6j>) J 

The general term in this product can be written 


, + Ua + ... + ajc — bi — ... — bh . , 

--- n --^ + 

where A n is 0 (tt*) when n is large. 

In order that the infinite product may be absolutely convergent, it is 
therefore necessaiy further (§ 2*7) that 


&! + ••• + &* — &i —... —&* = 0 . 
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¥e can therefore introduce the factor 

exp {» -1 (di + ... +a t ~b 1 - ... - &*)} 

nto the general factor of the product, without altering its value; and thus 
re have 


P= n 

%~1 






h 


h\ i 


But it is obvious from the Weierstrassian definition of the Gamma- 
unction that 




z) e~y z ' 


^ £ rq-t.). 

r (— Oi)... at r (— a*) w=i r (i— a m ) 

, fonnula which expresses the general infinite product P in terms of the 
Jamma-function. 


Example 1. Prove that 


s(a+b+8) r(a+l)r(& + l) 


a=i («+*)(&+*) r(a+6+l) 

Example 2. Shew that, if a*cos (2 ir/n) +i sin (2w In), then 

1214. Connexion between the Gamma-function and the circular functions. 

We now proceed to establish another most important property of the 
ramma-function, expressed by the equation 

7r 


rwra -*)- 3 


sm 7 TZ 


We have, by the definition of Weierstrass (§ 12*1), 


|(i +-)«”»]• 1 n {( 

i-~)A 

(V nj ) n= i \\ 

. n / J 


— 7 T 


z sm 7 rz 

1 7 § 7*5 example 1. Since, by § 12*12, 

r(i-*) = -*r(-*) 


e have the result stated. 
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Corollary 1. If we assign to z the value this formula gives {r (i)} s “ir; since, by 
the formula of Weierstrass, Y (£) is positive, we have 

r (*)«»•*. 

Corollary 2. If + (z) = r' (s),T (z\ then ^ (l-z)-^(z)=ir cot rrz. 

12*15. The midtiplication-theorem of Gauss* and Legendre. 

We shall next obtain the result 

r o) r(* +1) r (*+!)... r (*+ Y )= 

... »** r (*) r (*+^) —r(*+^~) 

= - n v(~ } --*• 

Then we have, by Eulers formula (§ 12*11 example), 

1.2... (m — l).m* +r J n 


For let 


n ilz II lim 

r=0 


<P(*)- 


1.2... 1). (nm)** 

n lim - r - - n -?——— 

m -*oo tts(n$ + l)... (ns*f nm —l) 


an"" 1 lim 


{<7W — 1) ifm” + ~ 1 ) n mn 

(nm - 1)! (am)** 

« hm - Y -———— . 

m-^oo (nm - 1) 1 

It is evident from this last equation that <f> (z) is independent of z. 
Thus <f> (z) is equal to the value which it has when z = ~ ; and so 

* w_r S) r © - r ©ir) • 

The " fo “ »«!■-n{rg)r(i-g} 


IT 1 *- 1 


Thus, since <f> (n“ J ) is positive, 


. 7r . 2tt . (a—1 )tt 

sin - sin — ... sin--— 

n n 


.(2t r) n 


n 




i.e. 


(f> (z) = (27r)* ~ ^ ft 

r (,) r (* +1)... r(z + ^=i) = 

Corollary. Taking n=2, we have 

2 *- 1 r w r (f+r (2 *). 

This is called the duplication formula. 

* Werkt , in. p. 149. The case in which n=2 was given by Legendre. 
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Example . If 
shew that 


Btp rt - r W r <g> 
r(j»+g) * 

„„ 5 ( * s) * i p+ l ’ ? ) - 5 (* +5 ir ■ ? ) 


£(np, nj)= 

12*16. Expansions for the logarithmic derivates of the Gamma-function. 

We have {r (z+1 )}”* 1 = e yz n j^l + H j • 

Differentiating logarithmically (§ 4*7), this gives 

<ilogr(s+l) _ _£_ z « 

cfo 7T l(*+l) T 2(*+2) 3(*+3) t “" 

Therefore, since log r (s+1)=log z + log r ( z\ we have 
d , _, \ 1 , ® 1 

dz * 

' ‘ Z . 2 


Differentiating again, ^ log r ( 2 +1)=jg -I p 


(*+1)^ 2(*+2) 




1 1 

8 * t- x 


(z+iy^(z+2)^ 

These expansions are occasionally used in applications of the theory. 

12*2. Eulers expression of T (z) as an infinite integral . 

The infinite integral J e~*t?~ l dt represents an analytic function of z when* 

the real part of z is positive (§ 5*32); it is called the Eulerian Integral of the 
Second Kind\. It will now be shewn that, when R (z) > 0, the integral is 
equal to T (z). Denoting the real part of z by x , we have x>0. Now, if J 


we have 


V 1 

II (z, n) = n z (1 — r)*T JH “ 1 rfT > 
Jo 


if we write t — nr; it is easily shewn by repeated integrations by parts that, 
when x > 0 and n is a positive integer, 

J (1 — r) n T*” 1 dr — r* (1 — t)"J 4* j J (1 — r) n ~ 1 T z dT 


f l)...(s+n-l)Jo 9 


and so 


II (z, n) = 


z(z+ 1)... (z 

1.2... n 


rr. 


z{z + 1) ... (s + n) 

Hence, by the example of § 12*11, II (z, n) T (z) as n -► 00. 


* If the real part of z is not positive the integral does not converge on account oi the singu¬ 
larity of the integrand at t=0. 

f The name was given by Legendre; see § 12*4 for the Eulerian Integral of the First Kind. 

X The many-valued function t*” 1 is made precise by the equation log t being 

purely real. 
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Consequently T ( 2 ) = lim f (l —H 

And so, if 

Jo 


And so, if 
we have 


« - r («) - Bm [ f’ {«"•-( 1 - ;)”} e-dt+l’r'tr-itj. 

lim f e^t Zmml dt = 0, 

n-»*ccJ n 


since f r*P~ l dt converges. 
Jo 


To shew that zero is the limit of the first of the two integrals in the 
formula for I\ (z) - T (z) we observe that 


0 < r* - (l - IJ 1 < n-H'e-*. 


[To establish these inequalities, we proceed as follows: when 0 < 1, 

from the series for e* and (1 — y)* 1 . Writing t/n for y, we have 

and so 0 ^1 —^ 

Now, if O^a^l, (l-a) n ^l—na by induction when wad and obviously when 
na^l ; and, writing t*/n* for a, we get 


and so* 


\ n 2 J n 
0 ^ e“‘— ^1 - 


which is the required result.] 

From the inequalities, it follows at once that 

J J* |e“* - (l - ^)"|- ?~ l dt | « J n n- , e~ t t x+I dt 

< n~ l j e~ t t c+l dt -*■ 0, 

as n x, since the last integral converges. 


* This analysis is a modification of that given by Schlomilch, Compendium der hoheren 
Analysis , n. p. 243. A simple method of obtaining a less precise inequality (which is sufficient 
for the object required) is given by Bromwich, Infinite Series , p. 469. 
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Consequently I\ (z) = T (*) when the integral, by which I\ (z) is defined, 
converges; that is to say that, when the real part of z is positive. 


roo-/V 

Jo 


n*- i cu. 


And so, when the real part of z is positive, T (z) may be defined either by 
this integral or by the Weierstrassian product. 

Example 1. Prove that, when R (z) is positive, 

r <■>-/„'('«;)”*■ 

Example 2. Prove that, if R(z)>0 and R (s) > 0, 

f «-•* &- 1 . 


Example 3. Prove that, if R(z)> 0 and R («) > 1, 

Ill 1 e- 3a x 9 - 1 dx 

^ + (J^ + (l+W+"-=F®J 0 

Example 4. From § 12*1 example 2, by using the inequality 

<Ke-‘-Yl~y $«*«-»/«, 

luce that 


deduce that 




12*21. Extension of the infinite integral to the case in which the argument of the 
Gamma-function is negative. 

The formula of the last article is no longer applicable when the real part of z is 
negative. Cauchy* and Saalschiitzt have shewn, however, that, for negative arguments, 
an analogous theorem exists. This can be obtained in the following way. 

Consider the function 

r a (*)= j~ i*- 1 (e-‘-l+t-^ + ...+(-)» + * dt, 

where k is the integer so chosen that —k>x> — lc- 1, x being the real part of z. 

By partial integration we have, when z < — 1, 

+* 1 /.’ 

The integrated part tends to zero at each limit, since x+k is negative and #+£+1 is 
positive: so we have 

r aW=" r 2 (*+!)• 

The same proof applies when x lies between 0 and —1, and leads to the result 

r (t + 1)=zr 2 (z) (0>x>- 1). 

The last equation shews that, between the values 0 and — 1 of x, 

r,(*)-r(*). 


* Exercices de Math . n, (1827), pp. 91-92. 
f Zeitschrift fur Math . und Phys, xxxii. (1887), xxxm. (1888). 
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The preceding equation then shews that r 2 (z) is the same as T(z) for all negative 
values of R («) less than — 1. Thus, for all negative values of R (z), we have the result of 
Cauchy and Saalschiitz 

r (*) <* -1 («-*- 1 +< - p +- )* +1 ^ 

where Jc is the integer next less than — R (z). 

Example . If a function P (p) be such that for positive values of p we have 

P (/*)= j 1 a ** 1 e~ x ds y 

and if for negative values of p we define Pi (p) by the equation 




where lc is the integer next less than — p, shew that 

p lW -p W -i +n ^ r ... +( -)*-> 


(Saalschiitz.) 


k'.(p+ky 

12*22. HankeVs expression of T (z) as a contour integral . 

The integrals obtained for T (z) in §§ 12*2, 12*21 are members of a large 
class of definite integrals by which the Gamma-function can be defined. 
The most general integral of the class in question is due to Hankel*; this 
integral will now be investigated. 

Let D be a contour which starts from a point p on the real axis, encircles 
the origin once counter-clockwise and returns to p. 

Consider | (— t) 2 ~ 1 er t dt } when the real part of z is positive and z is not 
J D 

an integer. 

The many-valued function (— ty~ Y is to be made definite by the convention 
that (— ty~ l = Io s and log (— t) is purely real when t is on the negative 
part of the real axis, so that, on D, — it ^ arg (— t ) ^ tt. 

The integrand is not analytic inside 2), but, by § 5*2 corollary 1, the path 
of integration may be deformed (without affecting the value of the integral) 
into the path of integration which starts from p, proceeds along the real axis 
to 8, describes a circle of radius 8 counter-clockwise round the origin and 
returns to p along the real axis. 

On the real axis in the first part of this new path we have arg (—£) = — ?r, 
so that (— ty~ l — e _tV( * _1) t z ~' (where log t is purely real); and on the last 
part of the new path (— t) z ~ x = e iir { *“ 1) t z ~ l . 

On the circle we write — t = 8e*; then we get 

j^(- ty-'e^dt = +J ' (&.")*- 

= — 2i sin (trz) j t*~ 1 e~ t dt+ i8*J e«*+*(eos»+»«in«)<££ 

* ZeiUckrift filr Math . und Phyt. ix. (1864), p. 7. 



THE GAMMA FUNCTION 


245 


12-22] 

This is true for all positive values of 8 < p ; now make 8 0; then S z -*■ 0 

and J e i**+* (co*8+inm8) fig + J e M<j,g since the integrand tends to its limit 
uniformly. 

We consequently infer that 

J (— ty^e** dt = — 2 i sin (nz) J t z ^ l e~ l dt 

This is true for all positive values of p ; make p -*■ oo, and let C be the 
limit of the contour 2). 


Then 


Therefore 



Now, since the contour G does not pass through the point t = 0, there 
is no need longer to stipulate that the real part of z is positive; and 

j (- ty-'e^dt is a one-valued analytic function of z for all values of z . 
J c 

Hence , by § 5*5, the equation , just proved when the real part of z is positive , 
persists for all values of z with the exception of the values 0, + 1, ± 2, .... 

Consequently, for all except integer values of z , 

1 


rw- 


2 i sin ttz 


f (-*>* 

J c 


e~ l dt. 


This is Hankers formula; if we write 1 — z for z and make use of § 12*14, 
we get the further result that 

f( 0+) r 

We shall write / for J , meaning thereby that the path of inte- 

J co J C 

gration starts at ‘ infinity J on the real axis, encircles the origin in the positive 
direction and returns to the starting point. 

Example 1. Shew that, if the real part of z be positive and if a be any positive 

constant, tends to zero as p-*-oo, when the path of integration is either of 

the quadrants of circles of radius p+a with centres at -a, the end points of one quadrant 
being p and — a+z(p+a), and of the other p and -a-z(p-ba). 
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Deduce that lim f tf> (—t)~*e~ i dt= lim f (—£)" 

p+vJC 


and hence, by writing t= -a-itt, shew that 


-±r 

z) 2ir J - 


e* +i *(a+m)- 3 clu. 


[This formula was given by Laplace, Theorie Analytique dee Probability (1812), p. 134, 
and it is substantially equivalent to Hankel’s formula involving a contour integral.] 

Example 2. By taking a—1, and putting -l+i tan 6 in example 1, shew that 


= — (* cos (tan 0 — z0) cos*“ 2 d<20. 

(*)* Jo 


Example 3. By taking as contour of integration a parabola whose focus is the origin, 
shew that, if a > 0, then 


r (z)— ** f e"** (1-K 2 )*”* cos {2a*+(2z-l) arc tan t}dt. 

sin irz Jo 

(Bourguet, Acta Math . i.) 

Example 4. Investigate the values of x for which the integral 


ir 

* J 0 


converges; for such values of x express it in terms of Gamma-functions, and thence shew 
that it is equal to 

*^5. {('-k) ^‘}/.#. {( 1+ 5^l) • 

(St John’s, 1902.) 

Example 5. Prove that f (log *)»* 2HL* converges when »i>0, and, by means 
of example 4, evaluate it when m*=l and when m^2. (St John’s, 1902.) 

12 * 3 . Gauss* expression for ike logarithmic derivate of the Gamma-function 
as an infinite integral *. 

d r (z^ 

We shall now express the function ^ log T (z) = - j, ^ as an infinite 

integral when the real part of z is positive; the function in question is 
frequently written i/r (s). We first need a new formula for y. 

Take the formula (§ 12*2 example 4) 
where since f * —=log —-—,-*►() as 5-*-0. 

J a t ° 

Writing *=1 in the first of these integrals and then replacing u by t we have 

»■&{/." t *\-/.* {dR-j}*-'* 

This is the formula for y which was required. 


Werke , m. p. 159. 
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To get Gauss’ formula, take the equation (§ 12'16) 

r (z) z z + mj 

i r 

and write -= / e~ tiz + m ' } dt : 

z + rn J 0 

this is permissible when in = 0, 1 , 2 , ... if the real part of z is positive. 

It follows that 

V(*\ f® r® » 

tJfl y _\ e~*dt+ lim X (e- mt -e~( m +*)dt 
1 W J 0 Jo m=l 

r°° _ e -(n+i)t + g-(2+n+i)« 

= — 7 -f lim J - j-—^ 

-/,"(?•-I??-)*-, 1 ™./." 

11 _ | 

Now, when 0 < Z ^ 1, -; is a bounded function of t whose limit as £-*-0 is finite; 

i — e ~ l I 


and when t ^ 1, 


l_ e -* l + |«-*[ 2 

< 1-e- 1 < 1 —e~ l * 


Therefore we can find a number K independent of t such that, on the path of integration, 


1 —p-* 

r£=i<* 


and so j J" e(.+i)< < K f%~WdtmK (n+l)- 1 ^ as n— =o. 

We have thus proved the formula 

+«-s wm-FAt-■£*)*■ 

which is Gauss’ expression of yjr(z) as an infinite integral. It may be 
remarked that this is the first integral which we have encountered connected 
with the Gamma-function in which the integrand is a single-valued function. 

Writing *=log(l+#) in Gauss’ result, we get, if A=£*-1, 

?«-&/. {t-iSp}* 

since 0 <J* *— dt < ^ ~=log -^0 as 5-**0. 

Henoe wrlzL • 

so that 

an equation due to Dirichlet*. 


Werke , I. p. 275. 
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Example 1. Prove that, if the real part of z is positive, 

f(2)= /o{-fe~S}*- (Galm) 

Example % Shew that y** j {(1-f t)~ l -e~ t }t“ 1 dt. (Dirichlet.) 

12*31. Binet’s first expression for log T (z) in terms of an infinite integral. 

Binet* has given two expressions for log T (z) which are of great 
importance as shewing the way in which log T ( z ) behaves as | z | -*■ oo. To 
obtain the first of these expressions, we observe that, when the real part of 
z is positive, 

r'(M + l) _ r (er* e-» ) 
r(z + l)-J 0 U e*-l) at ’ 

writing z + 1 for z in § 12*3. 

Now, by § 6*222 example 6, we have 

re-*-*-* 


and so, since 
we have 


log z=f 

j o 

(2 z)-' = j~±e-*dt, 


dty 


S lo «r(*+l)-5+log«-/ 0 

The integrand in the last integral is continuous as and since 

^ — j 4- is bounded as t -*■ oo, it follows without difficulty that the 

integral converges uniformly when the real part of z is positive; we may 
consequently integrate from 1 to z under the sign of integration (§ 4*44) and 
we getf 

iogr(^+i)=(^ + |)iog Z -, + i+/ o 


- dt 


Since \ 
we have 


1 1 


2 — ^ 4* - is continuous as t 0 by § 7*2, and since 

log T (z + 1) = log s + log T (z), 




* Journal de VEcole Poly technique, xvi. (18S9), pp. 123-143. 

+ LogT(z + l) means the sum of the principal values of the logarithms in the factors of 
the Weierstrassian product. 



Ind so 


dt 


e-t-e-V 


dt 
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To evaluate the second of these integrals, let* 

io that, taking z—\ in the last expression for log r ( 2 ), we get 

i log rr =£ + «/-/. 

Also, since I=j g g - f + ~ dt, we have 

, , /•"/l e v \e~ v dt 

= r f e .— 1 \ * 

Jo \ t ~ef-l) t ' 

^ f" ( d (e~ v -e-<\ \e~V-e-' «-*] 

“Jo l *\ t ) t 2t J 

-Hi log i- 

I— 1 — i log (2ir). 

We therefore have Binet’s result that, when the real part of z is positive, 
log T(s-) = ^ logs - z +1 logl 

If z = x + iy, we see that, if the upper 
alues of t is K, then 

log r (*) — log z + z — ^ log (2tt) < e~ tx dt 

= Kx~\ 

0 that, when x is large, the terms (^z — log z - z +1 log (2tt) furnish an 
pproximate expression for log T (z). 

Example 1. Prove that, when R ( 2 ) > 0, 

logr( 2 )=J^ \~yzj=t +(*-l)e~‘J' j • (Malmsten.) 

Example 2. Prove that, when R (z) > 0, 

io g r w =/” {(.-i) 7 • ( ^ &ut) 


Jonsequently 


(1 

1 1 ' 

1 

\ e~ u 

t + e t -l. 

IT' 

\fi 

1 X + -L 

\l\ 

lb 

l t e*-l 

l) t| 


This artifice i3 due to Pringsheim, Math. Ann. xxxi. (1888), p. 473. 
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Example 3. From the formula of § 12*14, shew that, if 0 <x < 1, 

2logr(*)—logTr+logsin *x=j Q j 7' 

(Kummer.) 

Example 4. By expanding sinh (£—#)£ and 1—2# in Founer sine series, shew from 
example 3 that, if 0 <x < 1, 

CO 

logr(#)~£logff-£logsinir#+2 2 a^sn^n**#, 


where 


a n -. 


=/:t 


n=l 

2 nrr e"* } dt 
^4-4n 2 ?r 2 2%rr\ t 


Deduce from example 2 of § 12*3 that 

aw= 2^ (7+l0g27r + l0gn) * 

(Kummer, Journal f Ur Math. xxxv. (1847), p. 1.) 

12*32. j Binet’s second expression for log T (z) in terms of an infiniti 
integral. 

Consider the application of example 7 of Chapter vii (p. 145) to the 
equation (§ 12*16) 

a* » 1 

£iiogr<*)- 2 ^t 3 * 

dz* 6 7 ^oC^ + w ) 3 

The conditions there stated as sufficient for the transformation of a 
series into integrals are obviously satisfied by the function <j >(?) — (f+gy 
if the real part of z be positive; and we have 

+2 1“ i: 

1 1 

2 iq ( t) ■ 


where ~* v ~(z+itf - ( z-ity • 

Since \q(t t z + n)\ is easily seen to be less than K x t/n 9 where K x is inde¬ 
pendent of t and n, it follows that the limit of the last integral is zero, 
d* , „, . 1 1 r 4 tz dt 

dz* ° g F ^ 2 j» + z + Jo (z*+t*? e** — 1 ‘ 

2z 


Hence 


Since I——- does not exceed K (where K depends only on 8) when the 

j * T » 

real part of z exceeds 8, the integral converges uniformly and we may 
integrate under the integral sign (§ 4*44) from 1 to z. 

We get 

where C is a constant. Integrating again, 

log r (z) - (s - 1) log * + (C - l)z+ G' + 2 
where C' is a constant. 
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Now, if z is real, 
and so 


0 < arc tan tjz $ tjz. 


log r (z) - [z - i) log * — (C - 1 ) * — C' j < J J o dt. 

But it has been shewn in § 12*31 that 

logr^-^-^log^ + s-ilog^w) - 0 , 

as z oo through real values. Comparing these results we see that C = 0, 
<7'=|log(2w). 

Hence for all values of z whose real part is positive, 

logrO) = ^-|) logz-z + 1 log (2tt) + 2 dt, 

where arc tan u is defined by the equation 

t* dt 

“‘“—i. !+?• 

in which the path of integration is a straight line. 

This is Binet’s second expression for log T (z). 

Example. Justify differentiating with regard to z under the sign of integration, so as 
to get the equation 

rw , i r tdt 

rW =0g2 & Jo (^ +z 2)(^-i)‘ 

12*33. The asymptotic expansion of the logarithm of the Gamma- 
function (Stirling’s series). 

We can now obtain an expansion which represents the function log T (z) 
asymptotically (§ 8 * 2 ) for large values of \z\, and which is used in the 
calculation of the Gamma-function. 

Let us assume that, if z = x + iy, then x ^ 8 > 0; and we have, by Binet’s 
second formula, 

log r(z) = (z-~)logz-z + l log ( 2 tt) + <p (z), 




. . t If ,1? 

arc tan ( t /z) = ---- + - ? 


1 1? (-)*-*, (“)" f* u M du 

+ 5z> + 2n-l z tnr ~ 1+ z n -'J 0 u* 


Substituting and remembering (§ 7*2) that 

f t™~'dt Bn 
Jo e? Tt -l *4n’ 
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where B u B t , ... are Bernoulli’s numbers, we have 

0( 2 )=s 2 —(~' >r ~ 1 ~ 8r _+ - I f | * u* l du ) _ dt 

' r f 1 2r(2r-l)^ 1 ^ z**"* J 0 (Jo «* + W <“-1’ 

T i 2 ^ 

Let the upper bound* of —-- for positive values of u be K z , 

I u> + z 

Then 


Hence 


_ K z Bn+i _ 

^ 4 (ra + 1) (2n -f 1) | * | 2 ’ 


\H~) n r f [*u*du\ dt I K z B n + x 

I Jo Uot^ + W ^-ir2(n + l)(2n + l)|^|w-^ 

and it is obvious that this tends to zero uniformly as | s | oo if | arg z ) ^ ^ tt - A, 

where £ w > A > 0, so that JT* < cosec 2A. 

Also it is clear that if | arg z | ^ Jtt (so that K z = 1 ) the error in taking the 
first n terms of the series 

i ty^Jk _ 1 _ 

r=i 2r (2r — 1) z^~ x 

as an approximation to $ (z) is numerically less than the (n + l)th term. 
Since, if |arg*| < ^- 7 r —A, 

as z — co, it is clear that 

B± B, B s 
1.2 .z 3.4.z s + 5.6.z» 
is the asymptotic expansionf (§ 8 ‘ 2 ) of <f> (z). 

We see therefore that the series 

is the asymptotic expansion of log T (z) when | arg z j ^ $ir — A. 

4 x*y* 

{x*+yt) 2 011 as x 2 < y 1 or 

t amtopraBt i. MyrnplbUo; fcr If it oo«».rg«i ,b.n bp | S-6 ».»old «»dft 

*«> “»» 0» -rt.. I L -gy „ b^, 

function; this is contrary to § 7*2. nml 1 ' ’ 
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This is generally known as Stirling’s series. In § 13'6 it will be estab¬ 
lished over the extended range | arg z | < ir — A. 

In particular when z is positive (= x), we have 


0< 2 


p | r* u m du 

Jo .Jo + 3? 


dt 


B n 


e*** —l 


2(n + l)(2n + l)«*' 

Hence, when x>0, the value of <f>(x) always lies between the sum of 
n terms and the sum of n +1 terms of the series for all values of n. 

B 8 

In particular 0<<f>(x)< j- — ^ , so that <f> (x) = where 0 < 8 < 1. 


Hence r (x) = x x x (27r)*e*^ 12x \ 

Also, taking the exponential of Stirling’s series, we get 


r(x) = e~ x x*- i (27r) i 


1 



1 

288x* 


139 

51840a* 


571 

2488320a 4 


+ 0 



This is an asymptotic formula for the Gamma-function. In conjunction 
with the formula F(x+ 1) = #r (x), it is very useful for the purpose of com¬ 
puting the numerical value of the function for real values of x. 

Tables of the function logi 0 r (a), correct to 12 decimal places, for values of x between 
1 and 2, were constructed in this way by Legendre, and published in his Exercices de 
Calcul Integral , n. p. 85, in 1817, and his Traite dee fonctions elliptiques (1826), p. 489. 

It may be observed that V (x) has one minimum for positive values of x, when 
x= 1*4616321..., the value of log 10 T (x) then being 1*9472391.... 

Example. Obtain the expansion, convergent when R (z) > 0, 

log, r (z) = (z-i) log, 2 - 2 +i log* (27 t)+J{z), 

where 

J{ - Z) {*■+! + 2(z+l)(*+2) + 3( z +1)(42)(?+3) + ”7 ’ 

in which 

c l = h — b C 3=&& C 4 = W”j 

and generally 

c tt » j ( x+ 1} (#+2)... (x+n— 1) (2a -1) xdx. (Binet.) 


12*4 The Eulerian Integral of the First Kind . 

The name Eulerian Integral of the First Kind was given by Legendr.e to 
the integral 

B ( P> ?) — f (1 ~ da, 

J o 

which was first studied by Euler and Legendre*. In this integral, the real 
parts of p and q are supposed to be positive; and a*" 1 , (1 — a)^ 1 are to be 
understood to mean those values of e^ p ~ l ^ logx and which correspond 

to the real determinations of the logarithms. 


Euler, Nov. Comm . Petrop. xvi. (1772); Legendre, Exercices, i. p. 221. 
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With these stipulations, it is easily seen that B (p, q ) exists, as a (possib 
improper) integral (§ 4*5 example 2), 

We have, on writing (1 — x) for x, 

B(p, q) — B (q, p). 

Also, integrating by parts, 

JV-ui -•)**- 


so that 

Example I. Shew that 


B(p,q + l) = ^B{p + l,q). 


B(p, q)=B(p+ 1, q)+B(p, 2 +l). 
Example 2. Deduce from example 1 that 

B(p, 2 +l)=-i-£(^,2). 
Example 3. Prove that if n is a positive integer, 


Example A Prove that 


Example 5. Prove that 


-S(«»y)=J o 


a ** 1 


I o (l+a)* + » w 
r(«)= lim »* jB (z, »). 


*•*« 


12-41. Expression of the Eulerian Integral of the First Kind in terms o 
the Gamma-function. 

We shall now establish the important theorem that 

First let the real parts of to and n exceed $; then 

r (to) r(n)m j e~* a”* -1 dx x J e~ v y n ~ 1 dy. 

On writing stP for x, and y 3 for y, this gives 

T (to) T (n) = 4 ^lim J e~* a^” -1 dx x y m ~ l dy 


[R fR 

«4^1im J J a^ m ~ 1 y an - 1 dxdy. 


Now, for the values of to and n under consideration, the integrand is 
continuous over the range of integration, and so the integral may be con¬ 
sidered as a double integral taken over a square S R . Calling the integrand 
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f(x, y), and calling Qr the quadrant with centre at the origin and radius R, 
we have, if Tr be the part of Sr outside Q&, 

|/ ] ga f( x ’ y} ^y -ff( x > y) 

-\jj T /(*» y)dxdy\ 

^y 

< ff S ' I / ( x > y ) I dxdy ~jf l/0> y) dxdy\ 

-*• 0 as J2 oo, 

since |/(<r, y) | da?dy converges to a limit, namely 

2 f e-^\a* m - l \dxx2 f \y**- l \dy. 

Jo Jo 

Therefore 

lim // / (x y y) dxdy = lim // f(x J y)dxdy. 

R~*<x> J J Sh R~^cdJjQr 

Changing to polar* coordinates (#=rcos0, y = r sin 6), we have 

r-» ri ,r 


Hence 


JJ f(x , y) dxdy = J J e -74 (r cos 0) 2 ” 1-1 (r sin ^) 2n ~ 1 rdrdO. 

r°° rh* 

r (m) r (w) = 4 I e-» , V(” l+n )~ I i cos 2 ” 1 "" 1 0 sin* 11 " 1 0d0 
Jo Jo 


2r 


(w -f n) 


cos 2 ” 1 "" 1 0 sin 271 ” 1 Odd. 


Writing cos 2 6 — u we at once get 

r(m) r(n)«r(m +n).B (m, n). 

This has only been proved when the real parts of m and n exceed £; but 
it can obviously be deduced when these are less than £ by § 12*4 example 2. 

This result, discovered by Euler, connects the Eulerian Integral of the 
First Kind with the Gamma-function. 

Example 1, Shew that 

j 1 (i+i') p-1 LMllM. 


* It is easily proved by the methods of § 4*11 that the areas M of § 4*3 need not be rect¬ 
angles provided only that their greatest diameters can be made arbitrarily small by taking the 
nujnber of areas sufficiently large; so the areas may be taken to be the regions bounded 
by radii vectores and circular arcs. 
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Example 2. Shew that, if 

1 , y(y-i) l y(y-i)(y-2) 1 

J\ >yi x D x +\ + 2; x+% 3! x+Z + '"’ 

/(*>y)=/(y+ 1 . 

where x and y have such values that the series are convergent. (Jesus, 1901.) 

Example 3. Prove that 

/; f/(*y) (i (1 -y /- 1 0 -«r f *-• 

(Math. Trip. 1894.) 

12*42. Evaluation of trigonometrical integrals in terms of the Gamma 
function. 

rh* 

We can now evaluate the integral j cos™ -1 x sin n_1 xdx, where m and j . 

J 0 

are not restricted to be integers, but have their real parts positive. 

For, writing cos 2 # = t, we have, as in § 12*41, 

f ir cos™- 1 a: sin"- 1 ® cLc = \. 

Jo 2 r(Jm + i») 

The well-known elementary formulae for the cases in which m and n ar 
integers can be at once derived from this result. 

Example. Prove that, when | lc | < 1, 

f 1* cos” 1 B sin n 6d$ fi* coB m+ " 6d$ 

Jo (1—£sin 2 ff)b r(im+i^-fi)^7r Jo (1 -Isin 3 ^!* 

(Trinity, 1898.) 

12*43. Pochhammer s * extension of the Eulerian Integral of the Firs 
Kind. 

We have seen in § 12*22 that it is possible to replace the second Euleriai 
integral for T (z) by a contour integral which converges for all values of 2 
A similar process has been earned out by Pochhammer for Eule rian integrah 
of the first kind. 

Let P be any point on the real axis between 0 and 1; consider th 
integral 

* (1+j Q+, 1—, 0-) 


£—iri(a.+p) 


J 


^- 1 (l-«/- 1 dt = 6 (a,y9). 


The notation emplojed is that introduced at the end of § 12-22 anc 
means that the path of integration starts from P, encircles the point 1 in th 
positive (counter-clockwise) direction and returns to P, then encircles th 
origin in the positive direction and returns to P, and so on. 

* Math. Ann. xxxv. (1890), p. 495. The nee of the double circuit integrals of this sectioi 
seemB to be due to Jordan, Count d*Analvse t m. (1887). 
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At the starting-point the arguments of t and l—t are both zero; after 
the circuit (1 +) they are 0 and 2ir ; after the circuit (0 *f) they are 2 ic and 
27r; after the circuit (1 —) they are 27 t and 0 and after the circuit (0 —) they 
are both zero, so that the final value of the integrand is the same as the 
initial value. 

It is easily seen that, since the path of integration may be deformed in 
any way so long as it does not pass over the branch points 0, 1 of the 
integrand, the path may be taken to be that shewn in the figure, wherein 
the four parallel lines are supposed to coincide with the real axis. 



If the real parts of a and /3 are positive the integrals round the circles 
tend to zero as the radii of the circles tend to zero*; the integrands on the 
paths marked a, 6, c, d are 

(1 - ty~\ (1 - tf- 

fa-1 g*i <«-l) (1 _ tff-l gJhriO-1)^ fr -1 tfrrx(a- l) _ $)*-l 


respectively, the arguments of t and 1 — t now being zero in each case . 

Hence we may write e (a, /8) as the sum of four (possibly improper) 
integrals, thus: 

€ (a, 0) = £ J* tr~ l (1 - tf-'dt + JV-> (1 - «/-» e** dt 


Hence 


+ J* t‘~' (1 - if~ l e**i*+» dt + J°t— 1 ( 1 - tf-'e**- . 

s (a, 0) = (1 - e 3 **) (1 - d**) P<■-> (1 - tf-i dt 

J 0 


= — 4 sin (air) sin (0ir) 


r (a) r (0) 

r <« + 0) 


-47T 2 

~ r (i — a) r (i — $) r (« + £)' 

Now € (a, &) and this last expression are analytic functioxis of a and of /3 
for all values of a and £. So, by the theory of analytic continuation, this 
equality, proved when the real parts of a and y8 are positive, holds for all 
values of a and fi. Hence far all values of a and >8 we have proved that 




_ 

T(l-a)T(l-0)r(a + 0Y 


The reader ought to have no difficulty in proving this. 
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12 * 5 . Dirichlet's integral*. 

We shall now shew how the repeated integral 

I — Jj•••jf(ti m h tz-h ... 4- t n ) ti* 1 11 • • * ... dtn 


may be reduced to a simple integral, where/is continuous, Or > 0 (r »1, 2,... n) 
and the integration is extended over all positive values of the variables such 
that ^ + ... +tn^ 1. 

To simplify / ^ 1 1 ~ X ~ T f(t + T+ X) ^T^dtdT 
Jo J 0 


(where we have written t } T } a, /? for <*i> « 2 and X for ^ 4- ... 4-£ n ), 
put t * r(l — v)/v ; the integral becomes (if X ^ 0) 


f [ /(X + f/v) (1 — a)*- 1 v'*" 1 T**?-' dvdT. 

JO J Tl( l-A) 

Changing the order of integration (§ 4*51), the integral becomes 


IT 

VO VO 


(1-X)« 


/(X + T/v) (1 — v)*- 1 ?;-*- 1 T'+t-'dTdv. 


Putting T—vt 2 , the integral becomes 


n /(X 4- t 2 ) (1 — v)*~ l v*~ l dr 2 dv 

o 


Hence 


TCTfr /(x+T * )T ^" idT *’ 


I= I r(a 1 + a°) If + T S l+,h ~ l — t n ^dr t dU ... dtn, 

the integration being extended over all positive values of the variables such 
that T a 4- 4 +... 4- £n ^ 


Continually reducing in this way we get 


I 


r(q 1 )r(q a ) 

r (a x 4- a a + 



r 2 * -1 dr y 


which is Dirichlet’s result. 


Example 1. Reduce 

lll f {(«) + (f/ + G) T } 

to a simple integral; the range of integration being extended over all positive values 
of the variables such that 

&*<&*<&«• 

it being assumed that a, 5, c, a, £, y, p, q y r are positive. 

* Werke f u pp. 375, 391. 


(Dirichlet.) 
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Example 2. Evaluate j J apyt dxdy, 

m and n being positive and 

x>0, y^ 0, (Pembroke, 1907.) 

Example 3. Shew that the moment of inertia of a homogeneous ellipsoid of unit 
density, taken about the axis of z, is 

A (a 2 + b 2 ) irabc, 

where a, b , c are the semi-axes. 

Example 4. Shew that the area of the hypocycloid x* -f y* = ft is 


REFERENCES. 

N. Nielsen, Handbuch der Theorie der Gamma-funktion*, (Leipzig, 1906.) 

O. Schlomiloh, Compendium der hoheren Analysis, II. (Brunswick, 1874.) 
E. L. Lindelop, Le Calcul des Rtsidus, Ch. iv. (Paris, 1905.) 

A. Pbingsheim, Math. Ann. xxxi. (1888), pp. 455-481. 

Hj. Mellin, Math. Ann. lxviii. (1910), pp. 305-337. 


Miscellaneous Examples. 


i. 


2 . 


Shew that 


(i *)(i+ 2 )(i 3 ) ( 1+ 4)-“r(i+i.)r(j-i*)‘ 


Shew that 


lim x A * _ 

»-*.* 1+^ l+i#’"l + ±x 


j-n^Tix+l). 


(Trinity, 1897.) 
(Trinity, 1885.) 


3. Prove that 

4. Shew that 


r_(i) rg) 

r(i) ~ r(i) 


2 log 2. 


{r(i)} 4 _ 3 2 5 2 — 1 7 s 92-1 11* 

16ir* 3* — 1 ’ 5 2 * 7 2 — 1 ■’ 9 2 ‘ 11 2 -1 


(Jesus, 1903.) 
(Trinity, 1891.) 


5. Shew that 


6 . 


5 f(*-«)(*+/9+y) A . a \\ l v 

»M (*+»(*+ r ) 


Shew that 



(Trinity, 1905.) 
(Peterhouse, 1906.) 


7. Shew that, if 2 =if where fis real, then 

l r (*)l = \/(fsinhirf)' 

8. When x is positive, shew thatt 

r(x)T(±) ^ • 2 n ! 1 

r(j?+4) **»*») 2*».n !»!*+»’ 


(Trinity, 1904.) 


(Math. Trip. 1897.) 


* This work contains a complete bibliography. 

t This and some other examples are most easily proved by the result of § 14*11. 
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9. If a is positive, shew that 


r(s)r(a+l) * (-)»q(a-l)(g--2).»(a-n) I 


r (z+a) *« 0 


IQ. If #>0 and 


shew that 


P{x)*=j e~*t x ~ l dt , 


p/rW I 11,11 11. 

rK ) ~x ~ 1 ! x+l^Zl *+2 3 ! 

d 

P (#+1) ■* xP (x) - e~ l . 

11. Shew that if X > 0, .r > 0, i-^tr <« <Jw, then 

f t*~ l e-M cos a cos (X* sin a) dt=\~*T (x) cos a#, 


J t^~ l c-wco«« s i n (X# sin a) cfe^X*"* r (a?) sin ar. (Euler.) 


12. Prove that, if b > 0, then, when 0 < z < 2, 


and, when 0 < z < 1, 


/. —<£r«=-Jir 1 cosec (*), 

/" sec (J»*)/T (4 


(Euler.) 


13. If 0 < n < 1, prove that 

i: (1 +*)- 1 (n) {cos (^ -1) - Y1 ~ ) +•••} • 

(Peterhouse, 1895.) 

14. By taking as contour of integration a parabola with its vertex at the origin, derive 
from the formula 


the result 


r(tt)= 2S^/ 0 «~ I ‘ a!,_1 (l+* a ) 1 ‘ , t38ii»{*+aarc 


the arc cot denoting an obtuse angle. 


«“** x a ~ l (1 [3 sin {x+a arc cot (- #)} 

+sin {x+ (a - 2) arc cot (- j?)}] dx t 


(Bourguet, Acta Math. I. p. 367.) 


15. Shew that, if the real part of a n is positive and 2 1/a* 2 is convergent, then 

*=i 


n=iLr(s+a*) 


ii>m 


is convergent when m > 2, where yfA*) (z)=^ log r (z). 


(Math. Trip. 1907.) 


16. Prove that 


d logT {z) f* e-*~e-*» , 

- J o 

Jo *-l 7 


(Legendre.) 
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17. Prove that, when R (z) > 0, 

logr («)-£ -*(*-!)} 

18. Prove that, for all values of z except negative real values, 

logT (z) «(* - J) log z - z +J log (Sir) 

f 1 * 1 2*1 3*1 | 

+ MiT3 rh + 575 (*+r)» + iTs r h JZ+?f + "j' 

19. Prove that, when R (z) > 0, 

j r l aji - i /jv 

^logr^-log*-^ (1 -*+l°g4- 

20. Prove that, when 5 ($) > 0, 


(BineU 


21. If 
skew that 


d % . /*°° xe' 7 * dx 

d? l0 * T( - z) =h T=Ff 

/ a+1 

log r (*)<&=«, 


du , 
dz~ l082 ’ 

and deduce from § 12*33 that, for all values of z except negative real values, 

u =z log z - z +£ log (2 tt). 

(Raabe, Journal fur Math . XXV.) 

22. Prove that, for all values of z except negative real values, 


logr(*)«•(*—£)iog 2 — 2 +jlog(2 b-)+ 2 rgr™*™ 

n~\J 0 *T* «ff 

23. Prove that 

B (p>p) B (p+hp+b)=2&=r }) - 
24 Prove that, when - t<r<t , 

v 1 Z 00 cosh (2rw) du 

25. Prove that, when ^ > 1, 

B (p, <i)+ B (P+ 1. ?)+-S(p+2, q)+...=B(p, ?-l). 

26. Prove that, when p - a > 0, 

B(p-a,q) aq a(a+l)q(q + l) 

B{p,q) ~ P + ? l-Mp+?)(P+?+l) ” 


(Bourguet*) 


(Binet.) 


27. Prove that 


q)B(p+q, r) = B(q, r)B(q+r , />). 


(Euler.) 


28. Shew that 


f <to - _L _ 

Jo {x+p)*+ b v (a+5) (l+*>)«^’ 


if a>0, 5>0, p>0. 


(Trinity, 1908.) 


This result is attributed to Bourguet by Stieltjes, Journal de Math. (4), v. p. 432. 
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29. Shew that, if m. > 0, n> 0, then 

f 1 (1 +*)*”-*(1 - *)»-* ^_g,,-,. 2 r (m)Fjn ). 


/: 


(1+^) W 


r(w+») 


and deduce that, when a is real and not an integer multiple of &r, 
[k* /cos 4 +sin 

J _$*. \cos B —sin Bj 2 sin (ir cos 8 a) * 

30. Shew that, if a > 0, j8 > 0, 


and 


f^T { dt=W(i+ia)-(ja), 

n r 1 -?-' 

J 0 (i+t)logt s r(ia)r(i+i&- 


(St John’s, 1904.) 


(Ktimmer.) 


31. Shew that, if a> 0, a + b > 0, 

r ^- 1 M_rMr(J)| 

Jo l-« ™\r(a+S) r(a+6+S)| ; 

Deduce that, if in addition a-f c > 0, a-f 6+c > 0, 


/. 


1 *■- 1 (!-*»)(!-*) r(q)r(q+6+c) 

o (1-a:) (-loga:) g r (a + 6) T (a+c) ' 


32. Shew that, if a, b, e be such that the integral converges, 

r« (i—*0(1—j»)(i—*) r(6+c+i)r(c+a+i)r(a+6+l) 

I o (1-a:) (-loga:) ” 98 r (a+1) r (6+1) r (c+1) r(a + 6 + c+l)' 

33. By the substitution cos 0— 1 - 2 tan £<£, shew that 

do {rqy 


/: 


/; 


(St John’s, 1896.) 


>o (3-008 0)$ 4 v/^r 

r ^ Q*Mp M 

34. Evaluate in terms of Gamma-functions the integral / - dx, when p is a 

Jo x 

fraction greater than unity whose numerator and denominator are both odd integers. 

[Shew that the integral is 4 f sin* x{- + 2 (-)» (— - 1 --—^1 dxJ\ 

Jo l* n=i \x + nir x-nirj) J 


35. Shew that 


(Clare, 1898.) 


36. Prove that 


f iW (l-tsin**r- i dx=-^Lr 2 g 23r - 
io 2»+2„.4 ras0 2r !(?i-r)i V \ 4 yj 

***(» «)-*»(«£*) + 


(1 -v) logv 


(Euler.) 


37. Prove that, if p > 0, > 0, then 

* 2* V 2(2j 0 + l) + 2.4.(2j 0 +l)(2p+3) + **7* ( ' 

38. The curve r m =2 m “ J a m cosm0 is composed of m equal closed loops. Shew that 
the length of the arc of half of one of the loops is 

/ ^TT _1_ j 

(£ cos x) m dx, 

and hence that the total perimeter of the curve is 


•my/*®- 
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39. Draw the straight line joining the points ±t, and the semicircle of | z\~l which 
lies on the right of this line. Let C be the contour formed by indenting this figure at 

- i, 0, i. By considering J zp -*- 1 (z -f + «- 2 dz, shew that, if /?+#> 


/: 


cos * +l 6 cos (p — q) B d6 = 


'(p+q-l) 2P+*-'£(fr q)' 
Prove that the result is true for all values of p and q such that p+q> 1. 


(Cauchy.) 


40. If i is positive (not necessarily integral), and - £*r ^ £ir, shew that 


cos**=^ 


r(<-fi) 


{* + s? 


4+ 2 COsar+ (« + 2)(,+4) 


' 2 *"i {r(J«+l)} s 

and draw graphs of the series and of the function cos*#. 


cos4r-f 




41. Obtain the expansion 

^ _ a ^ f , i ^ p cos or , cos 3 <lt , “1 

ar ”2-i r ^ +1} L r( ^+i a + 1)r( ^-i a + 1) + ^(^+aa+l)^(^-fa+l) + ‘*•J , 

and find the values of os for which it is applicable. (Cauchy.) 


42. Prove that, if p > 4, 

{ 1+ 5(5^ + S -r<^Wi5^, + -}T- 

(Binet.) 

43. Shew that, if x < 0, x 4- z > 0, then 


r(-*) (-* . (—*)(!-*) , i (-*)(!-*)(»-*) 

r(*) \ * J *(!+«) S *(l+«)( 2 +s) 


/: <_ * _i {- io « ^ * 

and deduce that, when os+z> 0, 

<* i r (*+*) * , g(*-l) . s(g-l)(#-2) 
cfe T(i) a * «(«+!) * z(s-hl)(s+2) 


44 Using the result of example 43, prove that 

— {X 2 

logr(«+os)=logr(*)+alog?- 5 — 


“ (jl + 1) 2(2 + 1) (2+2)... (2 + m) ’ 

investigating the region of convergence of the series. 

(Binet, Journal de VJEcole polytecknique, xvi. (1839), p. 256.) 


- 2 
n=l 


45. Prove that, if p > 0, q > 0, then 


B(p, g) 


pV““\ q9“h 

: (p +? )P+9-i 


( 2n .)i e 3f(p, «), 
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M{p, ?)=2p 


£ xt> -\' 


fCf+OpM 

\pq(p+q), 


and p 2 =p 2 +q 2 +pq. 

46. If t r -2 ix /r(I-^r), F=2^/r (i.- lx), 

and if the function F{x) be defined by the equation 



shew (1) that F{x) satisfies the equation 

(2) that, for all positive integral values of x, 

(3) that F(,v) is analytic for all finite values of x, 

r f—) 

(4) that 

47. Expand 

{r(a)}-» 

as a series of ascending powers of a. 

(Various evaluations of the coefficients in this expansion have been given by Bourguet, 
Bull, des Sci. Math. v. (1881), p. 43; Bourguet, Acta Math . n. (1883), p. 261 ; Schlomilch, 
ZeiUckriftfur Math, und Pkys. xxv. (1880), pp. 35, 351.) 


48. Prove that the (2-function, defined by the equation 

<?(*+!)-(&)** {(i+i) , 

is an integral function which satisfies the relations 

<?(s+l)=r(s)<?(*), 0(1)-1, 

(n !)*/(?(n+l)=l 1 . 2*. 3 3 ...n n . (Alexeiewsky.) 

(The most important properties of the (2-function are discussed in Barnes’ memoir, 
Quarterly Journal xxxi.) 


49. Shew that 

and deduce that 

50. Shew that 


&($+ 1) 

<2(*+l) 


=£ log (2rr) - z + 


z 


rW’ 


log 


qSL if) 

G(l+z) 



irz cot ttz dz — z log (2*r). 


J’ log r (t+1) dt=$zlog (2a-) - \z (*+l)+slog r (*+!)—log G (*+!). 



CHAPTER XIII 

THE ZETA FUNCTION OF RIEMANN 


13* * * § 1. Definition of the Zeta-function. 

Let 8=<r + it where a and t are real*; then, if 8 > 0, the series 


?(*) = 



is a uniformly convergent series of analytic functions (§§ 2*33, 3*34) in any 
domain in which <r > 1 + 8; and consequently the series is an analytic function 
of 8 in such a domain. The function is called the Zetafunction ; although 
it was known to Eulerf, its most remarkable properties were not discovered 
before RiemannJ who discussed it in his memoir on prime numbers; it has 
since proved to be of fundamental importance, not only in the Theory of 
Prime Numbers, but also in the higher theory of the Gamma-function and 
allied functions. 


13*11. The generalised Zeta-function §. 

Many of the properties possessed by the Zeta-function are particular cases 
of properties possessed by a more general function defined, when a ^1 +8, 
by the equation 


00 


n=0 


1 

(a+ n)*’ 


where a is a constant. For simplicity, we shall suppose|| that 0 < a 4 1, and 
then we take arg(a + n) = 0. It is evident that f (s, 1) = f (a). 


13*12. The expression of £(s, a) as an infinite integral. 

Since (a + ri)~ 9 T (s) =» J e~ {n+a) 9 dx, when arg # = 0 and <r > 0 (and 

a fortiori when a ^ 1 + 8), we have, when <r > 1+8, 

N r°° 

r (s) ? (s, a) = lim 2 x?~ l e-(* +a)x dm 
N-*’ 00 »=0 J 0 


= lira 



of-ig-ax 

1 —e~ x 


dx — 


f 


af~ l 

l~e~* 


e -ix+i+*)*dx[ 


* The letters <r, t will be used in this sense throughout the chapter. 

f Commentations Acad . Sci. Imp . Petropolitanae, ix. (1737), pp. 160-188. 

X Berliner Monatsberichte , 1869, pp. 671-680. Ges. Werke (1876), pp. 136-144. 

§ The definition of this function appears to be due to Hurwitz, Zeitschrift fUr Math, und 
Phye . xxvn. (1882), pp. 86-101. 

(I When a has this range of values, the properties of the function are, in general, much 
simpler than the corresponding properties for other values of a . The results of § 13*14 are true 
for all values of a (negative integer values excepted); and the results of §§ 13*12, 13*13, 13*2 are 
true when #(a)>0. 
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Now, when x > 0, e? > 1 + x, and so the modulus of the second of these 
integrals does not exceed 

r af-'e-^+^dx = (N+ aY~* r (a -1), 

Jo 

which (when a- ^ 1 -f 8) tends to 0 as N oo. 

Hence, when <r ^ 1 + 8 and arg x — 0, 

1 r°° fi ~ax 

?(5,a) = r(^j 0 1 -e~ z dx; 

this formula corresponds in some respects to Euler’s integral for the Gamma- 
function. 


13*13. The expression* of £($, a) as a contour integral . 
When a ^ 1 + 8, consider 


f(° +) 

J. 1 — e~* 

the contour of integration being of Hankel’s type (§ 12*22) and not containing 
the points ± iniri (n * 1, 2, 3, ...) which are poles of the integrand; it is 
supposed (as in § 12*22) that | arg (— z) | ^ 7 r. 


It is legitimate to modify the contour, precisely as in § 12*22, whenf 
<r ^ 1 -f 8; and we get 

r(o+) (_ zy-i e -*z 7 , f* a*~'er** 




e“* 


da?. 


Therefore 


f(s, <z) = — 


r (1 - s) f fl>+> (- zy-'er** 

27ri J „ 1 - 


Now this last integral is a one-valued analytic function of s for all values 
of 8. Hence the only possible singularities of f (s, a) are at the singularities 
of r (1 — 5), i.e. at the points 1, 2, 3, ..., and, with the exception of these 
points, the integral affords a representation of ? ( s , a) valid over the whole 
plane. The result obtained corresponds to Hankel’s integral for the Gamma- 
function. Also, we have seen that f($, a) is analytic when a ^1 + 8, and 
so the only singularity of f (s, a) is at the point s = 1. Writing s =*= 1 in the 
integral, we get 

1 f(o+) e *-" 

2«J W r^=i dz ’ 


which is the residue at z = 0 of the integrand, and this residue is 1. 


Hence 


lim 

*-►1 


K (s, a) 

r<i-«) 


-l. 


* Given by Riemann for the ordinary Zeta-function. 

i* If c ^ 1, the integral taken along any straight line up to the origin does not oonverge. 
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Since T (1 — s) has a single pole at s = 1 with residue — 1, it follows that 
lie only singularity of J (s, a) is a simple pole with residue + 1 at s =» 1. 

Example 1. Shew that, when R (s) > 0, 


■—f 
r«Jo 




dx. 


lo e*+l 

Example 2. Shew that, when R (s) > 1, 

(2«-l) {(*) = £(», i) 

2* /• 00 tf»-ie* 

“r(«)J 0 e“-l 

Example 3. Shew that 

_ g-rq-«) /•(»+) 

f()_ 2iri(2 1- *—1) J m e*+1 

iere the contour does not include any of the points ±rrt, ±3m', ± 5 tti, .... 

1314. FaZues of %{s, a) for special values of s. 

In the special case when s is an integer (positive or negative), 

X e ^ 

a one-valued function of z. We may consequently apply Cauchy’s theorem, 
1 r(o+) (—#- az 

that 5 —. v 7 is the residue of the integrand at 2 = 0, that 

ATTl J 00 A — e 

/ y — 1 

to say, it is the coefficient of z~* in v ^ • 

To obtain this coefficient we differentiate the expansion (§ 7*2) 

» (-)»<#,„(a) 2 » 

~„=i“ n\ 

*m-by-term with regard to a , where <f> n (a) denotes the Bemoullian poly- 
mial. 

£ — 02 

(This is obviously legitimate, by § 4*7, when | z | < 2rr, since - can be expanded 
y a power series in z uniformly convergent with respect to a.) 


Then 


_ y {-) n <t>n(a)2 n 
e~ z -l nil n 1 


Therefore if $ is zero or a negative integer (= — ??i), we Aave 
f (- m, a) = — ™ +2 (a)/{(m + 1) (w + 2)}. 

In the special case when a — 1, if $ = — m t then £(s) is the coefficient 

, . r (—)*.m!z 

r 1 ”* in the expansion of . 
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Hence, by § 7 - 2, 

?(- 2m) - 0, ?(1 - 2m) - (-) m B m /{2m) (m = 1, 2, 3, ...), 

f(0)-J. 

These equations give the value of f (s) when $ is a negative integer or zero. 


13*15. The formula* of Hurwitz for £ (s, a) when <r< 0. 


Consider 


i f (-*)- 1 


2m] c 


—— dz taken round a contour C consisting of 


ic 1—er 

a (large) circle of radius (2N+1)% r, (N an integer), starting at the point 
(2 jBT4-1) w and encircling the origin in the positive direction, arg (— z) being 
zero at z = — (2 N 4- 1) it. 


In the region between C and the contour (2 Ntt +tt; 0 4-), of which the 
contour of § 13*13 is the limiting form, (- zy-'e"* 2 (1 — e"*)" 1 is analytic and 
one-valued except at the simple poles ± 2m, ± 4m, , ± 2Nm. 

Hence 


2 mil 


j 1 — e z 2m J (. 


0+) p~az y 

{ 1 dz = % (R n + R„'), 

(2iV+l)ir 1—0 n~l 


where Rn, R n ' are the residues of the integrand at 2mri, — 2nm respectively. 
At the point at which — z * 2mre ~ * m , the residue is 

(2wr)* - ■ 1 e “ l” ~ e- 2anir \ 

and hence R n 4* R n ' = (2mrY~ l 2 sin Q stt 4- Swan) . 

Hence 


1 f<°+> (~ zy-'er 9 * ^ 

2iriJ (M+i)v l—e~ z 

2 sin \sir % cos (2wan) 2 cos \stt % sin (2wan) 
’ (27r) 1 -' »=i + (2w)« ~i ^ Z7_ 


1 r (- zy^jr** 

2m J c 1 — e~ z 


dz. 


Now, since 0 < a ^ 1, it is easy to see that we can find a number K 
independent of N such that | e*** (1 — e~ z )~* | < if when z is on C. 

Hence 


1 

2m 


‘ (-zy-'e~ az 

c l-e~ z 


dz 



|{(2JT+l)ir}V»| d6 


<K{(2N^l)ir}^e^ 

0 as N oc if <r < 0. 


ZeiUchrift fur Math, und Phy*. xxvii. (1882), p. 95. 
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Making If -*■ oo , we obtain the result of Hurwitz that, if c < 0, 


2r(l-s) 


-«) { /l„ \ ^ cos (2mm) , f\ \ “ sin (27raw)) 


(27T) 1 

iach of these series being convergent. 


13*151. Riemanri8 relation between J ($) and f (1 — s). 

If we write a— 1 in the formula of Hurwitz given in § 13*15, and employ 
\ 12*14, we get the remarkable result, due to Riemann, that 

2 1 ”* r ( 8) f (8) COS ^ &rj = 7T* £(1 — 8). 

3ince both sides of this equation are analytic functions of 8, save for isolated 
values of s at which they have poles, this equation, proved when a <0, 
oersists (by § 5*5) for all values of s save those isolated values. 

Example 1. If m be a positive integer, shew that 

( (2 m) =2 2m “ i !. 

Example 2. Shew that r (%*) xr”** ((s) is unaltered by replacing s by 1 

(Riemann.) 

Example 3. Deduce from Riemann’a relation that the zeros of {(s) at -2,-4, - 6,... 
re zeros of the first order. 


13*2. Her mite s * formula for f (s, a). 

Let us apply Plana’s theorem (example 7, p. 145) to the function 
b (z) = (a 4- z)~*, where arg (a + z) has its principal value. 

Define the function q (x, y) by the equation 


2 0, y) - gi K® + x + iy ^~' -(®+*-*y) - *} 

= — {(a, + a:) s + y a j sin arc tan - ^ [, 

( x aj 


Since f 


arc tan 


x + a 


does not exceed the smaller of iir and — —- , we 


x 4 - a 


ave 


1 2 (*> y) k {(« + Xf + y’}* ~ i<r | jr“| sinh || it \ a 1 1, 

l90 B >y)kK®+ a 0 !, +y*}~ i,r { sinh fqri}|* 

Using the first result when | y | > a and the second when | y | < a it is 


* Annali di Matematica , (8), v. (1901), pp. 57-72. 

ft dt f® dt ft 

f If £>0, arc tan £= I < J ^ and arc tan£< / dt. 
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evident that, if a> 0, I q(x, y) (e*** — l) -1 dy is convergent when <r>0an 
Jo 

tends to 0 as x -♦» oo ; also (a 4- sc)-* da converges if <r > 1. 

Jo 

Hence, if <r > 1, it is legitimate to make oo in the result contained i; 
the example cited; and we have 

?(», a)~\ a-* +| o (a 4- «)-* dx + 2 f <> ( a * +y*)"**| sin ( s ^ tan j 
So 

?(«.«)* 5«"*+^1 + 2 f g (“ 3 + y 3 ) { siQ (* arc tan J . 

This is Hermite’s formula*; using the results that, if y £0, 

arc tan y/a^y/a arc tan yja<\ir ^y>|a7r^, 

we see that the integral involved in the formula converges for all values of s 
Further, the integral defines an analytic function of 8 for all values of 8. 

To prove this, it is sufficient (§ 5*31) to shew that the integral obtained by differentiating 
under the sign of integration converges uniformly ; that is to say we have to prove that 


/o £ ~ i lo s ( a * + y s ) ( a *~ ** sin (* arc ton f) J 


dy 


+ f o [(a’+y»T* arc ten | cos (. arc tan f)] 

converges uniformly with respect to « in any domain of values of s. Now when |«| 
where A is any positive number, we have 

| arc tan ^ cos (s arc tan ^ j < (a 2 +y 2 )* A ~ cosh (JirA); 

8ince t f 0 ( al +^ iA ^i 


converges, the second integral converges uniformly by § 4*431 (I). 

By dividing the path of integration of the first integral into two parts (0, lira), 
(lira, cc ) and using the results 

j sin ^«arc tan^ j <sinh~^, | sin ^arctan^ j <sinh lirA 

in the respective parts, we can similarly shew that the first integral converges uniformly. 

Consequently Hermite’s formula is valid (§ 5*5) for all values of s, and 
it is legitimate to differentiate under the sign of integration, and the 
differentiated integral is a continuous function of s. 


The corresponding formula when a=l had been previously given by Jensen. 
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13-21, 13-3] 

13*21. Deductions from, Hermite's formula. 

Writing 8 = 0 in Hermite's formula, we see that 

?( 0 , a) = \ - a. 

Making s — 1, from the uniformity of convergence of the integral involved 
in Hermite's formula we see that 

Sil 1 ** (a . + ^-i j- 

Hence, by the example of § 12*32, we have 

Further, differentiating* the formula for £(s, a) and then making 8-* 0 , 
we get 

{>■ 

+ 2 £ | — 5 log(a s + y s ).(a , + y , )"i* sin arc tan 

+ (a , + arc tan | cos arc tan |j| ^ j 

^ H a-a + ,f^^M d y. 

Hence, by § 12*32, 

{as ? (S) °)} <=0 - lo g r (a) - r 2 log ( 2 ir). 

These results had previously been obtained in a different manner by 
Lerch*f\ 

Corollary\ lim (s) - ~Tj\ = ? (°) * " i lo g ( 2ir )* 

13*3. Euler's product for f(s). 

Let <r^l + S; and let 2 , 3, 5, .../>,... be the prime numbers in order. 
Then, subtracting the series for 2~* £ (s) from the series for £(8), we get 

?(a).(l- 2 -«) = p + | + |,+ £ + .... 


* This was justified in § 13*2. 

f The formula for f(s, a) from which Lerch derived these results is given in a memoir 
published by the Academy of Sciences of Prague. A summary of his memoir is contained in 
the Jahrbuch fiber die ForUchritte der Math . 1893-1894, p. 484. 
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all the terms of 2n~* for which n is a multiple of 2 being omitted ; then in 
like manner 

?(*)• (1-2-*) (1-8-0-I + I + I + ..., 

all the terms for which n is a multiple of 2 or 3 being omitted; and so on; 
so that 

m . (1 - 2-) (1 - 3-')... (1 -jr*) - 1 + 2V“' 
the ' denoting that only those values of n (greater than p) which are prime 
to 2, 3, ...p occur in the summation. 

Now* | %'nr* | <S'ur 1- * $ 2 n“ 1 ~ a 0 as p x. 

najD+l 

Therefore if <r ^ 1 + $, the product f (a) II (1 —p~*) converges to 1, where 

p 

the number p assumes the prime values 2, 3, 5, ... only. 

But the product II (1 —p~ s ) converges when <r > 1 + 8, for it consists of 

p 

00 

some of the factors of the absolutely convergent product II (1 — ft"'). 

n=2 

Consequently we infer that f (s) has no zeros at which cr ^ 1 + S ; for if 
it had any such zeros, II (1 — p~*) would not converge at them. 

p 

Therefore, if cr ^ 1 -f 



This is Eulers result. 

13*31. Riemanns hypothesis concerning the zeros of £(s). 

It has just been proved that f (*) has no zeros at which <r > I. 

From the formula (§ 13*151) 

{(•) = 2*" 1 {r sec (J«r) ?(1 - a) 
it is now apparent that the only zeros of ? (s) for which <r < 0 are the zeros 
of {r(a)}” 1 sec Q sir'j , i.e. the points s =* — 2, — 4, .... 

Hence all the zeros of £(s) except those al — 2, — 4, ... lie in that strip of 
the domain of the complex variable s which is defined by 

It was conjectured by Riemann, but it has not yet been proved, that all 
the zeros of f (s) in this strip lie on the line a =* ^; while it has quite recently 
been proved by Hardy-f that an infinity of zeros of f (s) actually lie on cr = | * 

It is highly probable that Riemanns conjecture is correct, and the proof of 
it would have far-reaching consequences in the theory of Prime Numbers. 

* The first term of 2' starts with the prime next greater than p. 
f Comptes Rendu *, clvui. (1914), p. 1012; see p. 280. 
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13-31, 13*4] 

13-4. Riemanris integral for f (s). 

It is easy to see that, if <r > 0, 

n-r^sj or" 4 * = e~ nirx xi , - 1 dx. 

Hence, when a > 0, 

fOOrfL'W-i'-lim r | 

\ / N+aoJO n=l 

« 

Now, if w (a:) = 2 e~ n ^ rx , since, by example 17 of Chapter Vi (p. 124), 

n=l 

1 + 2«r (a?) = {1 4- 2w (1/a:)}, we have lim nr (x) — l ; and hence 

I da: converges when a > 1. 

Jo 

Consequently y if <r> 2 , 

4T(«) r (Is 1 )-jr-4* == lim ("f * (a;)* 4 *" 1 dx- f* 1 «-* , «'a> 4 *- 1 da;l . 

V / jr-*®LJo Jo »=w+i J 

Now, as in § 13*12, the modulus of the last integral does not exceed 

2 e -n(N+l)«|^-l £ ^ = jJ^ +1), ”* 4<r_1 


a 


^+x 


dx 


e - { N+i)zr 

< {ir (N +1)}~ 1 [ e-(* f3+2 W rx xl ,r - 2 dx 
Jo 

= {or(N+1)}-1 {(N>+ 2N) ir] 1 - * r (i O— l) 

0 as N -*■ oo, since cr > 2. 

Hence, when <r > 2, 

?(«) r (± s^j tt - i* = J" « (*) a > 4 *'-' 1 dx 

—j | —^ + ^a !“ 4 + a:~i •or(l/a:)} a ; 4 * -1 dar + |^ »(x)xi*~ 1 dx 

= -^ + Aj+[ xiw(x)x~i ,+ 1 (-^jdx+fi v(x)xi , ~ 1 dx. 
Consequently 

f(«)r (£«)*-»• ^1) = /" (xi( 1 ^ + xi‘)x~ 1 v (x)dx. 

Now the integral on the right represents an analytic function of s for all 
values of 5, by § 5*32, since on the path of integration 

3C 

nr (x) < e~* x 2 e _m,rsr < er** (1 — e~ w y~\ 


Consequently, by § 5*5, the above equation, proved when <r> 2, persists for 
ill values of 8 . 



274 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XTTT 


If now we put 

s=l+n, 5*(#-1) m r(J«) m 

we have 

f(£) = ^-(V + ^j j ir - i®(as)cos dx. 

Since £ j|log#j cos logo? + \n 7r^ dx 

satisfies the test of § 4*44 corollary, we may differentiate any number of times 
under the sign of integration, and then put £ = 0. Hence, by Taylor’s 
theorem, we have for all values* of t 

f(*)* i <hn? n l 
»=0 


by considering the last integral is obviously real. 

This result is fundamental in Riemann’s researches. 

13*5. Inequalities satisfied by ((*, a) when <r> 0. 

We shall now investigate the behaviour of {(s, a) as t-*- ± ao, for given values of <r. 
When or > 1, it is easy to see that, if N be any integer, 


£(*,«)= 2 («+»)“•- 


where 




1—* {(ji+l+o)* -1 (n+a)* -1 } — (» + l-t-a)* 

-•/: 


f*+i u-n 


Now, when <r > 0, 


(u+aY+i 

i/»wi<i*i f t 


du. 

n+l U — 7 


< S 




(u+a)' 
«+l du 


o-4-l 


du 


(n+a)™ 

00 

Therefore the series 2^/ n (s) is a uniformly convergent series of analytic functions 
00 

when <r>0; so that 2^ f n (s) is an analytic function when <r >0; and consequently, by 
§ 5*5, the function ((s, a) may be defined when a- >0 by the series 

f(«, «)-(«+»)-*- (1 _ 4) (A r +a) , 


- 1 U' {>) - 

Now let [t] be the greatest integer in 1 1 1; and take N=[t\. Then 
It] « 

U(*,*) |< 2 Ka+nJ-l+UOL-^M+a^H- 2 |«| (*+«)-*“ 

n=0 »=[f] 

W , « 

< 2 (a+»)-'+|«|-i([f]+a) , -'+|«| 2 (w+a)-'- 1 . 

»=[f] 


* In this particular piece of analysis it is convenient to regard t as a complex variable, 
defined by the equation s=±+it ; and then £ (t) is an integral function of t. 
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Using the Maclaurin-Cauchy sum formula (§ 4*43), we get 

fl*] f * 

I £■(*>«) I <«“'+/ (a+^)-'Ar+|<|- 1 (W+«) 1 -'+|»|/ (x+a)-* -1 dx. 

Jo Jm-i 

Now when d < <r < 1 - & where $ > 0, we have 

I «) I < I- 1 * k-- 1 (DO-1+«>-*■. 

Hence ((a, a)**0(\t I 1 ”®), the constant implied in the symbol 0 being independent of a. 
But , when 1—+ we have 

| C(», a) |=0 (| 1 1 1 -^) + ( a+xr'dx 

<0(| t | 1 -' r )H> 1 -*+(a+«) 1 -*} j l ‘\a+x)-'dx, 

since (a+^)“°’<a l “ <r (a4-^)" 1 when <7^1, and (a +x)~* ^ (a+[d) 1 “ or (a -f-ar)" 1 when 
0 *^ 1 , and so 

C(',a)=0{\t\ l ~'log\t\}. 

When <r ^ 14-3, 

| f (*, a) | < a-*+ 2 (a+n)- 1 " 4 * 0 (1). 

71=1 

13*51. Inequalities satisfied by f (*, a) when <r <0. 

We next obtain inequalities of a similar nature when or In the case of the 
function f («) we use Riemann’s relation 

C(s)=2 a tt*- 1 r (1 -s)((l-s) sin (is*). 

Now, when <r < 1 - 8, we have, by § 12 33, 

r (1 -s) = 0 {e ( * log (l ’ a) - Q-*)} 

and so 

C(s) = 0[exp {Jtt | 1 1 + ($-cr-&)log|l-a|+iarctan*/(l-<r)}]{(l-*). 

Since arc tan t/(l—a)= ±J?r + 0 (* _1 ), according as t is positive or negative, we see, from 
the results already obtained for ( (a, a), that 

CM=0{|<|i-«K(i-,). 

In the case of the function (( s , d), we have to use the formula of Hurwitz (§ 13*15) 
to obtain the generalisation of this result; we have, when cr<0, 

f(«, •)- i (Sr)- 1 r(l~») 

« gSniria 

where f “ (1- * )= n !, 

Hence (i_«swa) f„(l 2 ( n _i).-n 

n=2 

+ (*- 1 ) 1 «*»"<*/■" u .~2 du . 
n=N+l J »—1 

since the series on the right is a uniformly convergent series of analytic functions 
whenever <r<l-8, this equation gives the continuation of ( a (1 -*) over the range 
1 -3; so that, whenever <r ^ 1 - 8, we have 

smir<x£,(l-.)|<l + 2 {w ,r_1 +(»-l) ,r - 1 }+|#-l | 5 /* vT*du. 

n=2 n-AT+1 J n-1 
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Taking we obtain, as in § 13'6, 

e.(i-*>-o(i«r) 

-O(|«riog|<i) (-»<S<r<»). 

And obviously 

C.(l-«)=0(1) (<r<-4). 

Consequently, whether a is unity or not, we have the results 

£(*«)-« (I* I*"') (#<*) 

-0(1*1*) 

-0(|t|*fag|t|) (-8$o-«4). 

We may combine these results and those of § 13*5, into the single formula 

c(*,«)-o(i*r''Uogi*i), 

where* 

r(<r)=$-«r, (<r<0); $, r(<r)=l-<r, Q%<r^l); t(<t)= 0, (<r>I); 

and the log 1 1 1 may be suppressed except when -d^ a or when 1 — 3 < <r ^ 1 +d. 


13*6. The asymptotic expansion of log r (z + a). 

From § 12*1 example 3, it follows that 

Now, the principal values of the logarithms being taken, 

= | [7 -a* \ ! g (~)”^ * m 1 | 

»=iLV« («+ «)/»'=* m (a + n) m J m ti m o m ' 

If | z j < a, the double series is absolutely convergent since 

I r «liL i A__Ld) + j£L] 

^iLaCa+n) °V a+w/ a+nj 

converges. 

Consequently 

! <r*T(a) z 5 02 

l°g r/ —^ -2 —7—-—r *4* 2 —-2 wl f(m,a). 

° T (2 + a) a fts in(a + rc) m=2 rn 9x 7 

Now consider - f (s, a) d$, the contour of integration being 

ZtTTl J Q 8 Sin 7T2 

similar to that of § 12*22 enclosing the points s = 2, 3, 4, ... but not the 
points 1, 0, —1, —2, the residue of the integrand at $ = m(m^ 2) is 
(—) m 

z m f(m, o); and since, as <r — qc (where s « c 4* it), ?(s, a) « 0 (1), the 
integral converges if | z ] < 1. 

* It can be proved that r(<r) may be taken to be £(1 -<r) when 0^<r^ 1. See Landau, Prim- 
zahlen , § 237 . 
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l e~ yz T(a) _z “ az 
®r(z4-a) a tt= in(a + n) 


2m J ( 


CS Sill 7T8 


f (s, a) ds. 


Hence 


w T(a) ^ T'(a) 1 f ttz* 

^T(z + a) T(a) 2iri Jc saimrs ^ 3 

Now let D be a semicircle of (large) radius N with centre at $ = f, the 
semicircle lying on the right of the line <r = f. On this semicircle 
f(s, a) - 0(1), (.3*1 = |^| <r e“ iai * 3 , and so the integrand is* 0 {\z *!-*«»*}. 
Hence if | * | < 1 and — 7r4- 8 ^ arg * ^ 7r — 8, where S is positive, the integrand 
is 0 (\z\* and hence 

[ --- - - g (s y a)ds 0 

J D 8 sm 7TS * v 7 

is JV" -*» oo. It follows at once that, if | argz | ^ 7 r — S and | z | < 1, 

, _ r(a) r'(a) . 1 ft ** 1 «• w x T 

l0g r ( z + a)- ' r (a) + 2m J # _. t ^ a) *• 

But this integral defines an analytic function of z for all values of | z | if 

I arg z | <$7r-S. 

Hence, by § 5*5, the above equation, proved when | z | < 1, persists for all 
values of | z | when | argz | < ir — 8. 


/*} ^ Jit 

Now consider | —^— £ (s, a) ds, where n is a fixed integer and 

J-n-£±i?tSSin7rs bV 8 

S is going to tend to infinity. By § 13*51, the integrand is 0 {& e~* R 
yhere — and hence if the upper signs be taken, or if the lower 

igns be taken, the integral tends to zero as R — 00 . 

Therefore, by Cauchy's theorem, 

. r(o) r '(a* 1 /■-*-*+•<«• * 

0g IV + a) * r (a) ssinm ^ 8> 8 m= _! 

rhere B m is the residue of the integrand at s — — m. 

Now, on the new path of integration 


T'(a) 1 l +oof ttz? w » _ 

I r(a) 2m J ssimrs* 7 OT =-i 


•?(s,a) < j, 


'here K is independent of z and t, and r(<r) is the function defined in 
1351. 


* The constants implied in the symbol 0 are independent of * and z throughout. 



278 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XIII 


f co 

Consequently, since J «T J|t| |*| T(-n-i) dt converges, we have 
when 1 2 1 is large. 

( _yn z —m y / m q\ 

Now, when m is a positive integer, R m — —--—, and so 

by 11314, R* = ^(mClKm + 2j ’ where denotes the derivate of 

Bernoulli’s polynomial 

Also iE 0 is the residue at s = 0 of 

+ •■*)(! + slogz + ...) ji-<M-sf'(0, o) + ...|, 
and so R a = ^ — log z 4- f' (0, o) 

- - u) log z + log r (a) — \ log (2ir), 

by § 13-21. 

And, using § 13-21, J2_! is the residue* at S =0 of 


Hence 


-R-I = - *log*+ z + z. 


Consequently, finally, if j arg z | ^ 7r — 8 and | z | is large. 


logr(* + a)= [z + a —log z — z + ^log(2ir) 


In the special case when a = 1, this reduces to the formula found 
previously in § 12*33 for a more restricted range of values of arg z. 

The asymptotic expansion just obtained is valid when a is not restricted 
by the inequality 0 < a ^ 1; but the investigation of it involves the rather 
more elaborate methods which are necessary for obtaining inequalities satisfied 
by £ ($, a) when a does not satisfy the inequality 0 < a % 1. But if, in the 
formula just obtained, we write a «1 and then put z + a for z t it is easily 
seen that, when | arg (z + a) | ^ 7r — 8, we have 


^og T(z + a +1) = ^ + a + ^ log(s 4- a)-z - a + g log (2*r) + o (1); 


Writing t^S+ 1. 
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subtracting log (2 -f a) from each side, we easily see that when both 
l a rg(s + a) |^7r— 8 and | arg z\^7r- S } 
we have the asymptotic formula 

log T (z + a) = (z + a - ^ log s - * 4- \ log (2 tt) + 0 (1), 
where the expression which is 0 (1) tends to zero as | z |—*oo. 
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Miscellaneous Examples. 


1. 


2. 


Shew that 

(S'—l)f (*)*■ j—y+2 ($• +f )~** sin (< arc tan %) ■ 

(Jensen, VIntermediaire des Math, (1895), p. 346.) 

Shew that 

f W-Ay-S* J 0 (1 +y*) ~ ** sin (« arc ten y) • 

(Jensen.) 


3. Discuss the asymptotic expansion of log O (z+a), (Chapter xn example 48) by 

aid of the generalised Zeta-function. (Barnes.) 

4. Shew that, if <r > 1, 

logf(«)=S 2 -±~, 

pm=l mp™* 

the summation extending over the prime numbers p = % 3, 5, .... 

(Dirichlet, Journal de Math, iv. (1839), p. 407.) 

5. Shew that, if <r> J, 

Z a_w 

CW nil *• ’ 

where A (?i)=0 when n is not a power of a prime, and A (ft)=*logjo when n is a power of a 
prime p. 

6. Prove that 


e~ x *dx 


. (**£> 


w 2 \** r(js) 


-j e ~ 1 dx, 

(Lerch, KrakCw Rozpravn/*, II.) 


See the Jahrbuch iiber die Fortschritte der Math. 1893-1894, p. 482. 
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where | x | < 1, and the real part of j is positive, shew that 


and, if *<1, 


N 1 (*x#~ l dz 

<f) (*, ^)*=r(*) J 0 


lim (1 -ar) l “* <f> [s, x) =*r (1 - a). 

(Appell, Comptei Jttendus , Lxxxvn.) 


8. If 4 ?, a, and 4 be real, and 0 <ct < 1, and *> 1, and if 


shew that 




.1 r e -<u z* _1 dz 
and 

W*) f « iri ft* _2ax ) <h ( — a. x. a) 0 

6(4?, a, -J ' l. 

(2w) 1 +«”$ ( a> 1 _ Xj ,)J 

(Lerch, Acta Moth. XI.) 

9. By evaluating the residues at the poles on the left of the straight line taken as 
contour, shew that, if k > 0, and | arg y | < Jir, 


1 fk+<*i 

*-'=2^JrWy' udu ’ 


and deduce that, if l > f, 


1 ffc+cei 

L , r (*).(»#)—f(2w)<fct«or(*), 


and thence that, if a is an acute angle, 

Jo ^(0 dt—ir cos — ftre*** {1 4- 2ur (c**)} . 

(Hardy.) 

10. By differentiating 2?i times imder the integral sign in the last result of example 9, 
and then making a -*■ fir, deduce from example 17 on p. 124 that 




(-)*”• W 
2 271 C °^ 8’ 


By taking ti large, deduce that there is no number Z 0 such that £ (*) is of fixed sign 
when t>t o, and thence that f (*) has an infinity of zeros on the line <r=J. 

(Hardy.) 


[Hardy and Littlewood, Pi'oc. London Math. Soc . xix. (1920), have shewn that the 
number of zeros on the line for which 0 < t < T is at least 0(T) as T-*- co ; if the 

Riemaun hypothesis is true, the number is J- T log T- y 7 ^. Q (log T); see 

2jt ztt 

Landau, Primzahlen , i. p. 370.] 



CHAPTER XIV 


THE HYPERGEOMETRIC FUNCTION 
14*1. The hypergeometrie series . 

We have already (§ 2*38) considered the hypergeometrie series # 

a.b a(a + l)b(b + 1) a (a + l)(a-f 2) 5(6 +l)(6 + 2) 
l.c 1.2.c(e + l) + 1.2.3.c(c + l)(c + 2) + 

Tom the point of view of its convergence. It follows from § 2*38 and § 5'3 
jhat the series defines a function which is analytic when | z | < 1. 

It will appear later (§ 14*53) that this function has a branch point at z = 1 
md that if a cutf (i.e. an impassable barrier) is made from +1 to + oo along 
ihe real axis, the function is analytic and one-valued throughout the cut 
plane. The function will be denoted by F(a,h;c; z). 

Many important functions employed in Analysis can be expressed by 
neans of hypergeometrie functions. ThusJ 

(1 + zY^Fi-n, 

log(l + *)* zF{ 1, 1; 2 ;-z), 

e lim F( 1, £; 1 ;z/ff). 

Example, Shew that 

j z F(a,b-, o; *)-J/(.+M + li c +1 ; *). 

14*11. The value% of F(a, b ; c ; 1) when R(c — a — b)> 0. 

The reader will easily verify, by considering the coefficients of x n in the 

* The name was given by Wallis in 1655 to the series whose nth term is 
a {« + b\ (a+25} ... {a + (n -1) b}. 

Suler used the term hypergeometrie in this sense, the modern use of the term being apparently 
Lue to Kummer, Journal fur Math . xv. (1836). 

t The plane of the variable z is said to be cut along a curve when it is convenient to consider 
inly .such variations in z which do not involve a passage across the curve in question; so that 
he cut may be regarded as an impassable barrier. 

+ It will be a good exercise for the reader to construct a rigorous proof of the third of these 

'68UltS. 

§ This analysis is due to Gauss. A method more easy to remember but more difficult 
o justify is given in § 14*6 example 2. 
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various series, that if 0 ^ x < 1, then 

c{c — 1 — (2c — a — b — l)x\ F(a, b; c; x) + (c — a)(c — b)xF(a, b; c + l;x) 

= c (c — 1) (I — x) F (a, b ; c — 1; x) 


= c(c-l) jl + i)^ n |, 

where u. tn is the coefficient of in F (a, b; c — 1; x). 

Now make »1. By § 3*71, the right-hand side tends to zero i 

CO 

1+2 (Un—Un^ j) converges to zero, i.e. if u n —*0, which is the case whei 

n-1 

R (c — a — b) > 0. 

Also, by § 2*38 and § 3*71, the left-hand side tends to 

c(a + 6- c)F(a, b; c; 1)+ (c- a) ( c-b)F(a , b; c+ 1; I) 
under the same condition; and therefore 


Repeating this process, we see that 


F(a,b;c; 1)= n 


- 1 (c— a + n)(o —&+ n )) 


r =o (c + ^)(c-a-6 + n)J 


F (a, b : c + m ; 1) 


i^ 1 (c — a + w) (c — 6 + n) r w/ , 

= < lirn II — w — k —{v lim F(cl, 6; c + m; 1), 

U-mo »=o(c + n)(c-a~6 + n)J 7 

if these two limits exist. 

But (§ 12*13) the former limit is pT(c- 6^ ^ ° * S not a 

integer; and, if u n (a, b , c) be the coefficient of in jF(a, 6; c; x\ and 
m > | c |, we have 

i^(a, 6; c + w; 1)-1|< 2 | Wn (a, 6, c + m) | 

»=i 

ob 

« 2 M»(|a|, 16j, m-|c|) 

n=l 

<-^ 7 -, I M»(|a| + l,|6| + l,m + l-|c|). 

771 I c I n=0 

Now the last series converges, when m > |c| + |a| +16| — 1, and is a positive 
decreasing function of m; therefore, since {m — I cl}" 1 —>0, we have 

lim F (a, b ; c + m ; 1) = 1 ; 

and therefore, finally, 

p in i... i\_ r ( c ) r (c — a-6) 


F(a,l\c\ 1) = 


' (c — a) T (c - by 
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14*2. The differential equation satisfied by F(a, b;c; z). 

The reader will verify without difficulty, by the methods of § 10*3, that 
the hypergeomefcric series is an integral valid near z = 0 of the hypergeometric 
equation* 

z (1 — z) ~~ -f {c — (a + b -f 1) z\ ^ — abu = 0 ; 

from § 10*3, it is apparent that every point is an ‘ordinary point’ of this 
equation, with the exception of 0 , 1 , oo, and that these are * regular points.’ 

Example . Shew that an integral of the equation 

*( 4 +a ) ( 4 + j ) m -( 4 -°) ( 4 -*)““° 

2 *^(a+a, 6-fa; a— /3+1; z). 


14*3. Solutions of Riemann’s P-equation by hypergeometric functions. 

In § 10*72 it was observed that Riemann’s differential equationf 

d?u n-o-a' + l-/3-ff 1-7-71 

| z ~~ a z ■" b z "• c j dz 

, faa'(a- b)(a-c) , &&(b - c)(b-a) yy'(c — a)(c-b)' 

+ s-1-f-1-* 

( z — a z — b z — c 

u A 

~ (z — a) (z — b) (z — c) 


by a suitable change of variables, could be reduced to a hypergeometric 
equation; and, carrying out the change, we see that a solution of Riemann’s 
equation is 




« + /8 + 7 , a + ^ + 7 ; 1 -f a — a' 


, (z~a)(c-b) 


’ (z — 6 ) (c — a) 


provided that a —a' is not a negative integer; for simplicity, we shall, 
throughout this section, suppose that no one of the exponent differences 
a —a', /8 — 7 — 7 ' is zero or an integer, as (§ 10*32) in this exceptional 

case the general solution of the differential equation may involve logarithmic 
terms; the formulae in the exceptional case will be found in a memoir J by 
Iindelof, to which the reader is referred. 


Now if a be interchanged with a', or 7 with y\ in this expression, it must 
still satisfy Riemann’s equation, since the latter is unaffected by this change. 


* This equation was given by Gauss. 

f The constants are subject to the condition a+a'+p+p' + y+y f =l. 

X Acta Soc . Scient. Fennicae, xix. (1893). See also Klein’s lithographed Lectures, Ueber die 
hypergeometrische Function (Leipzig, 1894). 
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We thus obtain altogether four expressions, namely, 


(S) yjp, { a+/9+7> a+ ^ +7; 

“•“(jzf) (jzff + “ +/9/ + y ; 
“*=0 (S) y F { a + P + v'’ « + P+v'-> 

“' + ^ +7 ; 


1 + a- a'; 
1 + a-a; 
1 + ff - * / j 
1 + a' - a; 


(c-6)(*-a) | 

(c-a)(z-b)) 
(c — b)(z - a) ) 
(c-a)(z-b)j 
(c—b)(z - a) ) 
(c — a)(z — b)} 

(<?-&)(•g-g) | 

(c- a) (z- b)\ 


which are all solutions of the differential equation. 

Moreover, the differential equation is unaltered if the triads (a, a, a] 
(0, f¥y b\ (7, y, c ) are interchanged in any manner. If therefore we mab 
such changes in the above solutions, they will still be solutions of th< 
differential equation. 

There are five such changes possible, for we may write 
{6, c, a}, {c, a, b}, {a, c, 6}, {c, b, a}, {6, a, c} 


in turn in place of {a, 6, c}, with corresponding changes of a, a', & yS', 7, 7 ’* 

We thus obtain 4 x 5 = 20 new expressions, which with the original foui 
make altogether twenty-four particular solutions of Riemanns equation, in 
terms of hypergeometric series. 


The twenty new solutions may be written down as follows: 


{£+?+«> £+</+«; i+fi-Pi 
U, ~(z^~c) (i^c) F ^P + , Y + a > fi'+V+ a > > 

*• = (f^) f \p+v+*>0+v ,+ «'> 1 + 0 -ff; 

f {p' + v+*'> ? + v + «'-> 1 + ^-^ 
4 +,+A ’ + ^ i 1 + 7 - 7 ; 
^-(rdD (ib^D ^jy+«+Ay+^; 1+7-7; 

G^q) *’{7 + “ + # 7 + «' + ^; 1 + 7 - 7 '; 
,““ = («^o) G^a) *’{7'+« + £'. y+a'+^j 1+y-y; 


(a - c) (^ - 6)1 
(q-6)(^-c)J ’ 

(q — c) Qg — 6) 

(q —6)(z —c)J ’ 

(q-c)(g-6» 
(a — b)(z — c)j ’ 

(a —c) (.*—&)' 
(q-&)0-c)) ’ 
(6-q)(s-c) ) 
<&-c)(*-a)p 

(6-a)(*-c) ) 
(6 -o)(z- a)) ’ 

(6-q)(z-c) ) 
(6-c) ( 2 -a)]’ 

(6 — a) (^ — c) ) 
(b-c)(z-a)]’ 
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'H+* “ +y+ft I+ -* 

“"■(S) (r^)’ - f ’l“' +7+A “ +, ' +ft 1+ “'-* i 
' *+«-* 

»+'-> • 

“"■(S) r (fH) J ’{ 7+ ' 3+ “’ i+e+‘-> 1+7-7'; 

—(Sr(S)‘ '{*•*+.✓+*+.; 1+7-7; £=jfg=J»}. 

1+7-7; £«}• 

'“”-('-Z|)'e-^) r '{* + «+ 7 ./»+*+ 7 ; u-fi-ff; 

“•“G^)’ O’ ^{^+“+ 7 . v+‘+r. i+ff-ff-, 

' -e^)* (sr 4-* *+** ‘+*-* g=» 


By writing 0, 1 - C, A, B, 0 , C-A-B, x for o, a', 0, &', y, y, 
r_fc)(c— a) respectively, we obtain 24 solutions of the hypergeometric 
juation satisfied by F{A, B > G 3 ®)* 

The existence of these 24 solutions was first shewn by Kummer* 


14*4. Relations between particular solutions of the hypergeometric equation. 

It has just been shewn that 24 expressions involving hypergeometric 
sries are solutions of the hypergeometric equation; and, from the general 
leory of linear differential equations of the second order, it follows that, if 
xy three have a common domain of existence, there must be a linear relation 
ith constant coefficients connecting those three solutions. 

If we simplify u 1} m. 2 , u 9 , u a \ u l7i ; u^, U& in the manner indicated at 

* Journal fiir Math . xv. (1836), pp. 39-83, 127-172. They are obtained in a different manner 
Forsyth’s Treatise on Differential Equations , Chap. vi. 
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the end of § 14 3, we obtain the following solutions of the hypergeometrii 
equation with elements A, B, C, x : 
y l = F(A, B ; C; x), 

y. =(-xy-°F(A -C+l, B- C +1; 2 -C; x), 

y, =(1 -xf-*-*F(C-B, C — A; C; as). 

y 4 =(-®y- c (l - x)°- A -*F( 1 -B, 1 — A; 2- G; x), 

y„ = F(A,B; A + B-C+l;l-x), 

y lt = (l-x) c - A - B F(C-B, C-A; C-A-B + l; 1-x), 

y a = (- x)- B F(A, A-C+V,A-B+l-, a:- 1 ), 

y» = {-x)- A F(B,B-C+l;B-A + l; x~'). 

If | arg(l — «) [ < it, it is easy to see from § 2‘53 that, when | j; | < 1, the 
relations connecting y„ y t , y„ y 4 must be y, =y S) y 2 = y 4 , by considering the 
form of the expansions near x — 0 of the series involved. 

In this manner we can group the functions u lt ... into six sets of four* 
viz. Ui, Ws, UlS> ^14 j ^16 j U JS9 ^7 > W 21 i M 23 > W 6> ^ > W 22 > ^24} W 9> W U> W 17> ^19 

u 10 , Un, v-lb, such that members of the same set are constant multiples oi 
one another throughout a suitably chosen domain. 

In particular, we observe that u 1: u^, u 13 , u ls are constant multiples of a 
function which (by §§ 5*4, 2*53) can be expanded in the form 

(z - a) tt jl + £ e n (z - a)*j 

when | z — a | is sufficiently small; when arg (z — a) is so restricted that 
(z — af is one-valued, this solution of Riemann’s equation is usually written 
P (ft) . And P {a) ; P^ 1 , P^; PW, P (y) are defined in a similar manner when 
|— a|, |* — &|, l-s* — c| respectively are sufficiently small. 

To obtain the relations which connect three members of separate sets 
of solutions is much more difficult. The relations have been obtained by 
elaborate transformations of the double circuit integrals which will be obtained 
later in § 14*61; but a more simple and singularly elegant method has recently 
been discovered by Barnes; of his investigation we shall give a brief account. 

14*5. Barnes’ contour integrals for the hypergeometric function f. 

Consider -U P F(a + (6 + * )F s) (- zfds, 

2mJ_ ai r(c + s ) v ’ ' 

where |arg(— z)\<-rr, and the path of integration is curved (if necessary) to 

ensure that the poles of r(a+s)r(&+ s\ viz.« = - o — n, -&-n(n = 0,1,2,...), 

* The special formula 

F(A, 1;C;*) = -Lf(c-A 1; C; ^), 

which is derivable from the relation connecting u x with w 13 , was discovered in 1730 by Stirling, 
Methodus Differential™, prop. vn. 

t Proc. London Math. Soc . (2), vi. (1908), pp. 141-177. References to previous vork on similar 
topics by Pincherle, Mellin and Barnes are there given. 
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lie on the left of the path and the poles of r(—s), viz. *=*0,1, 2, ..., lie on 
the right of the path*. 

From § 13*6 it follows that the integrand is 

0[| *|a+*-c-i exp arg (- z).I{s)-TT\I(8) |}] 

as oo on the contour, and hence it is easily seen (§ 5*32) that the integrand 
is an analytic function of z throughout the domain defined by the inequality 
| arg 2 [ ^ 7T — S, where S is any positive number. 

Now, taking note of the relation T (- s) T (1 + s) = - tt cosec sir, consider 

J_ f r (a+s)r(b + s) iri-zY 
2m Jc r (c + *) T(1 4- s) sin snr 8) 

where G is the semicircle of radius N + ^ on the right of the imaginary axis 
with centre at the origin, and N is an integer. 

Now, by § 13*6, we have 

r(a+s)r(6+g)7r(-.g)» (-*)• 

r (c + s) r (1 + s) sin sir ' ; ' sin sir 


as N—>x>, the constant implied in the symbol 0 being independent of arg s 
when s is on the semicircle; and, if s = (flf + ^ e u and | z | < 1, we have 

(— zj cosec sir -0 j^exp ^ cos 6 log | z | — [n + sin 6 arg (-z) 


-(^ + i)w|sintf|}] 

= 0 jexp + i) cos 6 log |,| - (JT + |) 81sin01}] 

0 £exp ■ 2 (iV + log| z |jj O<| 0 |^ 7 r, 

o[expj-2-is(.ar + J)J] lirs\e\^ir. 

Hence if log|*| is negative (i.e. | z | < 1), the integrand tends to zero 
sufficiently rapidly (for all values of 6 under consideration) to ensure that 

0 as N—►<». 

f r-W+i)i 


/, 


Now 


r ,-ff +[ +r 

J »*aot («/ — cot J C * ( 




by Cauchy’s theorem, is equal to minus 2m times the sum of the residues 
of the integrand at the points * = 0, 1, 2 ,... Make JV—»oo, and the last 

* It is assumed that a and b are such that the contour can be drawn, i.e. that a and b 
are not negative integers (in which case the hypergeometric series is merely a polynomial). 
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three integrals tend to zero when | arg (— z) | ^it — 8, and \z\<l y and so, ii 
these circumstances, 


JL_ 

2ni 



T(a + s)T(b + s)r(-s) 
T(c + s) 


(- z yds= lim 

N-*-co 


I r(a+w)r(&+w) 

»«o r(c + n).7i! 


the general term in this summation being the residue of the integrand ai 

5 = n. 


Thus, an analytic function (namely the integral under consideration) exist* 
throughout the domain defined by the inequality | arg z | < tt, and, when j z | < 1 
this analytic function may be represented by the series 

| r(a + n)T(b + n) 

»=o r(c + n).«! 


The symbol F(a, b) c\ z) will, in future, be used to denote this function 
divided by T (a) r(6)/r(c). 


14 51. The continuation of the hypergeometric series. 

To obtain a representation of the function F (a, b; c;z) in the form of 
series convergent when | z | > 1, we shall employ the integral obtained in 
§ 14*5. If D be the semicircle of radius p on the left of the imaginary axis 
with centre at the origin, it may be shewn* by the methods of § 14*5 that 





as p—»oo, provided that (arg (—z)\<ir, | z | > 1 and p—»oo in such a way 
that the lower bound of the distance of D from poles of the integrand is 
a positive number (not zero). 

Hence it can be proved (as in the corresponding work of § 14*5) that, when 
i arg(— z) | < 7T and \z\ >1, 

JL f r(g+*)r(6+g)r(-g) > w 

27 rij f(c+») ^ ” 

= | r(a + n)r(l-c + q + n) sin(c-a-tt)7r , _ n 
nss0 r(l+n)T(l-b + a+n) cos n7r sin (6 — a — n) it ^ 

S T(b+n)r (l-c+b + n) sin(c- b-n)ir 6-n 

n=0 r(l+n)r(l-a + 5+n) cos ri7r sin (a — b — n) rr ^ 

the expressions in these summations being the residues of the integrand at 
the points s=-~a — n y s = — b — n respectively. 

It then follows at once on simplifying these series that the analytic 


* In considering the asymptotic expansion of the integrand when 1 1 1 is large on the oontonr 
or on Z), it is simplest to transform T (a +•), T (h+s), T(c+i) by the relation of § 12*14. 
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continuation of the series, by which the hypergeometric function was originally 
defined, is given by the equation 


r( 'r(c) b ^ F ( a ’ b ’ = r(a-c) ~ • g )~ a F(a,l-c + a; 1 

+ r( r(b-^ T ( ~ g) " 6 F(b ’ 1 ~ 0+6 ; 1 

where | arg (—z)\< tt. 


— b -fa; 2T l ) 

— a + b ; zr 1 ), 


It is readily seen that each of the three terms in this equation is a solution 
of the hypergeometric equation (see § 14*4). 

This result has to be modified when a-b is an integer or zero, as some of the poles of 
r (cr+«) T (h+s) are double poles, and the right-hand side then may involve logarithmic 
terms, in accordance with § 14*3. 

Corollary. Putting b~c, we see that, if | arg ( - z) | < tt, 

where (1 as 0, and so the value of | arg (1 -z) | which is less than n always 

has to be taken in this equation, in virtue of the cut (see § 14*1) from 0 to -f oo caused 
by the inequality | arg ( -z) | < n. 


14-52. Barries? lemma that, if the path of integration is curved so that the poles of 
r (y-a) r(d—«) lie on the right of the path and the poles of T {a+s)T (ji+s) lie on the left*, 
then 


/*^.r(a+*) r (£+*) r (y-») r(»- 


r(a+Y)r(a+3)ro+y)rQ3+d) 
] r(a+3+y+«) 


Write I for the expression on the left. 


If C be defined to be the semicircle of radius p on the right of the imaginary axis with 
centre at the origin, and if p-*-oo in such a way that the lower bound of the distance of 
C from the poles of r (y— s) T (3- s) is positive (not zero), it is readily seen that 

r (a+«) r o+«) r (y- <) r (S -«)= r ^ (i - a+<) 00860 cosec (*-■»)»■ 


= 0 [ ,.^- hr +*-* e X p {_ 2 ,|/ W | }1 
as | s |-*-ao on the imaginary axis or on C, 

Hence the original integral converges; and^-*-0 as p-*-oo, wheni2(a+j9+y+3 —1)<0. 

Thus, as in § 14*5, the integral involved in 1 is - 2 iri times the sum of the residues of the 
integrand at the poles of T (y - s) T (3 - s) ; evaluating these residues we gett 

r * r(Q+y-Ht)rQ3+y+») w * r (a+3+ n) T (£+3+ n) w 

n =0 r (»+l) r (1 +y -3+ft) sin (3 -y) n » =0 T (n+1) T (1+3-y+») sin (y—B) it * 


* It is supposed that a, y, S are such that no pole of the first Bet coincides with any pole 
of the second set. 

f These two series converge (§ 2*38). 
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And so, using the result of § 12*14 freely, by § 14*11 : 


7 "i(y* l)if ,< ra- 5 Sr ,,< * + *’ s+ii 

irr(l-a-ff-y-ft) ( r (o + 9)rQ9-fr&) r(a+y)TQ+y) ) 

J(y-#)* \r(i — a—y)r(i—/S—y) r(i-a-d)r(i-/9-8)j 


sin( 


r(a+y)r03+y)r(a+a)r{/3 + 8) .. . . 

- r(a^+y+t)«nW/8H-y+<)>rin(y- ^ ; < MQ ( ° + > ) ' Sm <*+»> * 

— sin (a+3) 7r sin (/3+3) w}. 

But 2 sin (a+y) it sin (£+y) w - 2 sin (a+3) *r sin (ft+ 3) v 


=003 (a—ft tt — cos (a-f /9 + 2y) jr— cos (a— ft it 4-cos (a 4-/34-23) it 
s=2 sin(y- 3) «■ sin (a-f $4-y4-3) 7r. 


Therefore 


r r (a4-y)ro+y)r(a+a)r(g+a ) 
r(a-hj8+y+3)~” 

which is the required result; it has, however, only been proved when 


R(o+t 3 + y-h3-l)<0; 

but, by the theory of analytic continuation, it is true throughout the domain through 
which both sides of the equation are analytic functions of, say, a; and hence it is true for 
all values of a, ft y, 3 for which none of the poles of r (a 4 -*) r (0+*), qua function of *, 
coincide with any of the poles of r (y - s) r (3 - s). 


Corollary. Writing s+k, a-k, ft-k, y+k, d+k in place of s, a, ft y, 3, we see that 
the result is still true when the limits of integration are -k±cc i, where k is any real 
constant. 


14*53. The connexion between hyper geometric functions of z and of\—z. 

We have seen that, if | arg (-z) | <rr, 

r(a)r(6) l (*< r(a+«)r(6+»)r(-*l 

~W F{a ' h ’ e ’ —r(«+#) (_2) * 

i /■*< r i i 

-^d~^J- k -^ r(a+t>r(b+t)r( ‘~ t)r(e ~ a ' b ~ t)d i 


by Barnes’ lemma. 


JC r(-«)(-«)• A 

X r(c-a)r(c-5) 1 


If ir be so chosen that the lower bound of the distance between the s contour and the 
t contour is positive (not zero), it may t>e shewn that the order of the integrations* 
may be interchanged. 

Carrying out the interchange, we see that if arg (1 -z) be given its principal value, 


r(c~a)r(c~6)r(a)r(b)F(a, b; c; z)/V(c) 

1 r-k+*i t I fai } 

= ^7 ^ i r (a+0 r r “ a ” 6 “ wl r («■-0 r (■-') (■- ■ di 

“air?/ k . r ( a + ^) r (^ + 0r(c--ct — 6— t)T(-t) (l-zydt. 


* Methods similar to those of § 4*51 may be used, or it may be proved without much difficulty 
that conditions established by Bromwich, Infinite Series , § 177, are satisfied. 
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14-53, 14*6] 

Now, when j aig (1 -s)} < 2*r and 11 - z | < 1, this last integral may be evaluated by the 
methods of Barnes’ lemma (§ 14-52); and so we deduce that 

r(c-a)r(c-^)r(a)r(5)F T (a, b; c\ z) 

=r(c)r(a)r(tt>)T(c-a-b)F(a,b; a+5-c+I; 1-z) 
+r(o)r(o-a)r(c-5)r(a+6-c)(l-s) e '’ a ’“ 6 / T (c-a, <?-&; c-a-6+1; 1-z), 
a result which shews the nature of the singularity of F (a, b ; c ; z) at 2 = 1 . 

This result has to be modified if c—a - 6 is an integer or zero, as then 

r(a+<)r(6+«)r(c-a-6-«)rH) 

has double poles, and logarithmic terms may appear. With this exception, the result is 
valid when | arg ( -z) | < tt, | arg(I-z) |<«\ 

Taking |s|<l, we may make z tend to a real value, and we see that the result still 
holds for real values of z such that 0 < z < 1. 


14*6. Solution of Biemanns equation by a contour integral . 

We next proceed to establish a result relating to the expression of the 
hypergeometric function by means of contour integrals. 

Let the dependent variable u in Riemanns equation (§ 10 * 7 ) be replaced 
by a new dependent variable J, defined by the relation 

u~ (z — a)* (z ~bf(z- c)* I. 

The differential equation satisfied by I is easily found to be 

d'l i < l+a-a' } l+fi-ff ) 1 + 7 - 7 ' j dl 
d& \ z —a z — b z — c)dz 

(cl + ft + 7 ) {(a + 4- 7 4-1) z 4- Xa (a 4- ff + v' — 1)} r _ 

(z — a)(z — b)(z — c) ~ ’ 

which can be written in the form 


where 


+ {*(*- 2)(X- 1) QT (z) + (X - 1)S ( j )) / = 0, 
r X = l-a-^- r = a'+ J 8 ' + 7 ' > 

■ Q ( z ) = (*-«)(*- b) (z - c), 

-ft (z) = 2 (a' +/9 + 7 )(z-b)(z- c). 


It must be observed that the function 1 is not analytic at oc, and consequently the 
above differential equation in 1 is not a case of the generalised hypergeometric equation. 

We shall now shew that this differential equation can be satisfied by an 
integral of the form 


I = 



- (t — y-l — C )a+0+/-l ^ _ ^-a-0-y ^ 


provided that C, the contour of integration , is suitably chosen . 



292 THE TRANSCENDENTAL FUNCTIONS [CHAP. XII 


For, if we substitute this value of I in the differential equation, the con 
dition* that the equation should be satisfied becomes 


f (t - a y +fi+ y~ 1 (t - 6)*+0'+r-i (t - c)‘+^+>'- 1 (z - = 0, 

J c 


where 

K= (\- 2) |Q (z) + (t-z) Q'(z) + l(t-zy Q "(*)} 

+ (t-z){R(z) + (t-z)R'(z)} 

= (A — 2) {Q (t) -(t-zj } +(t-z) {R(t) -(*-*)» 2 («' + / 3 + <y)} 
« - (1 + a 4- yS + 7) (t - a) (t - b) (t - c) 

+ 2 (a' + $ + 7) (£ *“ 6) (£ — c) (£ — 2). 


It follows that the condition to be satisfied 


reduces to 


/>-»• 


where 


V=(t — ay + fi + y (t - by+r+y (t - c)* + * + >' (* - *)-<i+*+0+>>. 

The integral I is therefore a solution of the differential equation, when 
C is such that V resumes its initial value after t has described G. 


Now 

v = (t- ay'+e+y-i (t - by+r+y- 1 (t - cy+fi+y'- 1 - ty*-?-y U 3 
where U = (t — a) (t — b) (t — c) (x — tf)* 1 . 

Now IT is a one-valued function of t ; hence, if G be a closed contour, it 
must be such that the integrand in the integral I resumes its original value 
after t has described the contour. 


Hence finally any integral of the type 

(z-ay(z-by(z-c)yJ (t—aY+y+'-^t-by+'+P-'ty-cy+t+y'-'iz-ty^^dii 

where G is either a closed contour in the t-plane such that the integrand 
resumes its initial value after t has described it , or else is a simple cuwe such 
that V has the same value at its termini, is a solution of the differential equation 
of the general hypergeometric function. 

The reader is referred to the memoirs of Pochhammer, Math. Ann. xxxv. (1890), 
pp. 495-526, and Hobson, Phil. Trans. 187 a (1896), pp. 443-531, for an account of the 
methods by which integrals of this type are transformed so as to give rise to the relations 
of§§ 14-51 and 14*53. 

Example 1. To deduce a real definite integral which, in certain circumstances, 
represents the hypergeometric series. 


* The differentiations tinder the sign of integration are legitimate (§ 4*2) if the path C does 
not depend on z and does not pass through the points a, b, c, z; if C be an infinite contour or if 
C passes through the points a, b, c or z, further conditions are necessary. 
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The hypergeometric series F(a>b;c; z) is, as already shewn, a solution of the differential 
equation defined by the scheme 

f 0 oo 1 
P \ 0 a 0 
U-c b C-a-b 

If in the integral 

(*-a)« (l-y)* (z-c)r j c (t-af+y +a! - 1 (l - £) Y+4+? 1 (t-cf+P+v'- 1 (*-*)-«- fi-ydt, 

which is a constant multiple of that just obtained, we make b-*-ao (without paying 
attention to the validity of this process), we are led to consider 



)'-»-! (<-*)-« dt. 

Now the limiting form of V in question is 

and this tends to zero at t— 1 and t— oo, provided R(c)>R(b) > 0. 

We accordingly consider J — l) c-b-1 (£ — z)~ a dt, where z is not* positive and 

greater than 1. 

In this integral, write t=u~ 1 ; the integral becomes 

J v?- 1 ( 1 - tt)*-*- 1 (1 - \u)- a du. 


We are therefore led to expect that this integral may be a solution of the differential equation 
for the hypergeometric series . 


The reader will easily see that if R(c)> R (b) > 0, and if arg w=arg (1 — u) =0, while the 
M-anch of l~uz is specified by the fact that (l-uz)-*-*-l as the integral just 

bund is 


r(b)r(c-b) 

r (*) 


F(a,b; c; z). 


This can be proved by expanding + (l—uz)-* in ascending powers of z when | z | <1 and 
ising § 12*41. 


Example 2. Deduce the result of § 14*11 from the preceding example. 

14 * 61 . Determination of an integral which represents PH 

We shall now shew how an integral which represents the particular solution P^ 
§ 14*3) of the hypergeometric differential equation can be found. 

We have seen (§ 14*6) that the integral 

/ s *(«-a) e (s-6/(s-c) v y^(r-a)^+v + * # “ l («-&)T + «+A'-i(f- c ) a +^+y'-i(^-«)-a-^-r ( ft 

atisfies the differential equation of the hypergeometric function, provided C is a closed 
outoursuch that the integrand resumes its initial value after t has described C. Now the 
Lngularities of this integrand in the f-plane are the points a, b,c,z; and after describing 
tie double circuit contour (§ 12*43) symbolised by (6+, c-t-, b c —) the integrand returns 
■> its original value. 


* This ensures that the point t=l/z is not on the path of integration, 
f The justification of this process by § 4*7 is left to the reader. 
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Now, if z lie in a circle whose centre is a, the circle not containing either of the points 
b and c, we can choose the path of integration so that t is outside this circle, and so 
| a —a | < 1 1-a | for all points t on the path. 

Now choose arg(s-a) to be numerically less than n and arg {z—b), arg (z - c) so that 
they reduce to* arg {a -6), arg(a-c) when z—a; fix arg(*-a), arg (t-b), arg(f-c) at 
the point N at which the path of integration starts and ends; also choose arg (t - z) to 
reduce to arg (t - a) when z-*~a. 

Then = + 

(2 _ c) y» (a _ c )>|l +7 

and since we can expand (t-z)~ a ~^~ y into an absolutely and uniformly convergent series 
(<-«)—*“» |l-(a+/3+y) ££+...}, 

we may expand the integral into a series which converges absolutely. 

Multiplying up the absolutely convergent series, we get a series of iuteger powers of 
z - a multiplied by (z - «)* Consequently we must have 

l={a-Vf (a-cy P M f ( * + ' C+ ’ C_> (<-a)0 + r+*'-i (t-6>»+«+F-1 dt. 

We can define P^\ P^ y \ ffi y ^ by double circuit integrals in a similar 

manner. 

14*7. Relations between contiguous hyper geometric functions. 

Let P(z)be a solution of Riemann’s equation with argument z, singularities 
a, b, c, and exponents a, a', j9, /S', y, 7 '. Further let P{z) be a constant 
multiple of one of the six functions P (a) , P {a#) , P&\ P^\ PM, P ( A Let 
denote the function which is obtained by replacing two of the 
exponents, l and m, in P(z) by l+ 1 and m — 1 respectively. Such functions 
Pi+i,m-i( z ) &Te said to be contiguous to P (z). There are 6 x 5 = 30 contiguous 
functions, since l and m may be any two of the six exponents. 

It was first shewn by Riemannf that the function P{z) and any tivo of 
its contiguous functions are connected by a linear relation , the coefficients in 
which are polynomials in z. 

There will clearly be | x 30 x 29 = 435 of these relations. To shew how 
to obtain them, we shall take P (z) in the form 

P (z) = (z - a) a (z — bY (z — c)y j (t — af + * +a '- 1 (t — &)»+*+*- 1 

(t - cY+t+y'- 1 (t - zy~*~ y dt, 

where G is a double circuit contour of the type considered in § 14*61. 

* The values of arg (a - b), arg (a - c) being fixed. 

t Abh. der k. Ges, tier Wiss. zu Gottingen , 1857; Gauss had previously obtained 15 relations 
between contiguous hypergeometric functions. 
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First, since the integral round G of the differential of any function which 
resumes its initial value after t has described G is zero, we have 

0 = a) a ' + * + * (t - b) a+ P + v - 1 (t - 1 (t _ £)-*-*-*} dt 

On performing the differentiation by differentiating each factor in turn, 
ve get 

(« , -h^ + 7)P + (a + / 8 , + 7~l) r-i + (« + 0 + 7- 1 ) Pa' +1 , y-, 

_ (a + & 4- 7 ) ^ 
z-b 

Considerations of symmetry shew that the right-hand side of this 
quation can be replaced by 

(a + yS + 7) 

z-c~ 

These, together with the analogous formulae obtained by cyclical inter- 
hange* of (a, a, a') with ( b , /?, ft) and (c, 7 , 7 '), are six linear relations 
onnecting the hypergeometric function P with the twelve contiguous 
motions 

P*-H,0'-1> ^V+l.y-1* P1> P«+l,y—1» P 0+l,a'-l j Py-bl,0'-l> 

Pa'+l,^'—1> Pa'-R.y-l, P/3'4-3,y'—1 > P/3'+l, 11 P y+l,«'-l j P>'+1,0'—1* 

Next, writing t — a = (£ — 6 ) 4- (6 — a), and using f P*^ to denote the result 
f writing a — 1 for a' in P, we have 

P = Pa'-l t 0 '+l + (6 — a) Pa'—l* 

Similarly P = P a '_ lf y +1 4 (c - a) P*^. 

Eliminating P a *-1 from these equations, we have 

(c — b) P -f (ct- — c) Pa'— 1 , 0'+1 4* (6 ~ a) P«'~i,y+i = 0 . 

This and the analogous formulae are three more linear relations con- 
acting P with the last six of the twelve contiguous functions written above. 

Next, writing (t — z) = (t — a) — {z — a), we readily find the relation 
= JVw.y-4 - (* - a )* +1 (* -if (*- c) r 

- a / + ’’+“'- 1 (i - «_ c ).+f+r'-i (* - <&, 

lich gives the equations 

(2 — a)” 1 {P — (z — 6)~ 1 P^-hi, y'—i} “ ( z “ {P — (-2 — c)” 1 Py+3» a# -~i} 

* (z C ) _1 {P ~ a )" 1 Pa+l,£'~l}* 

* The interchange is to be made only in the integrands; the contour C is to remain 
altered. 

+ P a /_l is not a function of Riemann’s type since the sum of its exponents at o, c is not 
ty. 
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These are two more linear equations between P and the above twelve 
contiguous functions. 

We have therefore now altogether found eleven linear relations between 
P and these twelve functions, the coefficients in these relations being rational 
functions of z . Hence each of these functions can be expressed linearly in 
terms of P and some selected one of them; that is, between P and any two of 
the above functions thei'e exists a linear relation . The coefficients in this 
relation will be rational functions of z , and therefore will become polynomials 
in z when the relation is multiplied throughout by the least common multiple 
of their denominators. 

The theorem is therefore proved, so far as the above twelve contiguous 
functions are concerned. It can, without difficulty, be extended so as to be 
established for the rest of the thirty contiguous functions. 

Corollary. If functions be derived from P by replacing the exponents a, a, & jQ', y, y 
by a+p, a+q, £+r, ^ +s, y-K, y +u, where p, q, r, t, u are integers satisfying the 
relation 

2? + y+r+*+J+tt«0, 

then between P and any two such functions there exists a linear relation, the coefficients 
in which are polynomials in z. 

This result can be obtained by connecting P with the two functions by a chain of 
intermediate contiguous functions, writing down the linear relations which connect them 
with P and the two functions, and from these relations eliminating the intermediate 
contiguous functions. 

Many theorems which will be established subsequently, e.g. the recurrence-formulae 
for the Legendre functions (§ 15*21), are really cases of the theorem of this article. 
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Miscellaneous Examples. 

1. Shew that 

P(a, 5+1; c\ z)-F(a, 5; c; z)=jF(a+ 1, 5+1; c + l; z). 

2. Shew that if a is a negative integer while /9 and y are not integers, then the ratio 
P(a» a+£+1 -y; 1 - j?)+P(a, /3 ; y; x) is independent of x, and find its value. 
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3. 


If P{z) be a hypergeometric function, express its derivates and linearly in 


terms of P and contiguous functions, and hence find the linear relation between P, 
d' 2 P 

and i.e. verify that P satisfies the hypergeometric differential equation. 


dP 

dz ’ 


4. Shew that F {J, J; 1; 4s (1 - z)} satisfies the hypergeometric equation satisfied by 
P(i> i ; 1; z). Shew that, in the left-hand half of the lemniscate | z(l -z) j=these two 
functions are equal; and in the right-hand half of the lemniscate, the former function is 
equal to P(£, %; 1; 1— 2 ). 

5. If =P(«+l, b;c; x),F a _ = F (a-1, b ; c; x\ determine the 15 linear relations 

with polynomial coefficients which connect F(a, b; c; x) with pairs of the six functions 
F a +, F a -> F b +, F h ~, F e+i F c — (Gauss.) 

6. Shew that the hypergeometric equation 

X (* -1 > ^ ~ { y ~ ( a+ £ + i) =° 

is satisfied by the two integrals (supposed convergent) 

J V - 1 (1 - *)*- 3 - 1 (1 - 

and fV _1 (l-*) a-v {l-(l-*)*}-•*. 


7. Shew that, for values of x between 0 and 1, the solution of the equation 

*(i -») 3 + 1 ( a+/3+ 1) (i - 2 *) %-=° 


is i/9; i; (1 — 2*)*}+5(1—2*) F {J(a+1), i(/9+l); f; (1-2*)*}, 

where A, B are arbitrary constants and F(a, /3; y ; x) represents the hypergeometric series. 

(Math. Trip. 1896.) 

8. Shew that 


lim ["-Fte/S; 
i-—l-oL 


y;*)- s (-)’ 


n r(q+^-y-n)r(y-q 


n ! r (y — a) r (y 


+^)r(y-/3+n)r(y) )B+ )3 ~[ 

-/9)r(q)r(/9) ^ ; J 


r (y — q — ) r (y) 
r(y-q)r(y-/3) 


where h is the integer such that k^R(a+f3—y) <k+ 1. 

(This specifies the manner in which the hypergeometric function becomes infinite when 
#-*-1—0 provided that is not an integer.) (Hardy.) 


9. Shew that, when R (y - a —j3) < 0, then 

c . r(y)»‘ + *-y 

*'*• (q+|8-y)r(q)r09) 

as ; where S n denotes the sum of the first n terms of the series for P(a, /3; y ; 1). 

(M. J. M. Hill, Proc. London Math, Soc. (2), v.) 
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XO. Shew that, if y u y 2 be independent solutions of 

s+'i+*-* 


then the general solution of 
d 3 z 
dx 3 


+ 8i.g + { 2f . + f + 4«}* + {4i>« +2 f} ! .0 

is z = Ay x 2 -f Byiyz -I- Cy^ 9 where A, B, C are constants. 


(Appell, Comptes Rendus, xci.) 


11. Deduce from example 10 that, if a + &+J«c, 


_ r (2 a+n) r (a+6+») T (2 b+n) _ 

* i ZTT~. —T^TTrTl 1 . _\ 1 * 


i. . »* r(c)r(2c-i) 

{.P [a, 0; e; x)) f ^ r r (a + ^ w ! r (c+») T (2c -1 +») 

(Clausen, Journal fur Math . in.) 

12. Shew that, if | x [ < 4 and | x (1 — x) | < 

F{2a, 2ft; a +&+\; x} = F{a, ft; a+ft+£; 4*(l-,a:)}. (Kummer.) 

13. Deduce from example 12 that 

pro„ Ojp. I q j j . il ^ («+^ + ^) r (^) 

F{%a, 2ft, «+£+£, »“r(a+*)r 08 f+*) " 

14. Shew that, if a >=and R (a) < 1, 

F(a,Za-l; 2a; - ^>-3^ ~ * exp frrf (3a -1)} ^ Jffrj j ’ 

*<* 3—1; 2a; —) =3 |a " f exp {J ff t(l-3a)}^gn^|. 

(Watson, Quarterly Journal , xli.) 

15. Shew that 


F(-\n, *+§; -$)■=($)’ 


r(j)r(tt+f) 

r(#)r(n+|)- 


(Heymann, ZeiUchrift fur Math, und Phys. xliv.) 
16. If (l-^) a+ ^^(2o,2^; 2y; ^== 14 *^ + ^+/)^ + ..., 
shew that 

F(a,p; y+£; x)F(y-a> y-ft; y+h *) 

= 1 + ^+I Bx+ (yH)(v+S) <fc,+ (y+»ty+»ly+f) D ^'"' 

(Cayley, Phil. Mag . (4), xvi. (1858), pp. 356-357. See also Orr, Camb. Phil. 
Trans . xvii. (1899), pp. 1-15.) 


17. If the function F(a, ft, ft, y; x 9 y) be defined by the equation 

F (“» A A, y; *» ^) = r(a)r^y-a) /„ “ <I ' 1 ( 1 C 1 - uy)-Pdu, 

then shew that between F and any three of its eight contiguous functions 
F(a± 1), FO 3±1), J^(ft±l), F (y± 1), 

there exists a homogeneous linear equation, whose coefficients are polynomials in x and y. 

(Le Vavasseur.) 
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18. If y-a- j8< 0, shew that, as x 1 - 0, 

F <** r> 

and that, if y-a-£=0, the corresponding approximate formula is 


(Math. Trip. 1893.) 


19. Shew that, when {x | < 1, 

f(* + ,0 + ,*-,0—} 


r 


x^Cr-x^"*" 1 » B-1 (1 - vY^dv 


= - 4g* y * sin ay sin (y - a) ir. - & f ~ F(a, <3; y; x), 


where c denotes a point on the straight line joining the points 0, x, the initial arguments 
of v— x and of v are the same as that of x> and arg (1 — v) -*-0 as v-»-0. 

(Pochhammer.) 

20. If, when | arg (1 — x) | < 2*r, 


JW=j fl‘ xi {r (- *) r (i +*)}* (i -xy d», 


and, when | arg# | < 27 t, 

hy changing the variable 8 in the integral or otherwise, obtain the following relations: 
K(x)-K' (1 -*), if | arg(l -x) | < *r. 

K{\-x)*=K’ (x), if | arg#|<ir. 

if |arg(l-x)|<ir. 

JS:(l-x)=-x-iA'(^), if I argx | < tt. 

K 7 {x)=x "* 4 K' (1 jx), if | arg x | < tt. 

K' (1 - x)=(l -x) "i K r ^ I ar £ (1 — I < (Barnes.) 

21. With the notation of the preceding example, obtain the following results: 

when | x | < 1, | arg x | < m ; and 

K (x) = + i (- x) - i K (1/x)+( - x )' i K ‘' (1/x), 
when | arg (— x) | < jt, the ambiguous sign being the same as the sign of I ( x ). 


(Barnes.) 
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22 . Hypergeometric series in two variables are defined by the equations 

*i<«; AA; y; *,y>= 2 £ 

m,n^ J W • ym + n 
a m + » ftm fin 


ft,fi;y, y; z, 3 /) = 


i, n m l n! y m y, 




00 CO 

where a m =a(a+l)...(a+»i-l), and 2 means 2 2 . 

m, n m .—0 n=0 

Obtain the differential equations 

a;( 1 - a ')^+y£J+{y-(«+/3+i)4^ 3 -^3=o, 

and four similar equations, derived from these by interchanging x with y and a> ft, y with 
a, fi, y when a, jff, y occur in the corresponding series. 

(Appell, Comptes Rendus , xc.) 

23. If a is negative, and if 

a* -y+a, 

where v is an integer and a is positive, shew that 

r (x+a) n=1 \x+n nw J ’ 

where ^ = (-)»(„-i) ( a - 2 ) - Q 

7l\ ‘ 

« M 1 + :^)( ,+ HO “( I+ :=0 

(Hermite, Journal fiir Math . xcir.) 


j?+ti 


24. When a < 1 , shew that 

r(#)r(a~.r) 

fw 3 


l jk - i 

n=sl^+ 7 l w= iJ7-a —n’ 


where 


^ __ ( — )" a (a+ 1 )... (q+ft — 1 ) 


25. When a> 1 , and v and a are respectively the integral and fractional parts of 
a, shew that 


r(*)r(a-g) . » « (?Wp y+ , 

r(a) Hs=l .r+w n=i X — a ~~ /l 
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'«-(*- 3 (‘- 30 -(‘-.tS =0 

( — ) n a (a + l) ... (a+w — 1 ) 

Pn- — x * 


(Hermite, Journal fur Math . xcil.) 


26. If 


, /„ *\_i r *(y+»+»-i) . r *(*+ 1 )(y+»+ n - 1 )(y+ >, +») 

f%( ) » i y(*+») “ 2 y(y+i)(«+»)(«+»+!) 

where n is a positive integer and n Ci, n C 2 ^... are binomial coefficients, shew that 

r(y)r(y-*+»)r(*-H>)r(i>+» ) 

•'* ’ y ’ ; r(y—ar)r(y+n)r(»)r(jr+®+»)" 

(Saalschiitz, Zeitechrift fiir Math, xxxv; a number of similar results are given 
by Dougall, Proc. Edinburgh Math. Soc. xxv.) 

97 if fla l-} [■ rt -i | “for i a ( g + 1 )^tf+ 1 )y(y+l) , 

27. If F(a,p,y, B,e, x) 1+ j el + 9 (d + 1) «(< + !) 1.2^ + " M 


“ - v*” '•* 1 9.1" T '^(d+T)7( < +l)1.2 ~ T "-’ 

shew that, when E(9+«-fa—1)>0, then 

», ... ...... !s_ 3 -. rtt)r(»)r(»)r(»+«-<«-i) 

J F(a,a-d+l,a «+l,d,«, l)-2 r (8-£a) f («"- ia) r (i+Ja) r (9+c - a -1) ‘ 

(A. C. Dixon, Proc. London Math. Soc. xxxv.) 

28. Shew that, if R (a) < §, then 

, : M»+l)~(.+»-l)l'_„ . , rq-j.) 


n=l l 


.) 1 3 „ x r(i-#fl) 

7 _co 8 (i,ra) {r(i-*«)}*• 

(Morley, Proc. London Math . Soc. xxxiv.) 


29. If 


j j &- 1 (l-xy- 1 y l - 1 (l-y) k - l (l-xy) m -’-*dxdy=*B(j,j 1 k,l 9 m), 

shew, by integrating with respect to x, and also with respect to y , that B (i,f, k, l , m) is a 
symmetric function of i +j, j+k, k+1, l+m, m -f- i. 

Deduce that 

%Ay; *,«; i)+T(t)r(*)T(fi+'~a-e-y) 
is asymmetric function of 8, *, S-4-e—ct — /3, 8 + c — — y, 8+« — *y —a. 

(A. C. Dixon, Proc. London Math. Soc. (2), II. (1905), pp. 8-16. For a proof of 
a special case by Barnes’ methods, see Barnes, Quarterly Journal , XLI. 
(1910), pp. 136-140.) 

30. If 

F.=F(-«, a+«; y; ^) = y (y+1) ... (y+ , t TT) ^ '• 

shew that, when n is a large positive integer, and 0 < x < 1, 

F*= F (sin ~ y (cos $?-'‘' i cos {(2a+ a) <f> - £»r (2y -1)} +0 ( -U), 
n?~* v /ir W T V 


where s=sin 2 </>. 

(This result is contained in the great memoir by Darboux, “Sur 1’approxi- 
mation des fonctions de tr&s grands nombres,” Journal de Math* (3), iv. 
(1878), pp. 5-56, 377-416. For a systematic development of hyper- 
geometric functions in which one (or more) of the constants is large, see 
Camb. Phil. Tram. xxii. (1918), pp. 277-308.) 



CHAPTER XY 

LEGENDRE FUNCTIONS 


151. Definition of Legendre polynomials. 

Consider the expression (1 — 2 zh -f A 2 )“^; when | 2zh — A* | < 1, it can be 
expanded in a series of ascending powers of 2 zh - k \ If, in addition, 
1 2zh I + j A |*< 1, these powers can be multiplied out and the resulting series 
rearranged in any manner (§ 2*52) since the expansion of [1 — {| 2 zh ) +1 h | 2 }] ~ * 
in powers of 1 2zh\ + \h\ 7 then converges absolutely. In particular, if we 
rearrange in powers of A, we get 

(1 - 2eh + A s ) " 4 « P* (z) + hP l (z) + A a P a (z) + A*P 3 (z) + ..., 

where 

P.W-i. PiW—i P,(#)-i(a^-ix P,(z)=l(5z'-3z), 

P 4 (*)=l (35 z* - 30^ + 3), P„ (*) -1 (63^ - 70P +15*), 


and generally 

nW 2 n .(n!)* 


,»_ , n(»-l)(n-2)(»-3) _ 

2(2»-l) + 2.4.(2n-l)(2»-8) 

< 2w “ 2r ) ! _ 


-} 


,?o ( ^ 2 w .rl(n —r)!(» —2r)!~ * 

where m= ^ n or | (ti — 1), whichever is an integer. 


U a, b and d be positive constants, b being so small that 1 - d, the expansion 

of (1 - 2aA+ h?) “ i converges uniformly with respect to 2 and A when | 2 | | A | 

The expressions P 0 (*)» Pi (z), • • •> which are clearly all polynomials in z, 
are known as Legendre polynomials *, P n (^) being called the Legendre 
polynomial of degree n. 


It will appear later (§ 15*2) that these i>olynoniials are particular cases of a more 
extensive class of functions known as Legendre functions. 

Example 1. By giving 2 special values in the expression (1 - Zzh+h?) ~ \ shew that 

p n (i)«i, P.(-i)-(-iy\ 


4 + i(0)=0, 


P* (<>>-<-)■ 


1.3... (2n-l) 
2.4... (2n) 


* Other names are Legendre coefficients and Zonal Harmonics . They were introduced into 
analysis in 1784 by Legendre, Mimoires par divers savans , x. (1785). 
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LEGENDBE FUNCTIONS 


Example 2. From the expansion 
(1 - 2Acos 6 +#)-i=(l + \ A^+p! h *<?*+...) 

x ( 1+ i Atf ' i4+ o Aie “ 2ie+ -)> 

shew that 

{ 2 cos2 cos (n-2)0 
+ 2 ' 4 3 (^ 2 -l ( ) 2 (2«!^) 

Deduce that, if 0 be a real angle, 

, D ^1-3...8*^1 /«, l-(2n)_ a , 1.3. (2k) (2»— 2) 1 

|P n (oosfl)|< 2.4... 2» t 2 + 2. (271 -1) * 2+ S. 4. (2» -1) (2w-3) * 2 + - / 


Deduce that, if 6 be a real angle, 


(Clare, 1905.) 


so that | P n (cos 6 ) | < 1. (Legendre.) 

Example 3. Shew that, when z= - J, 

* w =i > o* 2 n-*i* 2 n-i + / > 2 P 2 n- 2 -...+P 2 »/ > o. (Clare, 1905.) 

1511 . Rodrigues'* formula for the Legendre polynomials . 

It is evident that, when n is an integer, 

— (z 2 —1)» = — { 2 (-Y* — ^ 2n “ 2r l 

' dz n ( r=0 ^ ^ r!(n —?*)! J 

= i / )r _ »)_ O-^r)! ^ 
r =<> ' r!(n—r)! (n-2r)! ’ 

where or | (n — 1), the coefficients of negative powers of 0 vanishing. 

From the general formula for P n (z) it follows at once that 

Pn ^ = 2 n .n! dz n ( Z ~ ~ 1 ^ >: 
this result is known as Rodrigues’ formula. 

Example. Shew that P n (z) = 0 has n real roots, all lying between ± 1. 

1512 . Schlafli’sf integral for P n (z). 

From the result of § 1511 combined with § 5*22, it follows at once that 

p /v>_ JL f fl 8 - 1 )" dt 

2‘jri} c 2 n (t~2) n+ldt) 

where G is a contour which encircles the point z once counter-clockwise; this 
result is called Schlafli’s integral formula for the Legendre polynomials. 


* Corresp. sur VEcole poly technique, xii. (1814-1816), pp. 361-385. 
f Sohlafli, Ucber die zwei Heine'tchen Kugclfunctionen (Bern, 1881). 
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1513 . Legendre's differential equation. 

We now prove that the function w = (z) is a solution of th 

differential equation 

(1 - z*) ^ — 2z + n (n + 1) u — 0, 

which is called Legendre's differential equation for functions of degree n. 

For, substituting Schlafli’s integral in the left-hand side, we have 
by § 5'22, 

(1 - *’) - 2z + #(» + ! )Pn (*) 


_ ( w+1 ) f A Kff ~ - 1 )—1 dt, 

~ 2iri ,2 n Jc dt\(t — z) n+l J 


and this integral is zero, since (f* - 1)» +1 (t - *)-""* resumes its original valu< 
after describing G when n is an integer. The Legendre polynomial therefor* 
satisfies the differential equation. 

The result just obtained can be written in the form 

It will be observed that Legendre’s equation is a particular case of Riemann’a equation 
defined by the scheme 

r 1 - 1 \ 

pi 0 n+1 0 z \. 

to -n 0 J 


Sample l. Shew that, the equation eatiafled by ' 8 defined by the scheme 

(-' * ‘ 1 

P<-r n+r+l 

[ 0 -n+r 0 J 

Example 2 . If ^= 77 , shew that Legendre’s differential equation takes the form 

^ 4. il _ - i_l ^ + ^±^*0 
<V + l2 7 

Shew that this is a hypergeometric equation. 

Example 3. Deduce Schlafli’s integral for the Legendre functions, as a limiting case ol 
the general hypergeometric integral of § 14*6. 

[Since Legendre’s equation is given by the scheme 

f' 1 * 1 1 

p < 0 »+i 0 *>, 

(. 0 -71 0 J 
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13, 15-14] 

integral suggested is 

m H)”' />+»■<«-»• “2. —■* 

in. round a contour (7 such that the integrand resumes its ini tial value after describing 
and this gives Schlafli’s integral.] 

15 * 14 . The integral properties of the Legendre polynomials . 

We shall now shew that* 

fi ( = 0 (m?n), 

P m (z)P„(z)dz-l 

1 - 5*1 >*=*>• 

d* u 

Let {w} r denote ^; then, if r ^ n, {(s 2 — l) n } r is divisible by (z 2 - l) n “ r ; 

. so, if r < n, {(z* - l) n } r vanishes when z = 1 and when z — — 1. 

Now, of the two numbers m, n, let m be that one which is equal to or 
ater than the other. 

Then, integrating by parts continually, 

^ n dz 

= [|C- - l) m }m—i {(^ - ^ {(*’-lf)^ {(^- !)»}„+: d» 


= (~) m j\ O’ ~ 1 )“ t(* “ !)“}»+« <&, 

se {{z 2 - {(^ a — l) w }m- 2 , ••• vanish at both limits. 

Now, when m>n, {(**—l) n } m +n = 0, since differential coefficients of {zr — l) n 
>rder higher than 2 n vanish; and so, when m is greater than n, it follows 
a Rodrigues’ formula that 

I ^P m (z)P n (z)dz = 0. 

When m = n, we have, by the transformation just obtained, 

/^ {(**-!)»}„{(*. _ 1 )»}„ dz = 1 )“£ - l) n dz 

= ( 2 n) ij (1 — z*) n dz 

— 2 . ( 2 n)! 

Jo 

= 2 . ( 2 n)! I Bin m+1 0d0 
J 0 


= 2.(2n)!, 


2.4 ...(2w) 


— (2n + l)’ 

* Those two results were given by Legendre in 1784 and 1789. 
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where cos 0 has been written for z in the integral; hence, by Rodrigues' 
formula, 



[P„(z)Ydz = 


2.(2n)! (2*.7i!)*_ 2 

(2* . n if (271 -H1 ) 1 2w + 1 ’ 


We have therefore obtained both the required results. 

It follows that, in the language of Chapter xi, the functions (n+lft P n (z) are normal 
orthogonal functions for the interval (-1, 1). 


Example 1. Shew that, if x> 0, 


Example 2. 


J (cosh 2x—z) ~ £ jP*(2)<fe=2£(n4-£)~ 1 «~^ +1 K 

If /= f P m (z) P H (z) dz, then 
J o 


(Clare, 1908.) 


(i) 1= 1/(271+1) 

(ii) 7-0 

m /= . i =12 _ 

15*2. Legendre functions. 


(m—n even), 

(n=2v +1, m =2/i). 

(Clare, 1902.) 


Hitherto we have supposed that the degree n of P n (z) is a positive 
integer; in fact, P n (z) has not been defined except when n is a positive 
integer. We shall now see how P n (z) can be defined for values of n which 
are not necessarily integers. 

An analogy can be drawn from the theory of the Gamma-function. The expression 
z ! as ordinarily defined (viz. a s z{z — 1) (z— 2) ...2.1) has a meaning only for positive 
integral values of z ; but when the Gamma-function has been introduced, z ! can be defined 
to be r (*+l), and so a function z ! will exist for values of z which are not integers. 


Referring to § 15*13, we see that the differential equation 

»\ (P m du . . 

( 1 _ * ) dF _2 *^ +ra(w+1 >* = 0 


is satisfied by the expression 


u 


2if <^2l dt 

2m Jc 2 n (t-z)* +1 ’ 


even when n is not a positive integer , provided that C is a contour such that 
(t* — l) n+1 (t — resumes its original value after describing C. 

Suppose then that n is no longer taken to be a positive integer. 

The function (t* — l) n+1 (t — *)-*-* has three singularities, namely the 
points t = 1, t = — 1, t = z; and it is clear that after describing a circuit round 
the point t = 1 counter-clockwise, the function resumes its original value 
multiplied by e* 1rt(n+1) ; while after describing a circuit round the point t=*z 
counter-clockwise, the function resumes its original value multiplied by 
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6 **If therefore C be a contour enclosing the points t =* 1 and t = z, but 
not enclosing the point t = - 1, then the function (t* — l) n+1 (t — a)-*- 2 will 
resume its original value after t has described the contour C. Hence, 
Legendre's differential equation for functions of degree n, 

/*. du , 

(1 "^d?“^5; + n(w + 1 >“ =0 > 

is satisfied by the expression 

W 2 rrijj. '2 n (t-z)»+' dt ’ 

for all values of n ; the many-valued functions will be specified precisely 
by taking A on the real axis on the right of the point t=l (and on the 
right of £ if * be real), and by taking arg(£ — l) = arg(£+1) = 0 and 
I arg {t—z)\<7r at A . 

This expression will he denoted by P n (z), and will be termed the Legendre 
function of degree n of the first kind . 

We have thus defined a function P n {z) 3 the definition being valid whether 
n is an integer or not. 

The function P n (z) thus defined is not a one-valued function of z ; for we might tak e 
two contours as shewn in the figure, and the integrals along them would not be the same; 


A 


to make the contour integral unique, make a cut in the t plane from -1 to - oo along the 
real axis; this involves making a similar cut in the z plane, for if the cut were not made, 
then, as z varied continuously across the negative part of the real axis, the contour would 
not vary continuously. 

It follows, by § 5*31, that P n (z) is analytic throughout the cut plane. 



15*21. The Recurrence Formulae . 


We proceed to establish a group of formulae (which are really particular 
cases of the relations between contiguous Riemann P-functions which were 
shewn to exist in § 14*7) connecting Legendre functions of different degrees. 
If C be the contour of § 15*2, we have* 


Pn(z) 


1 f ^ 

2 »+ 1 iriJc(t-z) n+1 ’ 


Pn(z) = 


»+l f (<“-!)" 
2 n+1 iriJ c(t — 2) n+ * at ' 


We write P n ' (z) for ^ P„ (*). 
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xr._ *(*- l ) n+1 _ 2 (n + 1 ) t (t* - 1 )» _ (n + 1 ) (t* - l)»+ l 

JN ° W dt (t—z) n+1 (t-z) n+1 (t - *)*+» 

and so, integrating, 


°~ 2 Je (*-*) n+1 Jc (t-z) n+ * 

Therefore 

1 [ (?-l) B , 1 f ^ g f (P -1)» 

fI w» Jc (t— f) n 2 B+, 7ri Jc (t — «) n+s 2 n+1 7ri Jc(t~ 2 ) n+l 

msequently 

.(A). 


Virile (t- 
Consequently 


Differentiating*, we get 

P' n+ i (*) - ^ n (*) - Pn (z) = TlP* (*), 
and so P '„ +1 (*) - *P'n <*) « (n + 1 ) P n (jr) ,. 

This is the first of the required formulae. 

Next, expanding the equation 


we find that 


) c dt\ {t-zyJ dt ~ Q ' 


f %=%* + *( rp^dt-nf T=$ dt = °- 

Jc(t-z) n Jc (t-z) n J c (t-z) n+1 

Writing (t* — 1 ) +1 for P and (t — z) + z for t in this equation, we get 

Using (A), we have at once 

(n + 1) [Pn +1 (z) - zPn (*)} + W-Pn-l 0) ~ ™P n (z) = 0 . 

That is to say 

(n + 1) Pn +1 0) - (2 n + 1) zPn (z) + wPn-x (z) = 0.(II), 

a relation f connecting three Legendre functions of consecutive degrees. This 
is the second of the required formulae. 

We can deduce the remaining formulae from (I) and (II) thus: 
Differentiating (II), we have 

(* + 1) {.P'n+i (z) - zP' n (z)} - n {zP' n (z) - P^ (z) 1 - (2n + 1) P n (z) = 0. 
Using (I) to eliminate P'» +1 (z), and then dividing byj n, we get 

zP' n (z)-P'^ x (z) = nP n (z) .(III). 

* The process of differentiating under the sign of integration is readily justified hy § 4*2. 
t This relation was given in substance by Lagrange in a memoir on Probability, Mtic* 
Taurinensia , v. (1770-1773), pp. 167-232. 

t If n=0, we have P 0 (*)=1, P_i (*)=1, and the result (III) is true but trivial. 
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Adding (I) and (III) we get 

P’*h <•) ~ -P'n-x(*) = (2n +1) P n (z) .(IV). 

Lastly, writing n -1 for n in (I) and eliminating P'n-i (?) between the 
equation so obtained and (III), we have 

if ■- 1) P'n (*) = nzPn (Z) - nP n . x (z) .(V). 

The formulae (I) — (V) are called the recurrence formulae. 

The above proof holds whether n is an integer or not, i.e. it is applicable to the general 
Legendre functions. Another proof which, however, only applies to the case when n is 
a positive integer (i.e. is only applicable to the Legendre polynomials) is as follows : 

Write r=(l- 2 A*+A s ) _ *. 

Then, equating coefficients* of powers of h in the expansions on each side of the 
equation 

(l-2A*+A*)|j-(*-A) V, 

we have nP n (z) -(2n-l)zP n ( z)+(n- 1 ) (*)= 0 , 

which is the formula (II). 

Similarly, equating coefficients* of powers of h in the expansions on each side of the 


equation 


we have 


h M^ z ~ h) Tz' 

.<**>.(«) dP n _i{z) 


dz 




which is the formula (III). The others can be deduced from these. 
Example 1. Shew that, for all values of n, 

%{z(P n *+P*n +1 )-2P H P n+l }=(?n+3)P* n+1 -(S n +l)P n *. 


(Hargreaves.) 


Example 2. If M n (x)=( zeXZ cose ch s)J , 

dM (X) ri 

shew that = (x) and I M n (x) dx=0. (Trinity, 1900.) 

Example 3. Prove that if m and n are integers such that m^n, both being even 
or both odd, 

/' ! dI> dz^ ~ dz^ dz=m +1 >- (Clare, 1898 -) 

Example 4. Prove that, if m, n are integers and m > n, 

P <PP m (z) (*)._(«-l)»(»+l)(»+2) . r , 

J dz * dz i a -48 {Sm(»+l)-»(n + l)+6} 

x{l+(-)“ +m }. 

(Math. Trip. 1897.) 

* The reader is recommended to justify these processes. 
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15*211. The expression of any polynomial as a series of Legendre 
polynomials. 

Let/ n (z) be a polynomial of degree n in z. 

Then it is always possible to choose a*, ch, ... o» so that 

/« (z) = a 0 P 0 (z) + a 1 P l (z) + ... -f a n P n (z\ 

for, on equating coefficients of 2 * z n ~\ ... on each side, we obtain equations 
which determine On, a^-i, ... uniquely in turn, in terms of the coefficients of 
powers of z in f n (z). 

To determine a,,, Oi, ... a 1l in the most simple manner, multiply the 
identity by P r (z), and integrate. Then, by § 15*14, 

T . 

when r = 0, 1, 2, ... n; when r >n, the integral on the left vanishes. 


Example 1. Given Z*=a 0 P 0 (2) + P 1 (z) +... + a % P n (z), to determine ao, a u ... a n . 

(Legendre, Exercices de Calc. Int. il p. 352.) 

[Equate coefficients of 2 * on both sides ; this gives 

2*. (n !) 2 

(2«) ! • 

Let I.,m—j **P m (*) dz, so that, by the result just given, 

r 2 m+1 (m. !)* 

(2m+l)! ‘ 

Now when 72 , — m is odd, 7*,,* is the integral of an odd function with limits +1, and so 
vanishes; and 7», m also vanishes when n-m is negative and even. 

To evaluate 7*,,* when w-m is a positive even integer, we have from Legendre’s 
equation 

«(*+!) j[*P n (.*)dz=- /'^ 5 {(!-*> ft»(*)}* 

= -[*“ (1 -**) <1 -**) (») & 

on integrating by parts twice; and so 

m(»i + l) (n + 1 ) —»i (» — 1 ) 


Therefore 


n(n-l) 


(n-«)(n+rn + l) i *- s - m 

ftfo-1) ... (m-H) 


(ft—m) (71 — 2—771) ... 2. (th-771 + 1) (?i + 7n-1)... (2m+3) 
by carrying on the process of reduction. 
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Consequently / = 

and so a m a=0, when n—m is odd or negative, 

(Jn+im)! ^ . , .. , 

(|n-|m)!(n+m+l)! ' whe “ Mlaevenand P«*"*] 

Example 2. Express cos as a series of Legendre polynomials of cos 0 when » is an 
integer. 

Example 3. Evaluate the integrals 


/^*Pm (») P *+l (•) &■ 


(St John’s, 1899.) 


Example 4. Shew that 

J 1 ^ (1 - **) {*V (*)}’ . (Trinity, 1894.) 

Example 5. Shew that 

nP n (eo&6)= 2 eos(cosd). (St John’s, 1898.) 

r=l 

Example 6. If (1 - 2 s )* Pa* (2) fife, where m<n, shew that 

(w - w) (2w+ 2m+l) w„= 2n 2 ?^_j. (Trinity, 1895.) 


15*22. Murphy*8 expression * 0 / P n ( 2 ) a® a hypergeometric function . 

Since (§ 15*13) Legendre’s equation is a particular case of Riemann’s 
equation, it is to be expected that a formula can be obtained giving P n (z) in 
terms of hypergeometric functions. To determine this formula, take the 
integral of § 15*2 for the Legendre function and suppose that 11 — z | < 2; to 
fix the contour C, let 5 be any constant such that 0 < 5 < 1, and suppose that 
z is such that 11 — z | ^ 2 (1 — 8 ); and then take G to be the circlef 


Since 


1 — z 


|1 -t 
convergent series J 


[ 1 — 11 = 2 — S. 

2 — 25 

^ g < 1, we may expand (t — z) 


into the uniformly 


(t - nyr* = (<- l )— 1 |l + („ + l)£-i 4- + ... 


Substituting this result in Schlafli’s integral, and integrating term-by- 
term (§ 4-7), we get 


AW 


* (*-1 y (* +1 ) (n + 2)...(» + r) /•<*+.*+> (t 2 - 1)» . 

r t 0 2 n+1 iri r! L (i -1 )*>+>+>• 


1 — 1 ) r • (n- +1) (w + 2) .. . (w 4- r) [ n»‘ 

-to 2*. (r !)* [dr (t+L) U’ 


* Electricity (1833). Morphy's result was obtained only for the Legendre polynomials, 
f This circle contains the points t=l, t—z. 

% The series terminates if n be a negative integer. 
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by § 5'22. Since arg (t +1) = 0 when t = 1, we get 

and so, when 11 — z | ^ 2 (1 — B) < 2, we have 

P /*\_ y (« +1)(» +2)— (« +r)•(-»)(!-«) — (r-l-w) /i 1 V 

n( )_ r r 0 ' “* (rip \2“2 J 

^(n+l.-n; 1; |-|*). 


This is the required expression; it supplies a reason (§ 14*53) why the cut 
from — 1 to — oo could not be avoided in § 15*2. 

Corollary. From this result, it is obvious that, for all values of n, 

P»(Z) =P-n-l «• 

Note. When n is a positive integer, the result gives the Legendre polynomial as 
a polynomial in 1 —z with simple coefficients. 


Example 1. Shew that, if m be a positive integer, 

( ^P m+n (z)} r (2m+n+2) 

\ (&* +1 ), ml 2*+i(»+l)!r(i0* 


(Trinity, 1007.) 


Example 2. Shew that the Legendre polynomial P n (cos 6) is equal to 
(-) n jF(n+l, -w; 1; cosHd), 

and to cos* — n; 1; tan 2 £d). (Murphy.) 


15*23. Laplaces integrals* for P n (z). 

We shall next shew that, for all values of n and for certain values of z, 
the Legendre function P n (z) can be represented by the integral (called 
Laplaces first integral) 

- [ lz + (z* — 1)^ cos <j>} n d<f>. 
rr J o 

(A) Proof applicable only to the Legendre polynomials. 

When n is a positive integer, we have, by § 15*12, 

p JL_ f (t *~V n at 

p n W - 2 n+ l 7Tl Jc(t- z) n+L dt) 

where C is any contour which encircles the point z counter-clockwise. 
Take G to be the circle with centre z and radius | z z — 11^, so that, on G 
t = z 4- (z 2 — 1)* e**, where <p may be taken to increase from — it to tt. 


* Mtcanique Celeste , Livre xi. Ch. 2. For the contour employed in this section, and for 
some others introduced later in the chapter, we are indebted to Mr J. Hodgkinson. 
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Making the substitution, we have, for all values of z, 

p m 1 r ( k - 1+ 1 >*^ii£±i+(* -n* 

,W 2»+>t rtJ-.V (j»-l)*a*» ) 

- ^ + (** “ !)* cos 0} n # 


) » ^ 
id<f> 


- — / 4- (£ s — 1)1 cos <£} n d<£, 


since the integrand is an even function of 0. The choice of the branch of 
the two-valued function (z 2 — 1)* is obviously a matter of indifference. 


(B) Proof applicable to the Legendre functions , where n is unrestricted. 

Make the same substitution as in (A) in Schlaflis integral defining 
P n (z); it is, however, necessary in addition to verify that t = 1 is inside the 
contour and t = — 1 outside it, and it is also necessary that we should specify 
the branch of {z + (z 2 — 1 )* cos <f>} n , which is now a many-valued function of 0 . 

The conditions that t = 1 , t = — 1 should be inside and outside G re¬ 
spectively are that the distances of z from these points should be less and 
greater than | z 2 — 1 |1. These conditions are both satisfied if(z—1|<[^+1|, 
which gives R (z) > 0 , and so (giving arg z its principal value) we must have 
|arg*|<irr. 

Therefore P n (z) = ~ J [z + (z* — 1 )^ cos </>}" dtp, 

where the value of arg [z 4 - (z* — 1)1 cos 0 } is specified by the fact that it 
[being equal to arg(t 2 — 1 ) — arg (t — z)] is numerically less than tv when t is 
on the real axis and on the right of z (see § 15*2). 

Now as 0 increases from — v to tr, z+(z 2 — 1)1 cos 0 describes a straight line in the 
Argand diagram going from z-(z 2 - 1)1 to z + (z 2 -1)1 and back again; and since this line 
does not pass through the origin*, arg [z+(z 2 — 1)1 cos 0} does not change by so much as 
7r on the range of integration. 

Now suppose that the branch of {z+(z 2 — 1)1 cos 0} n which has to be taken is such that 
it reduces to z n e n ’ 2kirx (where k is an integer) when 

inhm r ft . 

Then P n (z) = I {z+(z 2 -\y cos 0}* d0, 

where now that branch of the many-valued function is taken which is equal to z n when 

0=$7T. 

Now make z-*-l by a path which avoids the zeros of P n (z); since P n (z) and the 
integral are analytic functions of z when' | ar gz | < hr, k does not change as z describes the 
path. And so we get e inkm =1. 


It only does so if £ is a pure imaginary; and such values of z have been excluded. 
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Therefore, when | arg s | < i w and n is unrestricted, 

P„(*) = ± f_ r {* + (**-l)i cos*}» d<f>, 

where arg {z + (z* - 1)* cos <f>] is to be taken equal to ar gz when </> = 

This expression for P n (z) } which may, again, obviously be written 

- f {z + (z* — 1)* cos <f>} n d<f>, 

w Jo 

is known as Laplace's first integral for P n (z). 

Corollary. From § 15-22 corollary, it is evident that, when | arg z | <^ir, 

p.w-- /' - Q -, 

n j o {*+(&- 1)^C0S<£}* +1 

a result, due to Jacobi, Journal fur Mouth, xxvi. (1843), pp. 81-87, known as Laplacds 
second integral for P* (z). 

Example 1. Obtain Laplace’s first integral by considering 

2 A* | [z+(z i — 1)^ cos <f>} n cty, 

»=o J 0 

and using § 6*21 example 1. 

Example 2. Shew, by direct differentiation, that Laplace’s integral is a solution of 
Legendre’s equation. 

Example 3. If s < 1, | h | < 1 and 

(1 — 2Acos0+A 2 )“*« 2 b n co&nti, 


, ,,, , 2sin sir f 1 A*3* + * _1 , /T> . , . 

shew that b n -(Bmet) 

Example 4. When z> 1, deduce Laplace’s second integral from his first integral by 
the substitution 

{*—(** — l)^cosd} l)i cos <£} —1. 

Example 5. By expanding in powers of cos <£, shew that for a certain range of 
values of z, 

- [ W {*+(**-fa i-in; 1 ; 1 -*“*). 

** Jo 

Example 6. Shew that Legendre’s equation is defined by the scheme 

( 0 co 1 1 

/’•I -i» i+i» 0 fi, 

i^+Jn — 0 J 

where *=i +(~^). 

15 * 231 . The Mehler-Dirichlet integral* for P n (z). 

Another expression for the Legendre function as a definite integral may be obtained in 
the following way: 

* Diriehlet, Journal/Or Math. xvn. (1837), p. 35 ; Mehler, Math. Ann. v. (1872), p. 141. 
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For all values of n, we have, by the preceding theorem, 


it J o 

In this integral, replace the variable <j> by a new variable A, defined by the equation 

h*sz+(z 2 - 1)^COS0, 

and we get P H (*)=- / A* (1 - SAs+A*) ~idh; 

l)i 

the path of integration is a straight line, arg A is determined by the fact that A ■=$ when 
and (1—2As+A*) “ i— -1 (s 2 - 1)^ sin <f>. 


Now let 2 =cos 0; then 


• f w 

P n (coa6)=- e A»(l-3A*+A*)-i <tt. 
*■ «-» 


Now (0 being restricted so that -Jir < 6 <\ir when n is not a positive integer) the 
path of integration may be deformed* into that arc of the circle | A |=1 which passes 
through A=l, and joins the points A = e"**, A= e l9 , since the integrand is analytic throughout 
the region between this arc and its chord t. 


Writing A=e^ we get 


and so 


1 f* /*+«*♦ 

P n (COS0) = ± ---T d<t>, 

v J-«(2coa<f>-2ooae)i 

/>.(«**)-* f* 

* J 0 {2(cos^>—cosd)}* 


it is easy to see that the positive value of the square root is to be taken. 

This is known as Mehler's simplified form of Dirichlefs integral . The result is valid for 
all values of n. 


Example 1. Prove that, when n is a positive integer, 

(Write ir — 6 for B and *r— <j> for <f> in the result just obtained.) 
Example 2. Prove that 


r * sin 

f 6 {2 (cos 6 - cos 


P n (cos B) = 5 ^-. f --- Y dh , 

(A 2 -2Acos0 + l)* 


the integral being taken along a closed path which encircles the two points A=e itf , and 
a suitable meaning being assigned to the radical. 


* If 0 be complex and JR (cos 0) > 0 the deformation of the contour presents slightly greater 
difficulties. The reader will easily modify the analysis given to cover this case. 

f The integrand is not analytic at the ends of the arc but behaves like (h-e ±i6 ) near 
them; but if the region be indented (§ 6*23) at e ±xB and the radii of the indentations be’made to 
tend to zero, we see that the deformation is legitimate. 
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Hence (or otherwise) prove that, if 6 lie between J-jt and jw, 

jP»(c osd)=- 2 - 4 —^ /coB(Mfl+ift) | l a ooti{n8+Z<l>y 

*■ 3.5...(2«+l) ( 2 sin0)* 2(2«+3) (2sind)$ 

•j _ 1*. 3 8 _ cos (nti -h 50) ■ , 

2.4.(2»+3)(2»+5) (2sintf)* 

v+., 

where 0 denotes %8—frr. 

Shew also that the first few terms of the series give an approximate value of P n (cos 6 
for all values of 6 between 0 and rr which are not nearly equal to either 0 or *r. And explait 
how this theorem may be used to approximate to the roots of the equation P n (cos 0)*O. 

(See Heine, Kugdfurdctumen, i. p. 178; Darboux, Comptes Rendu *, lxxxii. (1876). 
pp. 365, 404) 

15*3. Legendre functions of the second kind . 

We have hitherto considered only one solution of Legendre’s equation, 
namely P n (z). We proceed to find a second solution. 

We have seen (§ 15*2) that Legendre’s equation is satisfied by 
j (t* - l) n (t — z)~ n ~ l dt 3 

taken round any contour such that the integrand returns to its initial value 
after describing it. Let D be a figure-of-eight contour formed in the following 
way: let z be not a real number between ± 1 ; draw an ellipse in the £-plane 
with the points ± 1 as foci, the ellipse being so small that the point t = z is 
outside. Let A be the end of the major axis of the ellipse on the right 
of t = 1 . 

Let the contour T) start from A and describe the circuits (1 — 1 +), 

returning to A (cf. § 12*43), and lying wholly inside the ellipse. 

Let | ar gz | < 7 r and let | arg (z — t) | —> arg z as t —* 0 on the contour. Let 
ar g(£ + 1 ) = arg (£ - 1 ) = 0 at A . 

Then a solution of Legendres equation valid in the plane (cut along the 
real axis from 1 to — go ) is 

. . Qn ^ = 4i sin nir f D 2 » (z - <)»+* dt> 

if n is not an integer. 

When R (n + 1 ) > 0, we may deform the path of integration as in § 12*43, 
and get * 

Qn 0) = 2 K+i If 1 - *’) n o - <)-"-* dt 

(where arg (I — f) = arg(l + t) = 0 ); this will he taken as the definition of 
Q n (z) when a is a positive integer or zero. When n is a negative integer 
(= — to — 1 ) Legendre’s differential equation for functions of degree n is 
identical with that for functions of degree to, and accordingly we shall take 
the two fundamental solutions to be P m (z), Q m {z). 

Q n (z) is called the Legendre function of degree n of the second kind. 
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15*31. Expansion of Q n (z) as a power-series. 

We now proceed to express the Legendre function of the second kind as 
a power-series in zr l . 

We have, when the real part of n + 1 is positive, 

Qn(z) = f\l-t i ) n (z-t)-”- l dt. 

Suppose that | z | > 1. Then the integrand can be expanded in a series 
uniformly convergent with regard to t, so that 

«.<*>- 2=^5 /> - rr (i - 

- - «■>* {' + A ©' <* 

- 2 ^ [/.‘ <x-*r*+ x j| (1 .».,.«.*], 

where r = 2s, the integrals arising from odd values of r vanishing. 

Writing t* = u, we get without difficulty, from § 12-41, 

/-A ■fflr(ra-H) 1 „/! 11 a A 

VnW 2 B+I T(n +1) z n+1 " \2 n + a» a n +1 > w + 2 > ^ J • 

The proof given above applies only when the real part of (n -f 1) is positive 
see § 4*5); but a similar process can be applied to the integral 

«■ W - L r- «■ - v <* - * 

;he coefficients being evaluated by writing I (£*— l) n dt in the form 

J D 

ra~) r<~i+) 

<P wi I (1 - f a ) n t r dt 4- e niri / (1 - t 2 ) n t r dt; 

Jo Jo 

md then, writing t 2 =* u and using §12*43, the same result is reached, so 
hat the formula 

n / \ w* T (71 4-1) 1^/x .11 , , s 1 \ 

Qn (z) 2 n +1 r (n + f) Z n+1 F \2 71 + 5 ’ 2 71 + 1 5 71 + 2 > *») 

b true for unrestricted values of n (negative integer values excepted) and for 
,11 values* of z y such that | z | > 1, |arg z\< *rr. 

Example 1. Shew that, when n is a positive integer, 


* When n is a positive integer it is unnecessary to restrict the value of arg x . 
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[It is easily verified that Legendre's equation can be derived from the equation 
(1—(n -\) z~+Znw=Q, 

by differentiating n times and writing 

Two independent solutions of this equation are found to be 


(**—!)* and 






It follows that {(** —1>*y (**— 


is a solution of Legendre’s equation. As this expression, when expanded in ascending 
powers of 2 _1 , commences with a term in it must be a constant multiple* of Q%{z) > 

and on comparing the coefficient of s"*" 1 in this expression with the coefficient of z~ n ~ l in 
the expansion of Q n (z), as found above, we obtain the required result.] 

Example 2. Shew that, when n is a positive integer, the Legendre function of the 
second kind can be expressed by the formula 

Qn (*)- 2»« 1 J' j‘ j" ... f* (**-l)-»-i (dvy+K 
Example 3. Shew that, when n is a positive integer, 

[This result can be obtained by applying the general integration-theorem 

to the preceding result.] 

15*32. The recurrence formulae for Q % (z). 

The functions P K (z) and Q n (z) have been defined by means of integrals of precisely the 
same form, namely 


h 


taken round different contours. 

It follows that the general proof of the recurrence-formulae for P* (z), given in § 15*21, 
is equally applicable to the function Q n ( 2 ); and hence that the Legendre function of the 
eecond kind eatiefiee the recurrence-formulae 

(»+1) +x (*) - (2n+1) (2)+ nQn-i (2)=0, 

- V.-1 (*)“*<?• (2), 

C'.+x (*)-V«-x(*)=(2n+l) Q n (2), 

(** -1) V. (2) -n2§. (2) - »&,_! (2). 

Example 1. Shew that 

Qo 0)-i log. Qi log jiy-1, 


and deduce that 


&W ,^£+1 1 If £* 3* (*-!)« 

PnW 5 ^ 2-1 2 - 32 - 52 - 72-...-(2n-l)2* 

* P % (z) contains positive powers of z when n is an integer. 


and that 
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Example 2. Shew by the recurrence-formulae that, when n is a positive integer*, 

if* («> log - «» <«) “/_i (*), 

where f n ^. l (z) consists of the positive (and zero) powers of z in the expansion of 
\P% (z) log in descending powers of z, 

[This example shews the nature of the singularities of Q n (z) at ± 1, when n is an integer, 
which make the cut from — 1 to +1 necessary. For the connexion of the result with 
the theory of continued fractions, see Gauss, Werke , hi. pp. 166-206, and Frobenius, 
Journal filr Math, lxxiii. (1871), p. 16; the formulae of example 1 are due to them.] 


15*33. The Laplacian integral f for Legendre functions of the second kind. 
It will now be proved that, when R (n + 1) > 0, 

Qn 0) = ("{* + 0= - 1 ) 4 cosh 0}-*- 1 d6, 

Jo 

where arg {z + (z* — 1)* cosh 0} has its principal value when 0 = 0, if » be not 
an integer. 

First suppose that z> 1. In the integral of § 15*3, viz. 

o» o)-2^+i I ,/ 1 - *r ( z - dt > 


write 


t e* (^ +l) 4 — (z— l) 4 
e*(* + l) 4 + 0-l) 4 ’ 


so that the range (— 1,1) of real values of t corresponds to the range (— oo, oo ) 
of real values of 0 . It then follows (as in § 15*23 A) by straightforward 
substitution that 


Qn{z) = \ f {* + (z* - 1)* cosh 0}-*- 1 d0 
f 00 

= I {z + (z 2 — l)i cosh d} -71 "” 1 d0, 

J o 


since the integrand is an even function of 0. 


To prove the result for values of z not comprised in the range of real values greater 
khan 1, we observe that the branch points of the integrand, qua function of z, are at the 

points ±1 and at points where z+(s?~ l)i cosh 6 vanishes; the latter are the points at 
ivhich ± coth 6. 

Hence Q n (z) and j {*+ (z 2 -1)^ cosh 3}~ n ~ 1 dd are both analytic J at all points of the 
plane when cut along the line joining the points z* ±1. 


* If -1 < * < 1, it is apparent from these formulae that Q n (z+ 0 i) - Q n (z - Ot) = - x/P n (z). 

It is convenient to define Q n {z) for such values of z to be £Q n (z+0i)+£Q*(z-0i). The 
‘eader will observe that this function satisfies Legendre’s equation for real values of z. 
f This formula was first given by Heine; see his Kugelfunktionen , p. 147. 

X It is easy to shew that the integral has a unique derivate in the out plane. 
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By the theory of analytic continuation the equation proved for positive value*? of z—1 

persists for all values of z in the cut plane, provided that arg {z+(z 2 - 1)^ cosh 6} is given 
a suitable value, namely that one which reduces to zero when z— 1 is positive. 

The integrand is one-valued in the cut plane [and so is Q n (z)] when n is a positive 

integer; but arg{z+(**— 1)^cosh 8} increases by 2 rr as arg z does so, and therefore if n be 
not a positive integer, a further cut has to be made from — 1 to z= — oo. 

These cuts give the necessary limitations on the value of z ; and the cut when n is not 
an integer ensures that arg {*+(** — 1)^}—2 arg {(z+ l)i + (z - l)i} has its principal value. 

Example 1. Obtain this result for complex values of z by taking the path of 
integration to be a certain circular arc before making the substitution 

f «*(«+!)*-(*-D* 

where 8 is real 

Example 2. Shew that, if z > 1 and coth a—z, 

Qn (*) ” {z - (z 2 —1)^ cosh u }* du, 

where arg {z - (z 3 —1)^ cosh u} *0. (Trinity, 1893.) 


15*34. Neumann's* formula for Q n (z), when n is an integer . 

When n is a positive integer, and z is not a real number between 1 and — 1, the 
function Q n (z) is expressed in terms of the Legendre function of the first kind by the 
relation 

which we shall now establish. 

When | z | > 1 we can expand the integrand in the uniformly convergent series 

to 

P„(y) 2 . 

•=o * m+1 

Consequently 

The integrals for which m—w is odd or negative vanish (§ 15*211); and so 

- 

= 1 ; _.__ 2** 1 (n+2 m )! (n+m)! 

2 W=0 m ! (2n-|-2«»+l)! 

“ *“ +15 n+ii *~ i] 

by § 15*31. The theorem is thus established for the case in which | z | > 1. Since each 
side of the equation 

represents an analytic function, even when | z | is not greater than unity, provided that z is 
not a real number between -1 and +1, it follows that, with this exception, the result is 
true (§ 5*5) for all values of z. 

* F. Neumann, Journal far Math . xxxvn. (1848), p. 24. 



LEGENDRE FUNCTIONS 


321 


15 - 34 , 15 - 4 ] 


The reader should notice that Neumann’s formula apparently expresses as a 

one-valued function of *, whereas it is known to be many-valued (§ 15*32 example 2). 
The reason for the apparent discrepancy is that Neumann’s formula has been established 
when the z plane is cut from -1 to 4*1, and Q n (z) is one-valued in the cut plane ,. 

Example 1. Shew that, when — 1 ^ R (z) < 1, | Q % (z) (^ | J(z) |“ ! ; and that for other 
values of z, | Q n (z) | does not exceed the larger of | z-1| z-f 1 |-J. 

Example 2. Shew that, when n is a positive integer, Q n (z) is the coefficient of k H in 
the expansion of (1 —2Az+A 2 ) ” i arc cosh { ^~ z l. 

[For, when | A | is sufficiently small, 


i A-o» w = i * r r (±z*&t*r**x 

»to Vn(> *Zo2J-i *-y 2 (*—y) 


=(1 — 2AZ+A 2 ) i arc cosh 


t^-ip 


This result has been investigated by Heine, KugdfunItionen, i. p. 134, and Laurent, 
Journal de MatL (3), I. p. 373.] 

15’4. Heine’s* development of (t — z)~ } as a series of Legendre poly¬ 
nomials in z . 

We shall now obtain an expansion which will serve as the basis of 
a general class of expansions involving Legendre polynomials. 

The reader will readily prove by induction from the recurrence-formulae 
(2m +1) tQ m ( t ) - (m + 1) Q m+l (t) - mQ m ^ (t) « 0, 

(2m +1) zP m (*)-(m + l) P m+1 (z) - mP,^ (z) = 0, 


that 


1 % 71-1-1 

2 (2m +1) P m (z) Q m (t) + pi {P n+l (z) Q„(t) - P n (z ) Q n+l (t)}. 

m =0 T, — Z 


,i rr 

IT JO Jo 


Now consider 


t- 

Using Laplace’s integrals, we have 
P n+i (z)Q n (t)-P n (z)Q 

n-H (*) 

{z 4 - (z* — 1 )^ cos <f>} n 
lo Jo 4 - (p — 1 )^ cosh ti } n+1 

x [z 4- (? - 1 )^ cos !-($*- 1 )^ cosh w}- 1 ] d<l>du. 

z4(z 2 -1)^cqs<^ 
cosh u ] 

Let cosh a, cosh a be the semi-major axes of the ellipses with foci ±1 which pass 
through z and t respectively. Let 8 be the eccentric angle of z; then 
z*cosh (a+i 0 ), 

[z±(z 2 - l)i cos <f> 1 = 1 cosh(a4-t‘0)±sinh(a4-i0) cos <f> | 

= {cosh 2 a — sin 2 8 4 -(cosh 2 a - cos 2 8) cos 2 <f>± 2 sinh a cosh a cos . 

This is a maximum for real values of <j> when cos <£= + 1 ; and hence 

| z± (z 2 — 1 )^ cos | 2 < 2 cosh* a -1 + 2 cosh a (cosh 2 a - l)^=exp ( 2 a). 

Similarly 1 1 + (t 2 -1)^ cosh u | ^ exp a. 

* Journal filr Math . xlu. (1851), p. 72. 
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Therefore 

| Pn +1 (*) Qn (0 - Pn (*) Qn +i (0 exp {n (a - a)} f I Vd<f)du, 

J Q J 0 

where 1 1 \- * , + <* ~ *>* <” * 1 + 1 {* + cosh u} |- 

t + ($* — 1)* cosh w 

Therefore (Pn^s) Q n (t)-P n (z) Q n+1 (t) ) -* 0, as n-*<x>, provided a < cl 

And further, if t varies, a remaining constant, it is easy to see that 

the upper bound of f f Vctydu is independent of t, and so 
J o Jo 

PfiM Qn(t)-Pn(z)Qn+i(t) 
tends to zero uniformly with regard to t 

Hence if the point z is in the interior of the ellipse which passes through 
the point t and has the points ± 1 for its foci , then the expansion 

J_ = | (2« +1) P n (z) Q n (t) 

t — z n=0 

is valid; and if the a variable point on an ellipse with foci ± 1 such that z is 
a fixed point inside it y the expansion converges uniformly with regard to t 

15*41. Neumanns* expansion of an arbitrary function in a series of 
Legendre polynomials . 

We proceed now to discuss the expansion of a function in a series of 
Legendre polynomials. The expansion is of special interest, as it stands next 
in simplicity to Taylors series, among expansions in series of polynomials. 

Let f(z) be any function which is analytic inside and on an ellipse (7, 
whose foci are the points z = ± 1. We shall shew that 

f(z) = a 0 P 0 (z) + a x P x (z) + OaP, (z) + a,P, 

where a®, a li Og,... are independent of z, this expansion being valid for all 
points z in the interior of the ellipse C. 

Let t be any point on the circumference of the ellipse. 

CO 

Then, since 2 (2 tM- 1 )P n {z) Q n (t) converges uniformly with regard to t, 
*=o 

/<*> - 5H - st ,!„ / c < 2 ” + ') <*) «• * 

= 2 OnP n (z), 

n-0 

where = //(*)&(*)<& 

* & Neumann, Ueber die Entwickelung einer Funktion nach den Kugelfunktionen (Halle, 
1862). See also Thom4, Journal fur Math . lxvi. (1866), pp. 337-848. Neumann also gives an ex¬ 
pansion, in Legendre functions of both kinds, valid in the annulus bounded by two ellipses. 
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This is the required expansion; since 2 (2n +1) P n (z) Q n (t) may be~proved* * * § 

11=0 

to converge uniformly with regard to z when z lies in any domain G' lying 
wholly inside C t the expansion converges uniformly throughout C'. 

Another form for On can therefore be obtained by integrating, as in 
§ 15-211, so that 

a» = (n+i) J f(x)P n (x)dx. 

A form of this equation which is frequently useful is 

j/'" 1 (*) • (l - «*)* dx, 

which is obtained by substituting for P n (x) from Rodrigues* formula and 
integrating by parts. 

The theorem which bears the same relation to Neumann’s expansion as Fourier’s 
theorem bears to the expansion of § 9*11 is as follows : 

Let f If) be defined when — 1 1, and let the integral of (1 — &)~^f(t) exist and be 

absolutely convergent; also let 

“»=(«+£) j 1 

Then 2a, P n (s) it convergent and hat the turn ^ {f(x+0)+f(x-0)} at any point x, fw 
which - 1 <x< 1, if any condition of the type stated at the end of § 9*43 is satisfied 

For a proof, the reader is referred to memoirs by Hobson t and Burkhardt J. 

Example 1. Shew that, if p 1) be the radius of convergence of the series 2c n z* then 
2c n P m (z) converges inside an ellipse whose semi-axes are ^ (p-f-p -1 ), .V (p— p ~ J ). 

Zxempt.1 It .-(tj)*, 

pro ™ *“ /■’ ((!-■■) a-m* ■ << *’ +1) w 4 - w ' 

[Substitute Laplace’s integrals on the right and integrate with regard to <f>.] 

Example 3. Shew that 

(*-i)(y TTr nlo (2n + I) «•<*> ^ 

(Frobenius, Journal fur Math, lxxiii. (1871), p. 1.) 


15*5. Ferrers' associated Legendre functions P n m (z) and Q n m (z). 

We shall now introduce a more extended class of Legendre functions. 

If m be a positive integer and — 1 < z < 1, n being unrestricted§, the 
functions 


P n m (z) = (1 - z^ m 


d m P n (z) 
dz m ’ 


G»°*(*) = (!-s’) 4 ”' 


d m Qn(t) 

dz m 


* The proof is similar to the proof iu § 15*4 that that convergence is uniform with regard to t. 

t JProc . London Math. Soc. (*2), vi. (1908), pp. 388-395; (2), yii. (1909), pp. 24-39. 

X Munchener Sitzungsberichte , xxxix. (1909), No. 10. 

§ See p. 317, footnote. Ferrers writes T n m (z) for P n m (z). 
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will be called Ferrers' associated Legendre functions of degree n and order m 
of the first and second kinds respectively. 

It may be shewn that these functions satisfy a differential equation 
analogous to Legendre's equation. 

For, differentiate Legendre's equation 

m times and write v for . We obtain the equation 

(1 — £*) ^ — 2z (to + 1 ) ^ + (n - m) (n + m + 1 ) v =■ 0 . 

Write w =(1 — 2 ®)* m v, and we get 

.-.dho a dw f , , m* ) A 

This is the differential equation satisfied by P n m (z) and Q»"* (f). 

From the definitions given above, several expressions for the associated Legendre 
functions may be obtained. 

Thus, from Schlafli’s formula we have 

where the contour does not enclose the point t— -1. 

Further, when n is a positive integer, we have, by Rodrigues 1 formula, 

*+»(*-ir_ 

* 2*n! ‘ 

Example . Shew that Legendre’s associated equation is defined by the scheme 
r 0 cc 1 ^ 


\m w+l bn J-JaV. 
{-bn ~n ) 


(Olbricht.) 


15*51. The integral properties of the associated Legendre functions. 
The generalisation of the theorem of § 15*14 is the following: 
When n, r, m are positive integers and n>m , r>m, then 


j' ^P”(z)P T m (z)dz 


2 (n-fm)l 


(r + n), 
(r = n). 


V 2n + l(n — m)\ v } ' 

To obtain the first result, multiply the differential equations for P n m (z), 
P r m (z) by P r m (z), P» m (z) respectively and subtract; this gives 

C [<1 - *•> {A- » ~ p S W 5 ^}] 

+ (n - r) (n + r + 1) P,«* (z) P n « (z) = 0. 
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On integrating between the limits —1, +1, the result follows when n 
and r are unequal, since the expression in square brackets vanishes at each 
limit. 

To obtain the second result, we observe that 

p n »*«(*) = (1- z')± dP ^ ~ + mz(\-z*)-lP n m (Z ); 

squaring and integrating, we get 

£ ip .-* 1 («)i • * - J’ i [a - o f p £ —}’+w 

- - f./" w <s {<> -**> t*-* wt* 

+ («»•*. 

on integrating the first two terms in the first line on the right by parts. 
If now we use the differential equation for P n ™ (z) to simplify the first 
integral in the second line, we at once get 

J ^ {iV* +1 (f)] 2 dz = (n — m) (n -h m +1) j {P w m (z)}* dz . 

By repeated applications of this result we get 

J {P n m (z)Y dz = (n — m 4-1) (n — m + 2) ,.. n 

x (7M-m)(n + 7w —l)...(n-hl)J (P n (^)}* dz. 


15*6. Hobson's definition of the associated Legendre functions . 

So far it has been taken for granted that the function (1—5®)* m winch 
occurs in Ferrers’ definition of the associated functions is purely real; and 
since, in the more elementary physical applications of Legendre functions, it 
usually happens that — 1<z<1, no complications arise. But as we wish 
to consider the associated functions as functions of a complex variable, it is 
undesirable to introduce an additional cut in the 5 -plane by giving arg(l — z) 
its principal value. 

Accordingly , in future , when z is not a real number such that — 1 < z < 1, 
we shall follow Hobson in defining the associated functions by the equations 

Qn” (z) = {z* — l)* m > 

where m is a positive integer, w is unrestricted and arg z, arg (z +1), arg (z — 1) 
have their principal values. 
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When m is unrestricted, P H m (z) is defined by Hobson to be 

and Barnes has given a definition of <j n ** (z) from which the formula 

« _ , , sin (»+w) *• r (»+»n+l) T (4) (*»- l) im 
w ~ sin»ir 2* +1 r(n+3) ** +m+1 

x F j ; s“ 2 ) 

may be obtained. 

Throughout this work we shall take m to be a positive integer. 

15*61. Expression of P n m (z) as an integral of Laplace’s type . 

If we make the necessary modification in the Schlafii integral of § 15*5, 
in accordance with the definition of § 15*6, we have 


(n-f l)(n+2) ...(n + m) t 


dt 


' ~ (*»~<*-1? (t-z)- 

Write t * z + (z 2 — 1)* e 1 *, as in § 15*23; then 

P «( e \ (” + l)(” + 2)...(n+m) _ . r ar+ ‘ fc + (s»-l)*co8<ft}" , 

* W 2tT y ' Ja 

where a is the value of <f> when t is at A, so that 

| arg (s* —1)1 + a | < 7r. 

Now, as in § 15*23, the integrand is a one-valued periodic function of the 
real variable with period 2tt, and so 

Since -f (s* — 1)1 cos <£] ft is an even function of <f>, we get, on dividing 
the range of integration into the parts (- tt, 0) and (0, w), 

p..(»)- ( *- fl) <» 4 * ) -(* ^ jy + (*~ i)i 

The ranges of validity of this formula, which is due to Heine (according as 
n is or is not an integer), are precisely those of the formula of § 15*23. 

Example. Shew that, if | arg z | < fjr, 


pm _ y* a (W-1) 12 


j 0 { 4 


cos m<f) d<f> 


[z+(z 2 - 1)1 cos ^>} n+1 * 


where the many-valued functions are specified as in § 15‘23. 

15*7. The addition theorem for the Legendre polynomial 

Let z=*xaf— (jr* - 1)1 (o'*- 1)1 cos a>, where x', a are unrestricted complex numbers. 

* Legendre, Calc . Int . n. pp. 262-269. An investigation of the theorem based on physical 
reasoning wiU be given subsequently (§ 18 4). 
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15-61, 15-7] 

Then we shall shew that 

P n («)=P« (x) P u (a/)+ 2^ (-)“ j P, m (x) P*«* (*') cos mo. 

a?+(j*-l)lcos(a— 

*'+(*'*-1)* 

range 0<<f>< 2*r. If if be its upper bound and if j A | < if -1 , then 

i A» ^* *^*(^~ cob (a—^)}’* 

*=« {^+(^>-1)1 cos <£}" +1 

converges uniformly with regard to and so (§ 4*7) 


First let (af) > 0, so that 


is a bounded function of $ in the 


2 

R=0 


A» f' (a? 8 — 1)^ cos (a — <£)}* f r ® A» {s+ (a* -1)1 oos (» - ^))» j 

J-* {y+^-ljloos^}** 1 )-wn=o far'+te'*_nl C o8<l>l« + i 


-/: 


tty 


“K^ 2 - 1 cos +1 


“*■ #'+(#' 2 -1)^ cos0 —A{d7+(«*— 1)^cos(<» — </>)} 
Now, by a slight modification of example 1 of § 6*21, it follows that 

cty 2 rr 


/: 


where that value of the radical is taken which makes 

| ACrf |<| (£*+C*)i |. 


Therefore 


/: 


cty 


d -f ty 2 -1)^ cos <f> — h. {x+(o?— 1)^ cos (« - <f>)} 

2ir 


[(^ - Ar) 2 -{(** -1)4 - h ty 2 -1)* cos «}*- {A (**-1)* sin 

__ 2w 

(1—2A*+A*)1 ’ 

and when A-**-0, this expression has to tend to 2 jt P 0 (of) by § 15*23. Expanding in powers 
sf A and equating coefficients, we get 

p.w-i r <?+<*-&*»(•-wm 

2ir J -* {^+(^ 2 -l)icos4>}»+i 

Now i\*(r) is a polynomial of degree % in cos®, and can consequently be expressed in 

n 

:he form ^ cos moo, where the coefficients A 0 , A li ... .4* are independent of <* ; 

■jO determine them, we use Fourier’s rule (§ 9*12), and we get 
1 /*» 

J m = - P % (z) cos mco <fo> 

* J -* 

_1_ f w f [* (s 8 -1 cos (to - <£)}» cos mo) ^.1 

2*r 2 JLJ _r {tf'-fty' 2 —1)^ COS <£} n + 1 J 

i f* r f n {-®+(^ 2 —i)^ cos (oo--0)} n cos moo -i 

- 2»r*J_»Lj-r {*' + (x'2-l)lcos<£}» +J "y* 

_ J_ f* r f' {x+^-l^cos^cosm^+^ j . 1 ^ 

%** J -*U —• {a,' + (*'S-l)lcos<J>}» +1 J 

n changing the order of integration, writing o)=</>4ty and changing the limits for ^ 
rom ±7r — (j) to ±ir. 
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Now J {#+(,**—1)4 cosi/rJ'sinmi/rtty—O, since the integrand is an odd function; 
and so, by § 15 61, 

A n! [’ coam4,.I>™(x) 

ir(n+m )! J -» { a ' + ( ar 's_i)4 C0S( £}«+i 

Therefore, when | arg / |<-^rr, 

P„ (z) = P„ («) (f) + 2^ ( -)» 7 fV* (*) -P, m (4/) cos »*». 

But this is a mere algebraical identity in x, x' and cos c* (since n is a positive integer) 
and so is true independently of the sign of R (x'). 

The result stated has therefore been proved. 

The corresponding theorem with Ferrers’ definition is 

P*{xx?+(l -**)! (1 ~y*)i cos «}=P n (x) P n (a/)+2JZ^ (n'+m )! ■ P »"‘(' r ') 008 ”**»• 

15'71. The addition theorem for the Legendre function*. 

Let x , x' be two constants, real or complex, whose arguments are numerically less than 
far ; and let (#+1)*, (^±1)^ be given their principal values; let « be real and let 
*=**'-(**-1)4 (*"-1)4 COS CO. 

Then ice shall shew that, if | arg z\<^rr for all values of the real variable <w, and n he 
not a positive integer , 

Pn <*) = Pn <#) PnW + *jl ( - )” Pn m (*) Pj* (*0 00. «a 

Let cosh a, cosh a be the semi-major axes of the ellipses with foci ±1 passing through 
x, of respectively. Let ft ft be the eccentric angles of x, a/ on these ellipses so that 
— Jrr <£ CJtt, -£ir<ft<Jfl\ 

Let a+i/3=f, a'+ift = £', so that #=cosh{, cosh £'. 

Now as a) passes through all real values, R (z) oscillates between 

R (. xx 0 ± A — 1)^ (ft 1 -1)^ = cosh (a ± a') cos (fi ±ft), 

so that i* is necessary that (■} ±(¥ be acute angles positive or negative. 

Now take Schlafli’s integral 

and write 

t _ e* {e"*** sinh g cosh —cosh £ sinh + cosh $ cosh —a 1 ** sinh g sinh 

cosh +/* sinh 

The path of t, as increases from — ir to tr, may be shewn to be a circle; and the 
reader will verify that 

t ^ _ 2 {e ^ cosh ^ 4- sinh {sinh ££ cosh j( r - e ta> cosh || sinh } 

cosh 4- sinh ' 

f + sinh jg+cosh £g} {cosh cosh - j" sinhjj sinh 

cosh + e* sinh 

t _ T ^ {** CQ8h -hsinh {e t<rt sinh g sinh 2 4-e~*** sinh $ cosh 2 - cosh f sinh £} 

cosh J f 4- e* sinh r 


*(l+,*+) (*2-l)» ^ 
A (t-z) n + ldt ’ 
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1571 , 15 - 8 ] 

Since* | cosh ££' | > [ ainh |, the argument of the denominators does not change when 
<f> increases by 2ir; for similar reasons, the arguments of the first and third numerators 
increase by 2*-, and the argument of the second does not change; therefore the circle 
contains the points t—1, t=z, and not -1, so it is a possible contour. 

Making these substitutions it is readily found that 

P n (*)=i- f w {*+(*»-!)* cos (<»-<$)}» 

2v J -'r {^+(^-1)^008 + ' 

and the rest of the work follows the course of § 15*7 except that the general form of 
Fourier’s theorem has to be employed. 

Example . Shew that, if n be a positive integer, 

§« +(^ -1 )4-1) 1C03 <a} = §, (x) (^)+2 2 §,”(*) P n ~ m (af) cos nut, 

m =1 

when <o is real, R (of) > 0, and | (a/-I)(x+ 1) | < |(*-1) (a/+l)|. 

(Heine, Kugelfunktionen ; K. Neumann, Leipziger AbL 1886.) 


15*8. The function t C n * (z). 

A function connected with the associated Legendre function P n m (z) is the function 
C n * (z), which for integral values of n is defined to be the coefficient of h n in the expansion 
of (1—2Az+A 2 )” r in ascending powers of h. 

It is easily seen that 0% {?) satisfies the differential equation 

dhf (2v + l )z dy frfo+gp) 
dz 2 z 2 — 1 dz z 8 — 1 * 


For all values of n and v, it may be shewn that we can define a function, satisfying 
this equation, by a contour integral of the form 


dt, 


K * Jo 

vhere C is the contour of § 15*2 ; this corresponds to Schlafli’s integral. 

The reader will easily prove the following results : 

(I) When n is an integer 

C v (z)— - __ (~^)* y ( y jll l "• ( y +''& —1)-n — z 2 )^~ v — (M -. 

m K) ~n ! (2tt+2v-l) (271+2V-2) ... (*+ 2v) ^ ' '■ 

ince P*(z)=<7»^ (z), Rodrigues’ formula is a particular case of this result. 

(II) When r is an integer, 

1 Up (9 S 

2r -1) (2r - 3)... 3.1 dz r n K h 


C r+i (z)= 

n—r 


/ \_ 1 ) p r / T \ 

*-r ^ (2r — 1) (2r —3) ...3.1 ** 


whence 

The last equation gives the connexion between the functions C n p (z) and P n r (z). 


* This follows from the fact that cos/S'>0. 

f This function has been studied by Gegenbauer, Wiener Sitzungsberichte, i»xx. (1874), pp. 434- 
43; lxxv. (1877), pp. 891-896; xcvn. (1888), pp. 259-316; cn. (1893), p. 942. 
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(III) Modifications of the recurrence-formulae for P % (z) are the following: 

c * w=0 > <C l «--*C\w=^r c «' (z)i 

«» "V (*)-(»- 1 +2v) (•) - fr (1 - *») (*). 
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Miscellaneous Examples!. 

1. Prove that when n is a positive integer, 

(Math. Trip. 1898.) 


2. Prove that 


/t ~dP n dP mj 

j_/ (1 - z) w -ar* 


is zero unless m—n—±l, and determine its value in these cases. 

(Math. Trip. 1896.) 

3. Shew (by induction or otherwise) that when n is a positive integer, 

(2»+l )£ i>„>(.) < fc=l-*P»*-2*(P I *+P^+...+P*._ 1 )+2 (P 1 P t +P t P 3 + .~+ P»-i P»). 

(Math. Trip. 1899.) 

4. Shew that 

zP x ' (*)=»P, (z) +(2n —3)P,.,(*)+(2n-7) P._ 4 (*)+.... 

(Clare, 1906.) 

5. Shew that 

**P»"(*)=»(«— 1)P»(*)+ I (2»—4r+l){r(2»-2r+l)-2}P._ 2r (*), 

r=l 


where p—%n or £ (»-1). 


(Math. Trip. 1904.) 


* Before studying the Legendre function P n (z) in this treatise, the reader should consult 
Hobson’s memoir, as some of Heine’s work is incorrect. 

t The functions involved in examples 1-30 are Legendre polynomial*. 
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(Trin. Coll. Dublin.) 


6. Shew that the Legendre polynomial satisfies the relation 

cPP C* (* 

(Z 2 -l)*-^-~ = ?i(n-l)(»+l)(»-f2) j fe I P n ( z )dz. 

7. Shew that 

!/*-» ® P *~ 1 ^ (2« — 1) (2n+l)(2»4-3) ‘ 

(Peterhouse, 1906.) 

8. Shew that the values of J (1 - z 2 ) 2 P m '" (z) P n ' (z) dz are as follows : 

(i) 8» (»+1) when m — n is positive and even, 

(ii) - 2n (n*- 1) (n —2)/(2n -f 1) when m*=n, 

(iii) 0 for other values of m and n. (Peterhouse, 1907.) 

9. Shew that 

sin* &P* (sin 6) =(- ) r r[ ( ^- r )l ** 6Pr (cos 

(Math. Trip. 1907.) 

10. Shew, by evaluating P n {cos 6) dS (§ 15T example 2), and then integrating by 

arts, that J P n (ft) arc sin ft . dp is zero when n is even and is equal to rr 4 (n+ I ) } 

'hen n is odd. (Clare, 1903.) 

11. If m and n be positive integers, and m ^ n, shew by induction that 


P m (z)P n (z)= 2 ^ 

r=0 


_ * A m _ r A r A n _ r f2n+2m — 4r +1 


)■ 


*+»*— 2r 


(4 


here 


. r \2n+2m-2r-f V 

, 1.3.5 ... (2?a—1) 

ml 

(Adams, Proc . Royal Soc . xxvn.) 

12. By expanding in ascending powers of u shew that 

here u % is to be replaced by (1 - z 2 ) after the differentiation has been performed. 

13. Shew that P n (z) can be expressed as a constant multiple of a determinant in 
hich all elements parallel to the auxiliary diagonal are equal (i.e. all elements are equal 
r which the sum of the row-index and column-index is the same); the determinant 
•nt&ining n rows, and its elements being 

11 11 1 
*’ 3’ 3* 5’ l* 

(Heun, Gott. Nach. 1881.) 

14. Shew that, if the path of integration passes above 2=1, 

15. * By writing cot cot B — k cosec 6 and expanding sin & in powers of h by Taylor’s 
eorem, shew that 

i> n (cos 6)A=£ (Math. Trip, 1893.) 
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16. By considering 2 h*P n (z), shew that 

*=0 

Jr, 

(Glaisher, Proc. London Math. Soc. vl) 

17. The equation of a nearly spherical surface of revolution is 

r — 1+a {P x (cos 6) + P 3 (cos 6) +.. .+ P*» -1 (cos d)}, 
where a is small; shew that if a 8 be neglected the radius of curvature of the meridian is 

1 +a 2 {n (4m -J-3) - (m +1) (8tfi+3)} Pam +1 (cos d). 

(Math. Trip. 1894) 

18. The equation of a nearly spherical surface of revolution is 

r=a{l+«P n (cos d)}, 

where c is small. 

Shew that if c 3 be neglected, its area is 


a W 2 +7l+2| 


(Trinity, 1894) 


19. Shew that, if it is an integer and 

(l-2fc+A*T**= I a»i>.(*), 


2K*- s) (2n+l; A,£ £\* (i ~ s) n+ik-i 

(1-A*)*-* 1.3.5...<A-2) V dx + ty) y ’ 

where x and y are to be replaced by unity after the differentiations have been performed. 

(Routh, Proc. London Math. Soc. xxvi.) 

20. Shew that 

r {P .<*) P »-i CO - P.-X (*)P. (•)} dx - \ , 

y —1 2 * YCr 

21. Let ^ a +y 2 -f« Sss= r 8 , the numbers involved being real, so that -1 <ji<l. 

Shew that 

P £ (i\ 

%W n ! cpK?)' 

where r is to be treated as a function of the independent variables or, y, z in performing 
the differentiations. 

22. With the notation of the preceding example (cf. p. 319, footnote *), shew that 

s . w .<r£p£{I tog (^)}, 


(tt+1) P % (p)+pP n ' (p)* 


(-)»r» +a a* /I 


S'! 02 * Vr 3 / * 


23. Shew that, if | h | and | z [ are sufficiently small, 

- 1-A * i - 2 (2«+l)A»P.(*X 

(1-2A»+A*)* -o 
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24. Prove that 

p*+i » e.-i w e» + i 

(Math. Trip. 1894.) 

25. If the arbitrary function f{x) can be expanded in the series 

/(*)- * a+P % (x), 

%—d 

onverging uniformly in a domain which includes the point #=1, shew that the expansion 
>f the integral of this function is 


26. Determine the coefficients in Neumann’s expansion of e" in a series of Legendre 

polynomials. (Bauer, Journal fur Math, lvi.) 

27. Deduce from example 25 that 

v Z fl.3.5...(2n-l))* /x „ 
arcsmz—- 2 { 2.4.6...2» } 

(Catalan.) 

28. Shew that 

log (jri) • (*> p « (*)+i P*-* W Pi 0 

+1 P%—3 0 A 0 +...+i P« 0 P.-i ( 2 )}. 
(Schlafli; Hermite, Teixeira J. de Set. Math. VI. (1884), pp. 81-84.) 

29. Shew that 


l0 «f=r}-i p * w lo e Si ■ 


Prove also that 
here* /»_, (*) 


On (*)-|** W lo 8 “/*-l W* 

^*-1 W+ft7rrT\ ***-3 W + R?* _ o \ ^-6 (*)+— 


l.n 


3(»-l)‘ n “ 3WT 5(^-2) 

W- (-i) + (*,_ x _g (-!)* 

/, 1 1\ n(»-l)(w-2)(w+l)(a+2)(»+3) /s-lV . j 

+ V* 2 — 3/ — “ 1*2*3* \ _ 2"/ + "'J 


herei»=l+i + |+...+i. 


(Math. Trip. 1898.) 


30. Shew that the complete solution of Legendre’s differential equation is 
y=*AP n (z)+BP % (z) f' — 

ie path of integration being the straight line which when produced backwards passes 
trough the point *=0. 

* The fust of these expressions for f nmm 1 (z) was given by Christoff el, Journal fir Math. lv. 
858), p. 68, and he also gives (Ibid. p. 72) a generalisation of example 28; the second was given 
r Stieltjes, Corrcsp. d'Hermite et de Stieltjes , n. p. 59. 
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31. Shew that 


{*+(**- 1)V=S 1(*)» 




a (a—2m+j) T (m-j) T (m-a—j) 


m ! r(m-a + l) 


(Schlafli.) 


32. Shew that, when R(n+l)>0, 


r<*> A-»-i 

«*(*)= / , —2 - dh, 

Jz+(**~D* (1 -2Az+A 2 )* 

~ „ fz-V-l)* h* 


(1 -Uz+hrf 


33. Shew that 




T(n±l) 


cosh mu 


T (n m + 1) J o _ x)^ cosh «} w+l 

where the real part of («+1) is greater than m. 


(Hobson.) 


34. Obtain the expansion of P* (z) when | arg z j < it as a series of powers of 1/z, when 
n is not an integer, namely 

_ «(»+« n -» n 1\ 

r(»+i)r(i) '\ 2 ’ 2’ * *» *) 

2—»r(-*-i) ljy /» «+i i\ 

+ r(-n)r(i) • P V2 + 1 ’ 2 ’ + *’ *V‘ 

[This is most easily obtained by the method of § 14*51.] 

35. Shew that the differential equation for the associated Legendre function P n m (z) 
is defined by the schemes* 


r 0 

00 1 



r 0 

00 

1 \ 


m -\a 

*+(**-1)4 

z— (z 2 — 1)^ 

P- 



0 ih* 

ikn+i 

-m 

J 

' 


- \m 

i 


(Olbricht.) 

36. Shew that the differential equation for C H W (z) is defined by the scheme 

f- 1 * 1 ) 

v w+ 2 v J — v zV. 

[ 0 -n 0 J 

37. Prove that, if 

(2n +1) (2?i. + 3)... (2 m+ 2»-1) _ 
y ‘ »C»*-I)(n»-4)... 1)*} (»+») ^ L) <fe* > 

then y,=iln-^" +1) P H +^ P , 
yt * +! 2*-l "2»-l 

„ _ p 3(2n+3 ) D , 3(2n + 5) B (2n+3)(2»+5) n 
V3 * +s 2» —1 m+,+ 2»-3 P *~ l (2ji- 1) (2n-3) i * -3 ’ 

and find the general formula. (Math. Trip. 1896.) 

* See also § 15*5 example. 
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3d. Shew that 

r-toafl) 2 r (»+«+1) poa {(«+fr) 6 - + jmrr} ^ l*-4m? ooa{(»+§)d-!«•+$»»} 

* ./*• r(»+f) L - • ~ L - - - 


(2 sin 6 )i 2 (2n+3) (2 sin *)* 

(l»-4at»)(3 il -4m») coe {(»+#) 0-jfrr+j»Mr> , 1 

+ 2.4.(2n-|-3)(2»+5) (2smtf)» _T 

obtaining the ranges of values of m, « and 6 for which it is valid. 

(Math. Trip. 1901.) 

39. Shew that the values of 7i, for which P n ” w (cos $) vanishes, decrease as 0 increases 
from 0 to ir when m is positive; and that the number of real zeros of P w ~ m (cos 6) for 
values of 6 between -ir and ir is the greatest integer less than n—m+l. 

(Macdonald, Proc. London Math. Soc. xxxi, xxxiv.) 

40. Obtain the formula 

1 f* i oe> 

«- I [1 — 2A{cos a> cos <£+sin o> sin cos {& - d)} 4- A 2 ] “ * d$= 2 h*P n (cos ») P*(cos <£). 

2ary — ir n=o 

(Legendre.) 

41. If f(x)=*st? (a?>0) and /(#)= — x 2 (x <0), shew that, if /(a?) can be expanded 
into a uniformly convergent series of Legendre polynomials in the range (-1, l\ the 
expansion is 

) 4 .6.8...2 r 2r+4' P * r+1 ^' 

(Trinity, 1893.) 

(1-2A2+AT “ s ?« /iM C '* (z) ’ 


42. If 
shew that 


C n * {xxi-{a?- l)i(ar x 2 - l)^cos <£} 


r(2v-i) » 


x 4 a r (n- \+1) {r (v+X)}* (2r + 2X-1) 
r(n+2v+X) 


43. If 


(Gegenbauer, Wiener Sitsningsberichte i, cii. (1893), p. 942.) 
o’* (*)= (t 3 —3tz+l)~^ 


vhere e x is the least root of — Ztz +1=0, shew that 

(271+1) <r* +l -3 (271- 1) z<r w _i+2 (n- 1) <r^_ 2 =0, 


md 


4 (4s 3 -1) or*'"+1442V*" - 3 (12n*-24» - 291) <r»'-(7i- 3) (2^-7) (2tt+5) <r w =0, 


vhere 

44. If 
hew that 


o* =- 


d z <rn (0 

ds 3 


, etc. 


.nd 


(Pincherle, Rendiconti Lincei (4), vii. (1891), p, 74.) 

(A s -3A«+1)-4= S 

»=0 

2 (71+1) P H+1 - 3 (2n+1) zR n +[2n- 1) P*- a =0, 

7ii? n +P / w _ 2 — zRtJ— 0, 


4 (4s 3 -1) P*'"+O&PP*" — 2 (127i«+24n-91) P*'-ti (2*i+3) (2»+9) P*=0, 

^ ^3 , etc. 

(Pincherle, if*7n. isf. Bologna (5), l (1889), p. 337.) 


vhere 
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46. If 




obtain the recurrence-formula 

(Schendel, Journal f Ur Math, lxxx.) 

46. If n is not native and m is a positive integer, shew that the equation 


(:s*-l)0+(2*+2)*^-m(m+2»+l)y 


has the two solutions 


(*)-(*»-!)—^ (*•-1)* + “, A. (4r)-(**-l)-» ^^4(0 <*, 

when or is not a real number such that — 1 ^ x < 1. 

47, Prove that 


+m \ 2 / 


(Clare, 1901.) 


48. If 


»m=o ! 


shew that («‘“ W )} ( _ o =« I -P» (*, <*)> 

where (.r, a) is a polynomial of degree n in x ; and deduce that 
A» +J (*. a) = (.z+a).P„(x, o)+ar^P»(x, o). 

49. If F n (x) be the coefficient of s* in the expansion of 

2hz 


(Trinity, 1905.) 


in ascending powers of z, so that 


-^o (*)=!> (*)«*, - , etc., 


shew that 


(1) F* ( x ) is a homogeneous polynomial of degree n in x and A, 
/o\ dF % (x) „ . . /„ v i\ 


-"35~ 




(* ^ 1), 


J ^F H (x)dx =0 (»^ 1 ), 


(4) If y**Oi)F 0 (x) 4*Oj/i (#) ^a^F % (#) + ..., where a©, a x , Oj,... are real constants, 
then the mean value of in the interval from x** — A to x— +A is a*. (L4aut&) 

50. If F m (j?) be defined as in the preceding example, shew that, when - A <x < A, 




A Sm / JTI 1 2rrx 1 3irJ? 

a“<T + »=“ , -r 




/ \ / \mo^ 2m+1 / * ffJ? 1 * 2«\r 1 . 3*ra? \ 

Ftm+i (#)-(-)" 2^srr, [sin T sin — + ^ 1 an -j~+-)■ 


(AppelL) 



CHAPTER XVI 


THE CONFLUENT HYPERGEOMETRIC FUNCTION 


16*1. The confluence of two singularities of Riemann’s equation . 


We have seen (§ 10*8) that the linear differential equation with two 
•egular singularities only can be integrated in terms of elementary functions; 
vhile the solution of the linear differential equation with three regular 
angularities is substantially the topic of Chapter XIV. As the next type 
n order of complexity, we shall consider a modified form of the differential 
quation which is obtained from Riemann’s equation by the confluence of 
wo of the singularities. This confluence gives an equation with an irregular 
ingularity (corresponding to the confluent singularities of Riemann’s equation) 
nd a regular singularity corresponding to the third singularity of Riemann’s 
quation. 


The confluent equation is obtained by making c — oo in the equation 
iefined by the scheme 

0 oo c \ 


P\ 


\ + m — c c — k z 


2“ m 


The equation in question is readily found to be 


d*u du 
dz 2 + dz 


e+fcir)— 


(A). 


We modify this equation by writing « = e ^ W*, m (z) and obtain as the 
juation* for TP* iin (z) 


d*W , ( l , k , \ — m* 


TF=0 


■(B). 


The reader will verify that the singularities of this equation are at 
and oo, the former being regular and the latter irregular; and when 2m 
not an integer, two integrals of equation (B) which are regular near 0 and 
did for all finite values of z are given by the series 





% + m-k _ (± + m-k)(§ + m-k) ^ 
l!(2m+l) 2!(2m + l)(2m + 2) 



This equation was given by Whittaker, Bulletin American Math. Soc. x. (1904), pp. 125-134. 
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M ,.s -l-m--i.fi , - . (£ - TO - fc) (f - OT - . 

**_<*)-** • t 1+ l!(l-2^j^ + 2!(1-2 to)(2-2to) * + 

These series obviously form a fundamental system of solutions. 



[Note. Series of the type in {} have been considered by Kummer # and more recently 
by Jacobsthalt and Barnes |; the special series in which k—0 had been investigated by 
Lagrange in 1762-1765 ( Oeuvres , r. p. 480). In the notation of Kummer, modified by 
Barnes, they would be written i2 7 i{£±ro-£; ±2m+l; z); the reason for discussing 

solutions of equation (B) rather than those of the equation (s-p) ~-ay—0, of 

which iF\(a; p; z) is a solution, is the greater appearance of symmetry in the formulae, 
together with a simplicity in the equations giving various functions of Applied Mathe¬ 
matics (see § 16*2) in terms of solutions of equation (B).] 


1611. Kummer'8 formulae . 

(I) We shall now shew that, if 2m is not a negative integer, then 


that is to say, 




<r z 



i + m-k q + m-fc)(S +m-fc) 

l!(2m + l) ^ 2!(2m + l)(2m + 2) * * 


- i + m + k _ (i + m + &)(f + m + Ar) , 

l!(2m + l)* + 2!(2m+ 1)(2m+ 2) * 


For, replacing e~ z by its expansion in powers of z, the coefficient of s* in 
the product of absolutely convergent series on the left is 



m 


k, —n\ 2m + 1; 



by § 1411, and this is the coefficient of sP on the right§; we have thus 
obtained the required result. 


This will be called Rummer's first formula . 


(II) The equation 

#..»(*)=* 4+ro {l + gsrjf( m + l) ( m + 2) ... (m+^)} ’ 

valid when 2m is not a negative integer, will be called Rummer's second 
formula. 

To prove it we observe that the coefficient of **+«+$ in the product 

<?-**!*! (m+£; 2m+l; s), 


* Journal flbr Math . xv. (1836), p. 139. 
t Math. Ann. lvx. (1903), pp. 129-154. 
t Trans. Camb. Phil. Soe. xx. (1908), pp. 253-279. 

§ The result is stiU true when m+J + fc is a negative integer, by a slight modification of the 
analysis of § 14*11. 



16*11,16*12] THE CONFLUENT HYPERGEOMETRIC FUNCTION 


of which the second and third factors possess absolutely convergent expansions, is (§ 3*73) 
(1+*) ($+«)••• (»-»+}) F( _ n; _ 2in _ w . $ 


n ! (2*n+l) (2m+2) ... (2 m+n) 


~n! (2m+l) (2m+2)... (2m+»)-»+| m, 1), 
by Kummer’s relation* 

^( 20 , 20; a+iS+i; x)=F{a> 0; a+/3+J ; 4* (l-*)}> 
valid when 0 J; and so the coefficient of z n + m+ b (by § 14*11) is 

(i+™) (f + m ) (n-m+b) r(-w+4-m)r&) 

n 1 (2m+l)(2m+2)... (2 m+n) f (£ — m - |n) r( b-\n) 

T(b-m)T(h) _ 


n 1 (2m-j-l) (2m+2)... (2m+tt) r(£— m-£ra) r (£-£«) ’ 
and when n is odd this vanishes; for even values of n{—2p) it is 

r(i-m)(-l)(-|)...(W) _ _ _ 

2p l 2=* $) (wi+fj... (m+p-b) (w + 1) (m+2) ...\m+p) r (J-m-p) 

1.3... (2p — 1) 1 


2p! 2^ (m -f1) (m+2)... (m+p) 2 *p. p ! (jw+ 1) (m + 2)... ( m+p ) 

16*12. Xte/mitonf o/tAe function W ktVn (z ). 

The solutions if*, ± m (z) of equation (B) of § 16*1 are not, however, the 
most convenient to take as the standard solutions, on account of the 
disappearance of one of them when 2m is an integer. 

The integral obtained by confluence from that of § 14*6, when multiplied 
by a constant multiple of e* z , isj 

^t,i» (*) 

It is supposed that args has its principal value and that the contour is so 
chosen that the point t = — z is outside it. The integrand is rendered one¬ 
valued by taking | arg (— t) (^ tt and taking that value of arg (1 + t/z) which 
sends to zero as t -*■ 0 by a path lying inside the contour. 

Under these circumstances it follows from § 5*32 that the integral is an 
malytic function of z. To shew that it satisfies equation (B), write 

b«[ (0+, (_ «)-*-*+”• (l + t/zf-i+ne^dt; 

■' 00 

* See Chapter xzv, examples 12 and 13 f p. 298. 

t The function W ktm (z) was defined by means of an integral in this manner by Whittaker, 
oc. cit. p. 125. 

t A suitable contour has been chosen and the variable t of § 14*6 replaced by - 1. 
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and we have without difficulty* 

d*v (2k *\dv \ — m 2 + k(k— 1) 

a? + v* —?- 9 

= 0 , 

since the expression in {} tends to zero as $-*► + oo; and this is the condition 
that e~~i z z k v should satisfy (B). 

Accordingly the function W^ m (z) defined by the integral 

“2^ r ( k+ l- m ) e ' iz **/'° +) (.-ty k ~ i+m ( i +^) fc " i+ V t * 

is a solution of the differential equation (B). 

The formula for TT*, W (z) becomes nugatory when k — g — m is a negative 
integer. To overcome this difficulty, we observe that whenever 


R (k — | — m) ^ 0 

and k — ~ — m is not an integer , we may transform the contour integral into 
an infinite integral, after the manner of § 12*22; and so, when 

It(k mj^O, 

t\*~ 


W Km (z) = . 


-i* z k 




T(^ — k + m) J 0 

This formula suffices to define W tiM (z) in the critical cases when 
m + \-k is a positive integer, and so TT k , m («) is defined for all values of 
k and m and all values of z except negative real values f. 

Example . Solve the equation 


dhi 


+ ( a+ ! + F*) W “° 


in tenns of functions of the type W^ m (z), where a, 6, c are any constants. 


16*2. Expression of various functions by functions of the type W it ,.<*> 

It has been shewn J that various functions employed in Applied Mathe¬ 
matics are expressible by means of the function F* >m (z ); the following are a 
few examples: 

The differentiations under the sign of integration are legitimate by § 4*44 corollary. 

+ When z is real and negative, W Km {z) may be defined to be either H* tm (z+0i) or 
If*, m( z - Oi), whichever is more convenient. 

t Whittaker, Bulletin American Math . Soc. x; this paper contains a more complete account 
than is given here. 
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16*2] 


(I) The Error function* which occurs in connexion with the theories of 
Probability, Errors of Observation, Refraction and Conduction of Heat is 
defined by the equation 

Erfc(a?)=J er* dt, 

where x is real. 

Writing — 1) and then w — s/x in the integral for 

we get 

w -u (**)=* 4 «" ixK f 0 ( 1+ ^) 4 e ~* dt 

= 2 xie~l xi j tPQ—^dw 

= 2xbe& 2 j e~**ds , 

and so the error function is given by the formula 

Erfc (x) = W_ j j (a?). 

Other integrals which occur in connexion with the theory of Conduction 

of Heat, e.g. / e~ i% ~dt, can be expressed in terms of error functions, and 
J a 

so in terms of functions. 

Example. Shew that the formula for the error function is true for complex values of x. 

(II) The Incomplete Gamma function , studied by Legendre and others f, 
is defined by the equation 

y(n, x)= f p-'e^dt. 

Jo 

By writing t = 8 — x in the integral for (x), the reader will 

verify that 

7 (n, a) = r («) - (n _ 1} , j M (x). 

(III) The Logarithmic-integral function , which has been discussed by 
Euler and others J, is defined, when | arg {— log z)\<ir, by the equation 



* This name is also applied to the function 

Erf (x) = j\^dt = ^f^Erfe(x). 

f Legendre, Exercices , I. p. 339; Hofievar, Zeitschrift fiir Math, und Phys. xxi. (1876), p. 449; 
Schlomilch, Zeitschrift fiir Math. und Phys. xvi. (1871), p. 261; Prym, Journal fur Math, lxxxii. 
(1877), p. 165. 

$ Euler, Inst. Calc. Int. i.; Soldner, Monatliche Correspondenz , von Zach (1811), p. 182; 
Briefwtchsel zwischen Gauss und Bessel (1880), pp. 114-120; Bessel, Konigsberger Archiv , i. (1812), 
pp. 369-405; Laguerre, Bulletin de la Soc.Math.de France , vn. (1879), p. 72; Stieltjes, Ann. de 
I'Ecole norm. sup. (3), ni. (1886). The logarithmic-integral function is of considerable importance 
in the higher parts of the Theory of Prime Numbers. See Landau, Primzahlen, , p. 11. 
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On writing *- log z — u and then u = — log t in the integral for 

W-M<- lo g*)> 

it may be verified that 

li (z) = -(- log z)'MF_ 40 (- log z). 

It will appear later that Weber’s Parabolic Cylinder functions (§ 16*5) and 
Bessel’s Circular Cylinder functions (Chapter xvn) are particular cases of the 
W kjfH function. Other functions of like nature are given in the Miscellaneous 
Examples at the end of this chapter. 

[Note. The error function has been tabulated by Encke, Berliner ast. Jahrbuch, 1834, 
pp. 248-304, and Burgess, Trane. Roy. Soc. Edin. xxxix. (1900), p. 257. The logarithmic- 
integral function has been tabulated by Bessel and by Soldner. Jahnke und Emde, 
Funktionentafeln (Leipzig, 1909), and Glaisher, Factor Tables (London, 1883), should also 
be consulted.] 


16’3. The asymptotic expansion of TF* >jn (z) } when \z\is large . 

From the contour integral by which (z) was defined, it is possible 
to obtain an asymptotic expansion for W k>m (z) valid when | argz| < ti\ 

For this purpose, we employ the result given in Chap, v, example 6, that 


where 


*.«,»)- X(X - I) ,; <X ^ (l + + a)-*-**. 


Substituting this in the formula of § 16*12, and integrating term-by-term, 
it follows from the result of § 12*22 that 

w Km (z)=e-i‘z* ji+ ”»’-(*-*>’ + + ... 

n lz n 

provided that n be taken so large that R - k - \ + mj > 0. 

Now, if | arg z |«tr - a and | z | > 1, then 

l^\(l + tfz)\^l+t R(z)>0\ 

I (1 + t/z) | > sin o M (z) < OJ ’ 

and so* 

I (t, z )|< ——)... (X _ w) + *)IM (coseca) |A| f ( >l u w (l + w) tA| du. 

n - Jo 

* It is supposed that X is real; the inequality has to be slightly modified for complex values of X. 
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Therefore 


X(X —1)... (X—n) 


n! 

since 

Therefore, when \z\ > 1, 
1 


(1 4- t) |x *(cosec ec)i x| | (t/z) | n+1 (1 + t) |x| (n +1) -1 , 

1 + it < 1 4- 1. 


r t -t- i+MJin(t>z)e - tdt 

J A 


r(-Ar + ^ + m)J 0 

= o||V 4+ i +m+ "( 1 + 0 2ix| k|‘ n ' 1 « _t *J 

*0(zr-»), 

since the integral converges. The constant implied in the symbol 0 is 
independent of arg^, but depends on a, and tends to infinity as a-^0. 

That is to say, the asymptotic expansion of W ktm (z) is given by the formula 


W Kn (z)~~e-l z z k 


1 + 2 
»=i 


{ni 8 -(k- j) 8 ) {?»* -(k- $)*1 ... fm* -(k-n + 


n\z n 




for large values of\z\ when |arg 2 1 ^ 7r — a < 7 r. 


16 31. The second solution of the equation for W kim (z). 

The differential equation (B) of § 16T satisfied by W kt7n (z) is unaltered if 
ihe signs of 2 and k are changed throughout. 

Hence, if | arg (—z) | < 7 r, TF-i >fn (— z) is a solution of the equation. 

Since, when |arg z\<tt, 

W Km (jjle-*z k {l + 0{z-% 

whereas, when | arg (- z) | < 7r, 

m (-s) = el* (-z)- k {l + 0(z~ *)}, 

:he ratio Wk fm (z)/W^ m (^ z) cannot be a constant, and so W^ m (z) anc 
W-.jc tfn (— z) form a fundamental system of solutions of the differentia 
equation. 


16'4. Contour integrals of the Mellin-Barnes type for W k , m W* 

Consider now 

7 _e^ iz z k f <ci + m + /rix 

J^i r(-jfc-m + 4)r(-A + m + i) 

where | arg z | < ^ 7r, and neither of the numbers & ± -f ^ is a positive integer 
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or zero*; the contour has loops if necessary so that the poles of T(s) and 
those of T s — k — m + ^ T s — k 4- m + i j are on opposite sides of it. 

It is easily verified, by § 13*6, that, as > oo on the contour, 

r(«) r (- s- k - m + j) r (- s - k + m + |) - 0(«-W # l 

and so the integral represents a function of z which is analytic at all pointsf 
S 3 

in the domain [arg*| < ^ 7r - a < ^ tt. 

Now choose N so that the poles of T $ — & — m + T s — m + ^ 

are on the right of the line R (s) — — N — ~; and consider the integral taken 

round the rectangle whose corners are ± %i, — N —^ ± fi, where f is positive l 
and large. 

The reader will verify that, when j arg* | tt — a, the integrals 


j Jtt 




tend to zero as f-»oo ; and so, by Cauchy s theorem, 

e~^ z z k f®* + 

27rf J _ooi r(— A-—?w+£) !'(—/; +m+£) 


-a"**!*] 2 iJ n 


1 r y - i+coi 'r(s)r(-s-fc-m+^)r(-g-/&+m+^) 


/• - /V - J -h OD i 

T-i _tf-£-ODi* 




2 Trij_ N _ h ^i rFi^+i)r(-H«i + }) j 1 

where J? n is the residue of the integrand at s = — n. 

Write s = — N — i + it, and the modulus of the last integrand is 

40{e- a l‘l|«r- 2 *}, 

where the constant implied in the symbol 0 is independent of z . 
r± * 

Since / 1 1 \ Kmmtk dt converges, we find that 

I=e~i z 2 k | 2 o i2 n + 0(|^|-^-4)J. 

T In these cases tlie series of § 16*3 terminates and I V kmm (z) is a combination of elementary 
functions. 

t The integral is rendered one-valued when li (z) < 0 by specifying arg 2 . 

X The line joining rt £< may have loops to avoid poles of the integrand as explained above. 
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16-4] 


But, on calculating the residue R n , we get 

„ _r(n-*-m+J)r(n-* + ni + i) 

■ ttB #ir(-*-« + *)r(-*+«+*j 

_ {m 8 -(k - ^) a j ... [m? 

n ! z n 


(-)»«■ 




and so I has the same asymptotic expansion as W k>m (z). 

Further I satisfies the differential equation for W kt m (z ); for, on 

substituting J T (s) T s — k — m + ^ T s — k 4* m -f ^ z*ds for v in 

the expression (given in § 16*12) 

+ 2kz Jz + { k ~ m - 1) (* +1 m - i) • ■~ 21 Jz’ 

we get 

J F(s)r^— « — A?—m + r^— s — Ar + m + |^ z 8 ds 

— j r (s + 1) r $ — A* — m + + m + z* +1 ds 

•(h'D r(.)r(—t-„ + Dr(—t + » + l)^. 

Since there are no poles of the last integrand between the contours, and 
since the integrand tends to zero as | s j —► oo, s being between the contours, 
the expression under consideration vanishes, by Cauchy’s theorem; and so 
I satisfies the equation for W kt m (z). 

Therefore I = A W kt m (z) 4- B W_ K m (- z\ 

where A and B are constants. Making | * | —► oo when R(z)> 0 we see, from 
the asymptotic expansions obtained for I and TF** >m (± z\ that 

A = 1, J5 = 0. 

Accordingly, by the theory of analytic continuation, the equality 

1= W ktin (z) 

persists for all values of z such that |arg z\<tt; and, for values* of arg z 
such that 7r^ | arg-? | < 17r, W kym (z) may be defined to be the expression J. 


Example 1. Shew that 




_ eT** f xi 

2iri J -xi 


r(*-/•) rr(-*-hw+$ ) ^ - 
r (-£-wi+i) r(-A-+?n+i) ' * 


taken along a suitable contour. 


* It would have been possible, by modifying the path of integration in § 16-3, to have shewn 
that that integral could be made to define an analytic function when | arg z < ijir. But the 
reader will see that it is unnecessary to do so, as Barnes’ integral affords a simpler definition 
of the function. 
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Example 2. Obtain Barnes’ integral for W kyJ „(z) by writing 

JL f mi 

2tr ij^i r<-*-m+i) 

for (1 + t/z) k -* +m in the integral of § 16*12 and changing the order of integration. 

16*41. Relations between W kt7n (z) and M kf * m (s). 

If we take the expression 

j(*)=r(«)r(-*-;k-m+i)r(-s-fc+m+i) 

which occurs in Barnes’ integral for W ktm {z\ and write it in the form 

_ grig) _ _ 

r (* + k + m +" j) r (s + k — m + J) cos (s + k + m) ir cos (* + k — m) t r ’ 
we see, by § 13*6, that, when R (s ) ^ 0, we have, as 1 8 1 —> oo, 

F(i) = 0 £exp |^— s —1 — 2 Jcj log* + sec (* + k + m) 7r sec (* + & — m) 7r. 

Hence, if | arg z j < ? tt, jF(s)z s ds > taken round a semicircle on th€ 

right of the imaginary axis, tends to zero as the radius of the semicircle 
tends to infinity, provided the lower bound of the distance of the semi¬ 
circle from the poles of the integrand is positive (not zero). 

™ r ^ /N e-*s*.(21T) 

Therefore W t>m (s) + ^ r( _ i + m + i) . 

where SR' denotes the sum of the residues of F(s) at its poles on the 
right of the contour (cf. § 14*5) which occurs in equation (C) of § 16*4. 

Evaluating these residues *we find without difficulty that, when 


|arg2r|<-7r, 


and 2m is not an integer*, 


Example 1. Shew that, when | arg (- z) | < and 2m is not an integer, 

W f ^ ~ 2m) j. r (2fli) 

(Barnes f.) 

Example 2. When - $ir < arg z < §w and - frr < arg (— z) < Jir, shew that 

V r(2m+l) Jhri nr / \ , r(2m+l) {l+m.+k)ni nr 

* When 2i» is an integer some of the poles are generally double poles, and their residues 
involve logarithms of z . The result has not been proved when A- -1 ± m is a positive integer oi 
zero, but may be obtained for such values of k and m by comparing the terminating series foi 
with the series for M K±m {z). 

f Barnes’ results are given in the notation explained in § 16*1. 
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Example 3. Obtain Rummer’s first formula (§ 16*11) from the result 

Z ' e ~’=Z a f! 


(Barnes.) 


it is 


this reduces to 


16*5. The parabolic cylinder functions . Webers equation. 

Consider the differential equation satisfied by 

d (d(wz^)} f i 2k i 

Therefore the function 
satisfies the differential equation 

+ ( n+ i“i al ) °* 

Accordingly D n (s) is one of the functions associated with the parabolic 
cylinder in harmonic analysis*; the equation satisfied by it will be called 
Weber s equation. 

From § 16*41, it follows that 


M in+i 

when | arg z | < ®-?r. 


-»(H 


r(-i)2* n+ i«-i 

r<-*n) 




i« + J, 


..G') 


But t '* l’ • 

'' ((««*) - 2 ' .^{i-1«; . 

and these are one-valued analytic functions of z throughout the s-plane. 
Accordingly D n (z) is a one-valued function of z throughout the s-plane; and, 

q 

by § 16*4, its asymptotic expansion when | arg z | < j ir is 

n(n-l) »(»-l)(n-2)(n-3) 1 

C M 2^“ + 2A? "T 


16*51. Tfo second solution of Webers equation . 

Since Weber’s equation is unaltered if we simultaneously replace n 
and z by — n — 1 and ± is respectively, it follows that D_»_i (is) and 
i)-n-i (— iz) are solutions of Weber’s equation, as is also D n (— s). 

* Weber, Afaik. Jinn. i. (1869), pp. 1-36; Whittaker, Proc . London Math, Soe • xxxv. (1908), 
pp. 417-427. 
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It is obvious from the asymptotic expansions of D„ (z) and D_„_i (ze^* 1 ), 

m q t 

valid in the range — ^ -tt < arg z < - nr, that the ratio of these two solutions is 
not a constant. 


16*511. The relation between the functions D n (z), (± iz). 

From the theory of linear differential equations, a relation of the form 
D n (z) = a jD-n-! (iz) + fc-D-n-j (- iz) 

must hold when the ratio of the functions on the right is not a constant. 

To obtain this relation, we observe that if the functions involved be 
expanded in ascending powers of z, the expansions are 

rq>2*” r(-i)2»"-* 

r<i-*«) + r(-in) * + - 
r( 4 ) 2 - 4 »-* r(-i)2-i B " 1 
r(l +in) + r(* + *n) 
r(i)2-» n -i r(-i)2-i »- 1 

r (*+**) 


and 




+b 


%z + 


iz + 




r<l+£n) 

Comparing the first two terms we get 

a = ( 27 r)-*r (n +1) 6 = (2ir) I\n +1) e~^ nri , 


and so 


\f nri + «-* nvi 


16*52. The general asymptotic expansion of D n (z). 

So far the asymptotic expansion of D n (z) for large values of z has only 
been given (§16*5) in the sector | arg z | < | w. To obtain its form for values 

of arg z not comprised in this range we write — iz for z and — n — 1 for n in 
the formula of the preceding section, and get 

D n (z) = e" Ti Z)„(- z) + e*(» +1 >«D_„_ 1 (-iz). 

' Now, if |7r> arg z > 1 tt, we can assign to -z and — iz arguments between 


3 X 

± j*r; and arg (—z) — argz — ir y arg (— iz) * arg z — i it ; and then, applying 

the asymptotic expansion of § 16*5 to D n (— z) and ZL^ (— iz), we see that, 

if jir > arg 2 >^ir, 

+ «<— < n - 3 > - 

^(n. + l)(n + 2)(» + 3)(n + 4) J 
+ 2 Az* ~+ 
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This formula is not inconsistent with that of § 16*5 since in their common range of 
validity, viz. <argz< fir, z~ 2lt ~ 1 is o {z~ m ) for all positive values of m. 

To obtain a formula valid in the range — ~ 7r > arg z> — ^tt, we use the 
formula 

A>(*) = e-™D n (-z) + <n+1)Ti D-»-i («X 

and we get an asymptotic expansion which differs from that which has just 
been obtained only in containing e“ nTl in place of e nTl . 

Since D n (z) is one-valued and one or other of the expansions obtained 
is valid for all values of arg z in the range — ir ^ arg z ^jr, the complete 
asymptotic expansion of D n (z) has been obtained. 

16*6. A contour integral for D n (z). 

/ ((H-) 

(- 1 )“*“ 1 dt, where | arg(- 1) | < ir ; it represents a one-valued 
analytic function of z throughout the z-plane (§ 5*32) and further 

{£' 2 i + 4 r—‘vo—r 

the differentiations under the sign of integration being easily justified; accordingly the 
integral satisfies the differential equation satisfied by £>** D n (z ); and therefore 

«- i 2 * J (0+) e -*t- it* ( _ ,)-»-! dt~aD n (t)+bD_ K ^ 1 ( iz ), 

where a and b are constants. 

Now, if the expression on the right be called E n (z), we have 

K{0)=J (0+i «“£**( — dt, E % ’ (0)=J (#+l e - i* 2 (—<)-* dt. 

To evaluate these integrals, which are analytic functions of n, we suppose first that 
R(n)<0 ; then, deforming the paths of integration, we get 

jE r n (0)*-2isin(n+l)7r j e~i t2 t~ H - 1 dt 

“ i n i sin nir J e~ u tdu 
—2 “ i sin ( nir) T (—£»). 

Similarly £ n r (0) = - 2i ” i 11 i sin {nir) T (J - in). 

Both sides of these equations being analytic functions of ?i, the equations are true for 
all values of n; and therefore 

6*0, a= - 2~ i sin (nir) r(- in) 

T(i) 2*" 

=2i'r(— n) sin nir. 

Therefore !>,,(*)= e -i* s [ <<>+) e 

2irl J * 
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16*61. Recurrence formulae for D n (z). 

From the equation 

= J (0+) j- z (- f)-— 1 + (- <)-* + (n +1) (- e-*‘-&dt, 

after using § 16*6, we see that 

jDn +1 {z) - zDn (z) + nD^ (z) * 0. 

Further, by differentiating the integral of § 16*6, it follows that 
£>n (z) +g zD n (z) - nD»_, (z) = 0. 

Example. Obtain these results from the ascending power series of § 16*5. 

167. Properties of D n (z) when n is an integer . 

When n is an integer, we may write the integral of § 16*6 in the form 

ti / \ _ a le-i* [Me-*-**^ 

Dn ^ 2ir i J (_$)»+!*• 


If now we write t — v — z, we get 

n\<** /■<*+> e~^' 


n f A 2 r(z+) e -t v 

2>M-(-r’^rl £ry 


dv 


a result due to Hermite*. 

Also, if m and n be unequal integers, we see from the differential 
equations that 

and so 

(m-n)J " D m (z) Bn (*) dz = Jz)« (z) D m ' {z) - D m (z) B n ' («)J 

= 0, 

by the expansion of § 16*5 in descending powers of z (which terminates 
and is valid for all values of ar gz when n is a positive integer). 

Therefore if m and n are unequal positive integers 
J B m (z)B„(z)dz= 0. 


Comptes Rendu*, Lvm. (1864), pp. 266-273. 
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On the other hand, when m 
(« + !)/ jp n (,z)}'dz 


n> we have 


— j D n (z) | iy n-j-i (z) + 2 zD n+1 (^r)| dz 

= f [Dn+1 (^)} S <^> 

J —oo 


on using the recurrence formula, integrating by parts and then using the 
recurrence formula again. 

It follows by induction that 

f {D n {z)Ydz=n\C {D,(z))'dz 

J —00 J — CO 

=n! j e~^ z% dz 
= (27r)*n!, 

by §1214 corollary 1 and § 12*2. 

It follows at once that if, for a function f(z\ an expansion of the form 

f(z) * Oo D q (z) + OxAC*) + + CtnDn (*) + ... 

exists, and if it is legitimate to integrate term-by-term between the limits 
— oo and oo, then 


REFERENCES. 
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xxxix (1936), pp. 394, 519: XL (1937), pp. 133, 259, 871: xli (1938), p. 42: Quart 
J. M. VI (1935), p. 241: Math. Ann . CXII (1936), p. 469. 
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“ Unctions [oHip . 

1. Shew that •*,. • fc^WLKS. 

that, if the integral is convergent, then 

1*(*)=» *”*-^2-2 *1 A 

*<H«.+*)r<j + ._*j \_ x (i+*)-J+*-i (1 _ lt) _ i+JB+ 

^ Shew that * 

3 OK. • — (i+ *“*’ 2«+l; a/ p> . 

Obtain the recurrence formulae 

*,»(*)-** r *-i, 

r, i - 1 > w0> 

' *~i, »+jW+(i-i-M) W 

2 W, (2\—rl 1 \ nr *-l, »W) 

"*”*-**””*^tC^ * “ *«*» when . iUl „ * a , 

^thia equations ^ 

’ ' ‘ r) by "”**« *-W and making 

^ e ^ b ;t £sr ~ ^ 

a W-f m £!** i 

is equal to },-i e iU +iri _ . * * 

wC 390) t^th?^ 8 d ^«* ^ w ^ lv 

ie equal to , , J» w "• 

jp- 

7 - Express in terms of IT f *• ^ y ’i~i r (*)• 

* w functions the two functions 

She. that Seuine’e polynomial, defined (^hM Jn ' 

2 ' n Ow+n-sJTgl*- 

n+ i m +i,im<*)• 


w equal to 
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9. Shew that the function <p m (z) defined by Lagrange in 1762-1765 (Oeuvres, I. 
p. 520) and by Abel (Oeuvres, 1881, p. 284) as the coefficient of h ni in the expansion of 
(1 - A)*" 1 is equal to 

( _)- 2 - 4 e iMf m+4>0 (,)>:. 

10*. Shew that the Pearson-Cunningham function (Proc. Royal Soc . lxxxi. p. 310), 
(z\ defined as 

e” 2 (-«) tt ”i m f (n+jm) (n -fan) (n+hn) (n+bn -» 1) (n - (a - — 1) 1 

r(*-£ro + l) t * + ~ 


is equal to 


( ) ^ — £ (iJl +1) - — £2 TT7' /.A 

r (a —£wi+l) 


11. Shew that, if |args |<£*r, and |arg(l-M)1 

Dn w- r ekxH p+ # )■ in ■ 1 a - (n_ x) * 

(Whittaker.) 

12. Shew that, if n be not a positive integer and if | arg z | < J ir, then 

/ (0—) 

, the contours 

enclosing the poles of r (- f) but not those of r (jt - £n). 

13. Shew that, if | arg a | < £tt, 

j “ a ) 2 * z m D u (z) dz 

= ——*- T7 .V T-Pt-fr 1 * £**+£; £wi-4»+l; l-^a -1 ). 

r(-w)r(im-in+l)a4(»^l) * “ 

14. Deduce from example 13 that, if the integral is convergent, then 

J q e " 522 D m+1 (*)cfe-(V2)“ 1 “ m r(»i+l) sin (£ -i«0 w. 

(Watson.) 

15. Shew that, if n be a positive integer, and if 

E* 0*0=J ' w (*-**) _I 2>* to 

hen E a (x) — ± V(2*r) r (n +1) e “ D _ *_ 1 (+ «>), 

;he upper or lower signs being taken according as the imaginary part of x is positive 
>r negative. (Watson.) 

16. Shew that, if n be a positive integer, 

■D. (*)“(- /* 2 n+2 (Sir) w" e “ 2 “ 3 ( 2 .r») du, 

vhererp is £a or £(a-1), whichever is an integer, and the cosine or sine is taken as a is 
ven or odd. (Adamoff.) 

* The results of examples 8, 9, 10 were communicated to us by Mr Bateman. 
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17. Shew that, if « be a positive integer, 

z>» (*)-<- r d*r) - } (aws-jj, 

where [ e~ (to ^n)dv, 

J —oo BID 

J t =j\(v)™(svjn)dv, 

«*»- J* _ « " ““ 1} * ^ (aw ,/») <fo, 

and <r (v) =ei n ( 1_ ' 1?s ) v n — e ~ n ( v ~*)* (Adamoff.) 

18. With the notation of the preceding examples, shew that, when x is real, 

Ji. - rri n~ 4 e _ *** (x V«); 

while J 9 satisfies both the inequalities 

Shew also that as v increases from 0 to 1, cr(y) decreases from 0 to a minimum at 
v=l—hi and then increases to 0 at v«l; and as v increases from 1 to oo, <r(v) increases 
to a maximum at 1+A* and then decreases, its limit being zero; where 

and |cr(l-Ai)|< Aw <r(l+A*) <An”t, where A«=0*0742..., (Adamoff.) 

19. By employing the second mean value theorem when necessary, shew that 

2UaW2. (</»)“ 

where «*(jr) satisfies both the inequalities 

KWICp^r*** 1 , kWI<J»-*, 

when x is real and n is an integer greater than 2. (Adamoff) 

20. Shew that, if n be positive but otherwise unrestricted, and if m be a positive 
integer (or zero), then the equation in z 

0 

has m positive roots when 2m -1 < n < 2m+1. 


(Milne.) 



CHAPTER XVII 

BESSEL FUNCTIONS 


171. The Bessel coejjicients. 

In this chapter we shall consider a class of functions known as Bessel 
functions or cylindrical functions which have many analogies with the Legendre 
functions of Chapter xv. Just as the Legendre functions proved to be parti¬ 
cular forms of the hypergeometric function with three regular singularities, so 
the Bessel functions are particular forms of the confluent hypergeometric 
function with one regular and one irregular singularity. As in the case of 
the Legendre functions, we first introduce* a certain set of the Bessel functions 
as coefficients in an expansion. 

For all values of z and t 0 excepted), the function 

,“K) 




can be expanded by Laurent’s theorem in a series of positive and negative 
powers of t. If the coefficient of t n , where n is any integer positive or 
negative, be denoted by J n (z), it follows, from § 5*6, that 

To express J n (z) as a power series in z, write u = 2 t/z ; then 

j ' <*> - a? (5 •)* r —kh 

since the contour is any one which encircles the origin once counter-clockwise, 
we may take it to be the circle |£| = 1; as the integrand can be expanded 
in a series of powers of z uniformly convergent on this contour, it follows 
from § 4*7 that 

Now the residue of the integrand at t = 0 is {(n + r)!}~ 1 by § 6*1, when 
n + r is a positive integer or zero ; when n + r is a negative integer the 
residue is zero. 

Therefore, if n is a positive integer or zero, 


r t*\- x (-) r <**) n+ar 

Jn( ) “ r =« r!(n + r)l 


= -[l — ■ 

2 *»! \ 


z' 






2M(n + l) 1 2 4 .1.2 (m + 1) (n + 2) 

* This procedure is due to Schlomilch, Zeittchrift fllr Hath, und Phyi. n. (1857), pp. 137-165. 
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•whereas, when n is a negative integer equal to — to. 


Jn(z) 


r-m r!(r —to)! ,« 0 (m+ «)!«! ’ 


and so J n (z) - (z). 


Hie function J„ (z), which has now been defined for all integral values 
of n, positive and negative, is called the Bessel coefficient of order n; the 
series defining it converges for all values of z. 


We shall see later (§ 17*2) that Bessel coefficients are a particular case of a class of 
functions known as Bessel functions . 

The series by which J n (z) is defined occurs in & memoir by Euler, on the vibrations 
of a stretched circular membrane, Novi Comm. Acad. Petrop. x. (1764) [Published 1766], 
pp. 243-260, an investigation dealt with below in § 18*51; it also occurs in a memoir 
by Lagrange on elliptic motion, Hist, de VAcad. R. des Sci. de Berlin, zxv. (1769) [Published 
1771], p.223. 

The earliest systematic study of the functions was made in 1824 by Bessel in his 
Untersuchung des Theils der planetarischen Storungen welcher was der Bewegung der Sonne 
entstekt {Berliner Abh . 1824); special cases of Bessel coefficients had, however, appeared in 
researches published before 1769; the earliest of these is in a letter, dated Oct. 3,1703, from 
Jakob Bernoulli to Leibniz* in which occurs a series which is now described as a Bessel 
function of order $; the Bessel coefficient of order zero occurs in 1732 in Daniel Bernoulli’s 
memoir on the oscillations of heavy chains, Comm. Acad. Sci. Imp. Petrop. vl (1732-1733) 
[Published 17381 pp. 106-122. 

In reading some of the earlier papers on the subject, it should be remembered that the 
notation has changed, what was formerly written J n (z) being now written J n (2 z). 


Example 1. 


Prove that if 

26(l + d*) 

(l-2ud-d*)*+4&*d s 


Ai+Ai$’j~Asd 2 + 


> 


then sin bz—A x Ji {z) + A % J% {z)+A z J z (z )+.... 

(Math. Trip. 1896.) 

[For, if the contour D in the u-plane be a circle with centre 0 and radius large 
enough to include the zeros of the denominator, we have 


e*K) 


25 




v * W + w a 


• 2 e‘ 
n=l 


*R) 


A.% 


—1 


the series on the right converging uniformly on the contour; and so, using § 4*7 and 
replacing the integrals by Bessel coefficients, we have 



+ , 1 ( it(u-i) /A, A , A s \ 

Ml** ' u w + zr h * + -) 

u »v + 


du 


~A X J\ (^)+-4a^(z)+ii3*Js(z)+.... 


Published in Leibnizens Ges. Werke , Dritte Folge, in. (Halle, 1855), p. 75. 
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17*11] 


In the integral on the left write £ (w—w - * 1 ) —a=Z, so that as u describes a circle of 
radius «*, t describes an ellipse with semiaxes cosh £ and sinh£ with foci at -a±i\ then 
we have 


00 


2 A n J n {z) 


1 fe**+*)bdt 


the contour being-the ellipse just specified, which contains the zeros of Evaluating 

the integral by § 6*1, we have the required result.] 


Example 2. Shew that, when n is an integer, 

(K. Neumann and Schlafli.) 

[Consider the expansion of each side of the equation 

exp ji (y+») (*- j)} =exp {& (t - . exp jiz (t - i)j-.] 

Example 3. Shew that 

e i*coa<fi—J 0 + 2 lC 08 <j>J 1 (z) + 2 i 2 COS 2 <pJ 2 ( z ) +.... 

Example 4. Shew that if r^^+y* 

J Q ( r ) =*= J 0 (x) J 0 (y) - 2 J 2 (x) J t (y)+2J 4 (j?) (y) -.... 

(K. Neumann and LommeL) 


17*11. Bessel's differential equation . 

We have seen that, when n is an integer, the Bessel coefficient of order n 
is given by the formula 

• r * w “K}6*)7' , " r ” ,w (‘“s)* 

From this formula we shall now shew that J n (*) is a solution of the 
linear differential equation 

^y + I^ + (i_” a> u = o 

d# + z dz \ z 1 )^ ’ 

which is called Bessel’s equation for functions of order n. 

For we find on performing the differentiations (§ 4*2) that 


-ds(HT 


tr*- 1 




y«p( ( - 5 ) 


dt 


1 - is &*)* r I { r ^‘'“ p (*■- £)}■* 


- 0 , 

since t - * -1 exp (<—x*/4 1) is one-valued. Thus we have proved that 
d*J n (z) 1 dJ t (z) 




The reader will observe that z = 0 is a regular point and z= oo an 
irregular point, all other points being ordinary points of this equation. 
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Example 1. By differentiating the expansion 

- I t*j n {z) 

R=-oo 

with regard to z and with regard to t, shew that the Bessel coefficients satisfy Bessel’s 
equation. (St John’s, 1899.) 

Example 2. The function P n m satisfies the equation defined by the scheme 


P 


4?i 2 ac 0 
\m n-fl z % 

— \m —n —\m 


shew that J m (z) satisfies the confluent form of this equation obtained by making n-+- 


cc . 


17*2. The solution of BesseVs equation when n is not necessarily an 
integer . 

We now proceed, after the manner of § 15*2, to extend the definition of 
J n (z) to the case when n is any number, real or complex. It appears by 
methods similar to those of § 17*11 that, for all values of n, the equation 


dz* z dz 



y =o 


is satisfied by an integral of the form 

y^Sr-M^ 

provided that exp (t — z*/U) resumes its initial value after describing C 
and that differentiations under the sign of integration are justified. 

Accordingly, we define J n {z) by the equation 

2 n f(°+) / z 1\ 

the expression being rendered precise by giving argx its principal value and 
taking | arg 11 ^ nr on the contour. 

To express this integral as a power series, we observe that it is an 
analytic function of z\ and we may obtain the coefficients in the Taylor’s 
series in powers of t by differentiating under the sign of integration (§§ 5-32 
and 4 - 44). Hence we deduce that 


r « (-Y x 5r /'<<>+> 

w/_. 

_ £ (-y z *+*r 

by § 12'22. This is the expansion in question. 
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Accordingly, for general values of n, u>e define the Bessel function «/»(*) 
by ike equations 

jn <*> = (5 r rn_i exp (* ■ £) * 

_ $ (-) r ^ n+ar 
r : 0 2 n+lr r!r(n + r + l)* 

This function reduces to a Bessel coefficient when n is an integer; it is 
sometimes called a Bessel function 0 / the first kind . 

The reader will observe that since Bessel’s equation is unaltered by 
writing — n for w, fundamental* solutions are J n (z) } J_ n (z), except when 
n is an integer, in which case the solutions are not independent. With this 
exception the general solution of BesseVs equation is 

where a and J3 are arbitrary constants . 

A second solution of Bessel’s equation when n is an integer will be given 
later (§ 17*6). 


17*21. The recurrence formulae for the Bessel functions . 

As the Bessel function satisfies a confluent form of the hypergeometric 
equation, it is to be expected that recurrence formulae will exist, corresponding 
bo the relations between contiguous hypergeometric functions indicated in 
i 14*7. 

To establish these relations for general values of n, real or complex, we 
have recourse to the result of § 17*2. On writing the equation 

at length, we have 

0 = J i0+) (t-* + \ sHr** - nir^j exp (t - dt 


= fcrt |(2^- 1 )»- 1 J n .,(z) + \* (2z~T « J n+1 (z) - n (2 z~')*J n (z) 


and so 

J n—i 

(z) + J 

(*) = 

2n r . 
~7 Jn( - z) ' 



Next we 

have, by § 4*44, 







d 

1 d 

r( o+) / 


) dt 


hwwi- 

2 n+1 iri dz 

J.. 

t-' 1 - 1 exp \t 

~ Uj 



z 

r( o+) 


z*\ 

dt 


= 

~ 2 n+3 7Tt . 

L 

fr-’* -1 exp ft 

~w 


}• 


(A). 


» — 2” n J n+i (f), 
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and consequently, if primes denote differentiations with regard to z, 

jn (*) = (*) - Jn+1 (*).(B)- 

z 

From (A) and (B) it is easy to derive the other recurrence formulae 

= 5 .(C), 

and Jn'(.z) = J n _ l (z)--J n (z) .(D). 

z 


Example 1. Obtain these results from the power series for J n (z). 

Example 2. Shew that ^ (z). 

Example 3. Shew that (z) =* - J x (z). 

Example 4. Shew that 

l6«/w iv ( 2 ) =*/a _4 ( 2 ) — 4i/ h _2 (s) 4*6t T n (z) — 4s/ m + 2 (^) + «^» + 4 ( Z ). 


Example 5. Shew that 
Example 6. Shew that 


J 2 (z)-Jo"{z)-z-iJ 0 '(z). 


17*211. Relation between two Bessel functions whose orders differ by 
an integer . 

From the last article can be deduced an equation connecting any two 
Bessel functions whose orders differ by an integer, namely 

Z~ n ~ r J n+r (z) = (—y (Jfoy \ z ~ n Jn (z)), 

where n is unrestricted and r is any positive integer. This result follows at 
once by induction from formula (B), when it is written in the form 

z- n - l J^{z)^-~{z^J n (z)}. 


17*212. The connexion between J n (z) and W kt m functions. 

The reader will verify without difficulty that, if in Bessel’s equation we 
write y-z'i v and then write z = xj2i y we get 
drv ( 1 i-n a \ 

te + {-i + —) v = 0 ’ 

which is the equation satisfied by W^ n (x); it follows that 
J n (z)**Az~iM 0tn (2iz) + Bz~ *AT 0 ,-n (2t>). 

Comparing the coefficients of z ±n on each side we see that 


Jn(z) 2 a '* + *i“ + *r(«+i ) lV °-" (2iz) ‘ 
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except in the critical cases when 2 n is a negative integer; when n is half of 
a negative odd integer, the result follows from Rummer’s second formula 
(§ 1611). 

17*22. The zeros of Bessel functions whose order n is real . 

The relations of § 17*21 enable us to deduce the interesting theorem that 
between any two consecutive real zeros of z" n J n (z), there lies one and only one 
zero * of z- n J n +^ (z). 

For, from relation (B) when written in the form 

it follows from Rolle’s theorem f that between each consecutive pair of zeros 
of sr*J n (z) there is at least one zero of z~ n J w (z). 

Similarly, from relation (D) when written in the form 

ifc follows that between each consecutive pair of zeros of z n+1 J n +i (z) there is 
at least one zero of z n+1 J n (z). 

Further tr^Jn(z) and — {z~*J n (s)} have no common zeros; for the 
former function satisfies the equation 

*S +(2w + 1) S + ^ =0> 

and it is easily verified by induction on differentiating this equation that if 
both y and ^ vanish for any value of z, all differential coefficients of y vanish, 
and y is zero by § 5*4. 

The theorem required is now obvious except for the numerically smallest 
zeros ± f of sr*J n (z) f since (except for z = 0), z~ n J n (z) and z n+l J n (z) have the 
same zeros. But z — Q is a zero of z~ 1l J n+1 (z), and if there were any other 
positive zero of sr n J n+1 (z) 9 say which was less than f, then z n+l J n (z) 
would have a zero between 0 and which contradicts the hypothesis that 
there were no zeros of z n + l J n (z) between 0 and £. 

The theorem is therefore proved. 

[See also § 17*3 examples 3 and 4, and example 19 at the end of the chapter.] 

* Proofs of this theorem have been given by Bdcher, Bull. American Math . Soc. iv. (1897), 
p. 206; Gegenbauer, Monatshefte fiir Math . vra. (1897), p. 383; and Porter, Bull . American 
Math . Soc . iv. (1898), p. 274. 

f This is proved in Burnside and Panton’s Theory of Equations (i. p. 157) for polynomials, 
[t may be deduced for any functions with continuous differential coefficients by using the First 
kfean Value Theorem (§ 4*14). 
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17*23. Bessel's integral for the Bessel coefficients . 

We shall next obtain an integral first given by Bessel in the particular 
case of the Bessel functions for which n is a positive integer; in some respects 
the result resembles Laplace’s integrals given in § 15*23 and § 15*33 for the 
Legendre functions. 

In the integral of § 17*1, viz. 



take the contour to be the circle [ u | = 1 and write u = e* so that 
J n (z) = ^ f W d6. 

Bisect the range of integration and in the former part write - 0 for 0 ; 
w$ get 

J n {z) = ~ J W e Me - izaiae de + <^J r e- nVMzAn *de, 

1 f 

and so J n (z) = - cos (nd — z sin 0) d0, 

it Jo 

which is the formula in question. 

Example 1. Shew that, when z is real and n is an integer, 

! Jn ( 2 ) I ^ I- 

Example 2. Shew that, for all values of n (real or complex), the integral 

1 f* 

y=- I cos (nd - z sin 6) d6 
* Jo 

satisfies 

dhj . 1 dy ( n 2 \ sin^TT /I n\ 

which reduces to Bessel’s equation when n is an integer. 

[It is easy to shew, by differentiating under the integral sign, that the expression 
on the left is equal to 

Jo ie {(? + C -T^) sin {n6 - z sin *>} M-] 

17*231. The modification of BesseVs integral when n is not an integer . 

We shall now shew that*, for general values of n, 

Jn (^) = - f cos (nd — z sin 0) d$ — f e~ n *~ ztinh$ d0 .. .(A), 

W Jo 7r Jo 

when R(z) > 0. This obviously reduces to the result of § 17*23 when n is 
an integer. 

Taking the integral of § 17*2, viz. 

* This result is due to Schlafli, Math. Ann. hi. (1871), p. 148. 
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and supposing that z is positive, we have, on writing t — \uz, 

jn « = 2 b r: u ~*~' ^ &( u - 9} du - 

But, if the contour be taken to be that of the figure consisting of the real 
axis from — 1 to — oo taken twice and the circle | u | = 1, this integral re¬ 
presents an analytic function of z when R (zu) is negative as | u | —► oo on the 

path, i.e. when j arg z | < §7r; and so, by the theory of analytic continuation, 

the formula (which has been proved by a direct transformation for 'positive 
values of z) is true whenever R (z) > 0. 

Hence 

w - a- {l'*L 

where C denotes the circle |u| = 1, and argt* = — ir on the first path of 
integration while arg u = + w on the third path. 



Writing in the first and third integrals respectively (so that in 

each case arg t = 0), and u = e* in the second, we have 




e -ni6+iztln$ Jfl + 


fg(n+l) wi 

Q— (n+l)irt 

{ 2 iri 

2 m 


H)«) <•« i Z f- £ +l) , 

rT"| J r ” F ' 1C ^ 


Modifying the former of these integrals as in § 17*23 and writing e? for t 
in the latter, we have at once 

J» (*) —- f'cos (nd - z sin 6) cl8 + S1D( - W + 1) -T f" e -nt-^e d ff t 
WJo w Jo 

which is the required result, when | arg z | < g tt. 


When | arg«| lies between \ir and ir, since J n (z)J n (-z\ we have 

J % (z)= e -^- cos (n6 sin 6) d6 - sin nit J .(B), 

the upper or lower sign being taken as args> or < - Jir. 

When «is an integer (A) reduces at once to Bessel’s integral, and (B) does so when we 

m iiflA nf tliA A'in«t.inn T -T (*) whi^Vi ia tniA f<r\r v hiA» nf p 
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Equation (A), as already stated, is due to SehlSfli, Math. Ann. ni. (1871), p. 148, and 
equation (B) was given by Sonine, Math . Ann. xvi.(1880), p, 14. 

These trigonometric integrals for the Bessel functions may be regarded as corresponding 
to Laplace’s integrals for the Legendre functions. For (§ 17*11 example 2) satisfies 
the confluent form (obtained by making n-*-co) of the equation for P % " (1 -z 8 /2n*). 

But Laplace’s integral for this function is a multiple of 

-/;H cos^+O (»~ 2 )| cos m<f> ckf>. 

The limit of the integrand as n-^cc is e is 008 ^ cos rtuf), and this exhibits the similarity 
of Laplace’s integral for Pj* (z) to the Bessel-Schlafli integral for J m (z). 

Example 1. From the formula J 0 (*)=-^ /*„«”***“* cUf*, by a. change of order of 
integration, shew that, when n is a positive integer and cos $ > 0, 

P M (eoad)=— e- xtM *J^{xt,m6)^dx. 

(Callandreau, Bull, da* Set. Math. (2), iv. (1891), p. 121.) 
Example 2. Shew that, with Ferrers’ definition of P n m (cos 6), 

when n and m are positive integers and cos 0 > 0. 

(Hobson, Proc. Lyndon Math. Soc. xxv. (1894), p. 49.) 


17*24. Bessel functions whose order is half an odd integer . 

We have seen (§ 17*2) that when the order n of a Bessel function J n (z) 
is half an odd integer, the difference of the roots of the indicial equation at 
j 2 : = 0 is 2n, which is an integer. We now shew that, in such cases, «/»(*) is 
exp , *es8ible in terms of elementary functions. 


f„ i-o+jxb--}-©* 


sm z, 


and therefore (§ 17*211) if k is a positive integer 


W 1 


(-)* (2 z) k +i d k 
nd ( z 3 ) 


/sin z\ 

,*vtt 


On differentiating out the expression on the right, we obtain the result that 
Jk+±(z) = P* sin z 4* Qjt cos z, 

where P*, Qjt are polynomials in z'K 

Example 1. Shew that (z)= cos z - 
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17-24, 17-3] 

Example 2. Fiore by Induction that if £ be an integer and «*=£+}, then 

the summations being continued as far as the terms with the vanishing fectors in 
bhe numerators. 

. file /(J 08 if\ 

Example 3. Shew that i* + * (~J is a solution of Bessel’s equation for 


'*+i 


(*)• 


Example 4. Shew that the solution of Z ”« + 1 ?L. ^ +y»«0 is 


y=* im+i 2 «r(S-r^+^+j (2op^)}, 

p«0 * 

sphere Cq, Cj, ... are arbitrary and ao, a Xl ... are the roots of 

a 2 » w + i«i. 

17*3. Hanker8 contour integral * for J n (z). 

Consider the integral 

/•<!+,- 1 -) 


(LommeL) 


V * j (<* — l) n ~ i cos (^f) dt, 


where A is a point on the right of the .point t= 1, and 
arg (t — 1) = arg (Z -+-1) = 0 

it A ; the contour may conveniently be regarded as being in the shape of 
% figure of eight. 

We shall shew that this integral is a constant multiple of J n (z). It is 
easily seen that the integrand returns to its initial value after t has described 
bhe path of integration; for (t - l) n “i is multiplied by the factor e (2n_1) "* after 
bhe circuit (1+) has been described, and (Z + l) tt ~* is multiplied by the 
factor e~ ( * u ~ 1) ** after the circuit (— 1 —) has been described. 

jonverges uniformly on the contour, we have (§ 4 - 7) 

® (—)rgn+fr r(l+ f —1—) 

'-S'-hrL 

To evaluate these integrals, we observe firstly that they are analytic 
Functions of n for all values of n, and secondly that, when R ^ > 0, we 

nay deform the contour into the circles | — 11 = 8, |£ + 1|=8 and the real 
ixis joining the points $= ± (1 — 8) taken twice, and then we may make 
&—►(); the integrals round the circles tend to zero and, assigning to — 1 

* Math. Arm. i. (1869), pp. 467-501. 
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and f+1 their appropriate arguments on the modified path of integration, 
vre get, if arg(l — <*) = () and t*=*u, 

= „(«-»«• J~ V(1 _«•)»-!* + «-(*- J 1 «»r(i 

«■ — 4»sin ^ ^(l — P) n ~idt 

— —2isin ir J w r- i(l — u) n ~idu 

= 2tsin^M. + ^ ttT + T( M + §)/ r ( ,l + r + 1 )- 

Since the initial and final expressions are analytic functions of n for all 
values of n, it follows from § 5*5 that this equation, proved when 

-R + $) > ®» 

is true for all values of n. 


Accordingly 

, = £ (-) r z n+v 2t sin (n + ttV( r + jr) T (n + j) 

y r=o ' " (2r)! r(n +r + l) 

' 2" +l i sin (« +TTf (a + i) T (j) J* (*), 


on reduction. 


Accordingly, when jr (j - j ^ 0, we Aaw 


Corollary. When jK(n+J)>0, we may defonn the path of integration, and obtain 
the result 

2 . (is)* rbr 

° r(w+|)r(X) jo s^cosCieos*)**. 

Example 1. Shew that, when 72 (w+J) > 0, 

Example 2. Obtain the result 

y » (z)= H«+lW 

when A (a) > 0, by expanding in powers of 2 and integrating (§ 47) term-by-term. 
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Example 3. Shew that when has an infinite number of real zeros. 

[Let r=(ro+£) n where m is zero or a positive integer; then by the corollary above 

. 2r4-l 

where Ur =» | J (1—^) n ~ * cos {(m +£) **} cfc | 

2m 4-1 

bo, since and hence J n (mir+bjr) has the sign of ( —)*. 

This method of proof for ti= 0 is due to BesseL] 

Example 4. Shew that if be real, J n (z) has an infinite number of real zeros; and 
find an upper limit to the numerically smallest of them. 

[Use example 3 combined with § 17*22.] 


17*4. Connexion between, Bessel coefficients and Legendre functions. 

We shall now establish a result due to Heine* which renders precise the statement of 
§ 17*11 example 2, concerning the expression of Bessel coefficients as limiting forms of 
hypergeometric functions. 


When | arg (1 ±z) \<ir, n is unrestricted and m is a positive integer, it follows by 
differentiating the formula of § 15*22 that, with Ferrers’ definition of P n m (z), 

(*)- 2».^ ( r?(n- 1+ij (1 ~ z)im(1 +t)imF (~ n+m '»+!+«; **+1; W4 
and so, if | argz| <i«-, | arg(l—Jz 2 /^ 2 ) | <ir, we have 


P~(l r (n+m+l)z m n~ m 

* \ 2n % ) 2 w .m!r(»-m+l) 


^1-—\ 




Ti+1+231; 7H+1; 


Now make 7t-*-+oo (n being positive, but not necessarily integral), so that, if 3—nr 1 , 
continuously through positive values. 


Then 


r (n+m+l)n~ m 
r(n-m+l)n** ' 


1, by § 13*6, and 



Further, the (r+l)th term of the hypergeometric series is 


(-X( l -3?id)(l+7na+rd){l -(m + l)g$*} {1 ~(77i + 2) 2 5 2 }...{l-^+r-im ,, _ 
— " (m + 1) (m+2)... ( 771 +r) .r! * * 


this is a continuous function of 8 and the series of which this is the (r+l)th term is 
easily seen to converge uniformly in a range of values of 8 including the point 3—0; so, 
by § 3*32, we have 


which is the relation required. 


■ *» | (-) r a*Y 

2®*. m ! r „ 0 (m+1) (m+2)... (m+r) r ! 

■=• 4.(4 


Example 1. Shew thatt 

^lim (cos (*)• 


* The apparently different result given in Heine’s KugtIfunktionen is doe to the difference 
between Heine’s associated Legendre function and Ferrers’ function. 

f The special case of this when m=0 was given by Mehler, Journal fUr Math . lxyiu. (1868), 
p. 140; see also Math . Ann. v. (1872), pp. 141-144. 
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Example 2. Shew that Bessel’s equation is the confluent form of the equations 
defined by the schemes 



o 

8 

o 

_ * 

0 co c \ 

( 0 

cc c* *1 

p. 

n ic et* P\ 

n i 0 A, 

P| in 

V 

o 

1 

o 


t — n — ic^-ic J ' 

\-n f — 2ic 2zc-1 J 

{-in 

-i(c+a) 3i+l J 


the confluence being obtained by making c-*-x >. 

17-6. Asymptotic series for J n (z) when \z\is large. 

We have seen (§ 17-212) that 

= 2 a»+i e i(»+i)xi r(n + 1 ) M o.n (2«), 

1 B 

where it is supposed that jarg z | < ir, -^ 7r< ar g( 2 i*) < 2 7r - 
But for this range of values of z 

(2 iz) = e(n+i)ri F “-» W + ~t(^+n) W °- n( - 2iz) 

3 1 

by § 16-41 example 2, if - % *r < arg (— 2iz) < j w; and so, when | arg * | < w. 

/»(*) = ( 2 ^i ^ (n+ " W a , n (2«) + e " 4 («+D « F 0 , n (- 2u)}. 

But, for the values of z under consideration, the asymptotic expansion of 
W,,„ (± 2 iz) is 

fi . . (4n»-l»)(4n*-3«) 

t * 8 i» 2 !( 8 is) a 

(± 1) , {4ji* —1*} {4b*— 3 1 }... }4ft*—(2r—1)*} --) 

+ “-' r!(S5F- + C>( * )J, 

and therefore, combining the series, the asymptotic expansion of 0 ), when 
| z | is large and | argz | < v, is 

Jn (z) ~ (si) 1 [ cos *■) 

x fj . 5 (-y{4a*-l»} {4g-g[... t4»»-(4r-lffl 

1*1 (2r)! 2“- A ' ' | 

+ sin (s-stnr-jtr) I (-/{4n^ !»} {4n»-3»{... { 4n»-(4r - 3 m 

V 2 4 ; r .i (2r — 1)! 2f sr ~ 3 s^ r ~ 1 J 

= (w) [ cos - 5 «w-jir j. ET,, (*) - sin ^ 1 nw - j wj. V n 0) J , 

where U H (z), — V n (z) have been written in place of the series. 

The reader will observe that if n is half an odd integer these series 
terminate and give the result of § 17*24 example 2 . 



BESSEL FUNCTIONS 


369 


17 * 5 , 17 * 6 ] 


Even when z is not very large, the value of J% (z) can be computed with great accuracy 
Erom this formula. Thus, for all positive values of z greater than 8, the first three terms 
>f the asymptotic expansion give the value of J 0 (z) and Ji (z) to six places of decimals. 

This asymptotic expansion was given by Poisson* (for ti= 0) and by Jacobi f (for 
general integral values of ») for real values of z. Complex values of z were considered by 
ElankelJ and several subsequent writers. The method of obtaining the expansion here 
given is due to Barnes §. 

Asymptotic expansions for J n (z) when the order n is large have been given by Debye 
Math, Ann. lxvii. (1909), pp. 535-658, Milnchener Sitzungsberichte , XL. (1910), no. 5) and 
STicholson {Phil. Mag . 1907). 

An approximate formula for J n (nx) when n is large and 0<x< 1, namely 

s»exp {ft^(l— x*)} 

(2*n)4(l-s*)*{l+V(l -_**)}»’ 


vas obtained by Carlini in 1817 in a memoir reprinted in Jacobin Oes. Werke, vn. 
>p. 189-245. The formula was also investigated by Laplace in 1827 in his M&antque 
leleete v. supplement \0euvres, v. (1882)] on the hypothesis that x is purely imaginar y. 

A more extended account of researches on Bessel functions of large order is given in 
°roc. London Math. Soc. (2), xvi. (1917), pp. 150-174. 

Example 1. By suitably modifying HankePs contour integral (§ 17*3), shew that, when 
arg z | <£*r and R (w+£) > 0, 




r (n+i) (2**)* 




nd deduce the asymptotic expansion of J n {z) when | z | is large and | argz | <\n. 

[Take the contour to be the rectangle whose comers are ±1, ±1 +iN y the rectangle 
eing indented at ± 1, and make N+<x >; the integrand being (1 - * 2 ) n ~* e**.] 

Example 2. Shew that, when | argz | <\ir and R (n+£) > 0, 

f*e-** cot *c08 n -* 4 > cosec*"* 1 <f> sin {z- (»-£) 4 >) cty. 

[Write u—2z cot <f> in the preceding example.] 

Example 3. Shew that, if | arg z J <£ir and R(n+£)> 0, then 


j" v»~t (i +*)"-* dv+Be-^z” j* «»-* (l -»„)»-* «-*« dv 
a solution of BessePs equation. 

Further, determine A and B so that this may represent J n (z). 

(Schafheitlin, Journal far Math, cxiv.) 

17*6. The second solution of Bessels equation when the order is an integer. 
We have seen in § 17*2 that, when the order n of Bessel’s differential 
juation is not an integer, the general solution of the equation is 

CtJn, (*) + fiJ ._ n (z), 

here a and /3 are arbitrary constants. 

* Journal de Vflcole Polytechnique (1), cah. 19 (1823), p. 350. 
f Aitr . Nach. xxvm. p. 94. 

X Math. Ann. i. (1869), pp. 467-50L 
§ Tram. Camb. Phil . Soc. zx. (1908), p. 274. 
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When, however, n is an integer, we have seen that 

and consequently the two solutions J n (z) and J- n (z) are not really distinct. 
We therefore require in this case to find another particular solution of the 
differential equation, distinct from J n (z), in order to have the general 
solution. 

We shall now consider the function 

w sm 2«7T 

which is a solution of Bessel's equation when 2 n is not an integer. The 
introduction of this function Y n (s) is due to Hankel*. 

When n is an integer, Y n (z) is defined by the limiting form of this 
equation, namely 

Y n (z) = lim 2rre™ « ^ + e rr) - (z) 

v ’ «»o sm2(» + e)» 

27Tg nirl 

(*» 

- lim {J n+ , (z) - (-)"/_„_<(*)]• 

«-*> 0 

To express Y n (z) in terms of functions, we have recourse to the 

result of § 17*5, which gives 

Y n (*)=lim [ {e i (n+e + i) « ^ a+f ( 2 «) + c -1<»+*+i) « W<t , ^ (- 2^)} 

_(_)»(-»-<+i)« n+i (2«) + e -1 (- » - <+i>« TT 0 , n+ . (- 2w)}J, 

remembering that W tt7n = 

Hence, sincef lim TT«, n+ . (2iz) — F 0>n (2w), we have 
<-*■0 

Y -« - (£)* {^» + *>' i ^ n (2^) + e-(t»+i)«TT^(-2«)}. 

This function (n being an integer) is obviously a solution of Bessel’s 
equation; it is called a Bessel function of the second kind. 

Another function (also called a function of the second kind) was first used 
by Weber, Math. Ann. vx (1873), p. 148 and by Schlafli, Arm. di Mat. (2), vi. 
(1875), p. 17; it is defined by the equation 

y / n _Jn{z) cos nrr — J_„ (z) Y n (z) cos nrr 
nK ’ sin nrr ~ rr^ ’ 

* Hath. Ann. t (1869), p. 472. 

+ This is most easily seen from the uniformity of the convergence with regard to e of 
Barnes* contour integral (§ 16*4) for (***)• 
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or by the limits of these expressions when n is an integer. This function 
which exists for all values of n is taken as the canonical function of the 
second kind by Nielsen, Handbuch der Cylinderfunktionen (Leipzig, 1904), 
and formulae involving it are generally (but not always) simpler than the 
corresponding formulae involving Hankers function. 


The asymptotic expansion for F» (z), corresponding to that of § 17*5 for 
J n (z\ is that, when (argir| < 7 r and n is an integer. 



where U n (z) and V n (z) are the asymptotic expansions defined in § 17*5, their 
leading terms being 1 and (4 n* — 1 )/ 8 z respectively. 


Example 1. Prove that 

where n is made an integer after differentiation. (Hankel.) 

Example 2. Shew that if Y* (z) be defined by the equation of example 1, it is a 
solution of Bessel’s equation when n is an integer. 

17*61. The ascending series for Y n (z). 

The series of § 17*6 is convenient for calculating Y n {z) when \z \ is large. 
To obtain a convenient series for small values of | z\, we observe that, since 
the ascending series for «/±(»+e) (z) are uniformly convergent series of analytic 
functions* of e, each term may be expanded in powers of e and this double 
series may then be arranged in powers of e (§§ 5 * 3 , 5 * 4 ). 

Accordingly, to obtain Y w (*), we have to sum the coefficients of the first 
power of € in the terms of the series 

r =o r! r(*7i -f € + r 4* 1) 1 ' r Z 0 r ! T n-e + r + 1) ' 

Now, if s be a positive integer or zero and t a negative integer, the 
following expansions in powers of e are valid : 


H = 

(J.pjl + .log (},) + ...}, 

i 

1 (l c r ' (s+1) i ! 

r(«+€+i) - 

r(«+i) 1 r(s + i> + "•) 

= 

rc + i)} 1 *(-r+_S i 

i 

- — ( * + e -r(-t-e) = (~) t+1 eT(-t) + 

7T 

r(* + e + l) 


where y is Eulers constant (§ 12*1). 


The proof of this is left to the reader. 
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Accordingly, picking out the coefficient of «, we see that 

Y (z) — \oa(-z) T £ (-TMT. | / v» £ (-)'(**)-»+* 1 

n( ) V ) Lr-or!r (n + r +1) + ( ' r „,r!r(-n + r+l)J 

+L& 

ttf i' Kita . rrM 

r*0 f I 

(££)“" n+sr (n — r — 1)! 
rt o r! 

When » is an integer, fundamental solutions* of Bessel’s equations, regular 
near z** 0, are J n (z ) and F n (*) or Y n (*). 

Karl Neumannf took as the second solution the function F (w) (z) defined 
by the equation 

(*) = 5 Y„<*) + /.<#)• (log 2 — y); 


and so 


but Y n (z) and Y n (z) are more useful for physical applications. 

Example 1. Shew that the function T n (z) satisfies the recurrence formulae 
nT % (z)^z{Y n+l (z)+r n ^(z)} y 

Shew also that Hankefs function Y, (z) and Neumann’s function 7(*) ( 2 ) satisfy the 
same recurrence formulae. 

[These are the same as the recurrence formulae satisfied by J n (*).] 

Example 2. Shew that, when j arg z | < 

*Y % (z)=J^8in(zsin0-7i6)d4-J^ e~ M " hh *{e* 0 +(-)*e-" $ }cM. 

(SehMi, Math. Ann. m.) 

Example 3. Shew that 

7(0) (z)=JUz) logz+2 {J 2 («)-J /4 W+WW-4 


17*7. Bessel functions with purely imaginary argument. 


The function^ 


l n (z)^i^J n (iz) 


i (**)* +Sr 

r«o r !(« + r)I 


* Euler gave a second solution (involving a logarithm) of the equation in the special cases 
n=0, »=1, Inst. Cole. Int . n. (Petersburg, 1769), pp. 187, 233. 
t Theorie der BestcVscken Funktionen (Leipzig, 1867), p. 41. 

t This notation was introduced by Basset, Hydrodynamics n. (1888), p. 17; in 1886 he had 
defined l n (x) as i n J % (iz); see Proc. Comb. Phil. Soc. vi. (1889), p. 11. 
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is of frequent occurrence in various branches of applied mathematics; in 
these applications z is usually positive. 

The reader should have no difficulty in obtaining the following formulae: 

(i) ( z ) — I n+l (z) = — I n ( z ). 

Z 

(ii) j- 2 (*)} = z nI n-i (z). 

(iii) J- Z (*)} = 0). 


(iv) 




(v) When R (n + |) >0, 


In ^ = 2 n T (fr/r (n 4- f) Jo cosh 0 cos ^ sinS " 

3 1 

(vi) When — g it < arg z< ^ir, the asymptotic expansion of J„ (z) is 




a* 

(27T.z)^ 


00 

1+ sc-r 

r=l 


{4n*—1*} {4n a — 3 2 }... {4n 2 —(2r — 
“ “ r! 2 3r z r 



e -(*+i)*i e ~* « {4n s -l*}{4n s -3 a } ... {4n*-(2r-l) , }'| 

+ (2irz)i L 3i r[2* r z r J’ 

the second series being negligible when |arg z\<\-tr. The result is easily 

3 3 

seen to be valid over the extended range — % ir < arg z < g 7r if we write 

6 ± ( n +l) r * f or e ~( n +i )the upper or lower sign being taken according as 
arg z is positive or negative. 

17'71. Modified Bessel functions of the second kind\ 

When ft is a positive integer or zero, /_ n (z) =I n (z ); to obtain a second 
solution of the modified Bessel equation (iv) of § 17*7, we define* the function 
K n (z) for all values of n by the equation 

Kn 0) = cos rnr W t , n (2 z). 


so that 


K n (z) = 


x 

2* 


[I-n (z) - I n (z)} COt HIT. 


* The notation K n (z) was used by Basset in 1886, Proc. Camb . Phil. Soc . vi. (1889), p. 11, to 
denote a function which differed from the function now defined by the omission of the factor 
cos nr, and Basset’s notation has since been used by various writers, notably Macdonald. The 
object of the insertion of the factor is to make I n [z) and K n {z) satisfy the same recurrence 
formulae. Subsequently Basset, Hydrodynamics it. (1888), p. 19, used the notation K n (z) to 
denote a slightly different function, but the latter usage has not been followed by other writers. 
The definition of K n (z) for integral values of n which is given here is due to Gray and Mathews, 
Bessel Functions, p. 68 , and is now common (see example 40, p. 384), but the corresponding defi¬ 
nition for non-integral values has the serious disadvantage that the function vanishes identically 
when 2a is an odd integer. The function was considered by Biemann, Ann. der Phys. xcv. (1855), 
pp. 130-139 and Hankel, Math. Ann. i, (1869), p. 498. 
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Whether n be an integer or not, this function is a solution of the modified 
Bessel equation, and when | arg z | < ^ nr it possesses the asymptotic expansion 

r*«.(«r)[i + r I---J- rlt .J — “J 

for large values of | z |. 

When n is an integer, K n (z) is defined by the equation 
2 T*(s) = liin \ir {21 »-« (z) - /„+, (z)) cot 7T€, 

f 0 

which gives (cf. § 17‘61) 

!»-l ( X \-»+*r(_)»-r( n _ r _l)! 

+ * r . 0 V }*)' - -r!-- 

as an ascending series. 

Example. Shew that K % (z) satisfies the same recurrence formulae as 7 W (s). 


17*8. Neumann's expansion* of an analytic function in a series of Bessel 
coefficients. 

We shall now consider the expansion of an arbitrary function f(z), 
analytic in a domain including the origin, in a series of Bessel coefficients, in 
the form 

f{z) = <XqJ 3 (z) + a, (z) + OkJ 2 (z) 4*..., 
where a<> } a lf a 2 , ... are independent of z. 

Assuming the possibility of expansions of this type, let us first consider the expansion 
of ; let it be 

^0 (0 Jq (z) 4- 2 Ox (t) Ji(z)+ 20 2 (t) J 2 (z )+..., 

where the functions O n (t) are independent of z. 

We shall now determine conditions which 0» (0 must satisfy if the series on the right 
is to be a uniformly convergent series of analytic functions; by these conditions O n (t) 
will be determined, and it will then be shewn that, if O n (t) is so determined, then the 
series on the right actually converges to the sum when | z | <| 11 . 



we have 

00 «■*«+* 2 O n '(t)J n (z) + O 0 (t)J ( ;(z)+2 2 0«(t)J n '(z)& 0 , 

nssl *=1 

so that, on replacing 2 J % '(z) by J n ^ 1 {z)-J nArl (*), we find 

{O o , (t) + O 1 (t)}J 0 (z)+ 1 {20n f (t) + 0 n+l (t)^0 n ^(t)}j n (z)m0. 

»=i 


* K. Neumann, Journal fiir Math, lxvii. (1867), p. 310; see also Kapteyn, Ann . de V&coU 
norm. sup. (3), x. (1893), p. 106. 
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Accordingly the successive function* O x (t), 0 2 (t\ 0 3 (t\...are determined by the recurrence 
formulae 

Ox (*)« - <V (t\ O n + ! (*)«<4-! (0 - 2<V«, 

and, putting z—0 in the original expansion, we see that 0$ ( t) is to be defined by the 
equation 

0 0 (t) = l[t. 

These formulae shew without difficulty that O n (t) is a polynomial of degree n in 1/*. 
We shall next prove by induction that 0* (t), so defined, is equal to 


i «“ tw [{w+\/(w 2 +l)} H +{^-V(w 2 + 1 )] n ]^ 

when R (0 >0. For the expression is obviously equal to 0 O (0 Ox (0 when n is equal to 
0 or 1 respectively; and 

\ j er tu {«±\/(w 2 +l)} n ““ 1 c?w —~ j e~ tH {u±.yf{u 2 +\)} n dit 
=i e-*"{u± s/(m 2 +1)}" -1 {1+2u 2 ±2u V(« 2 +1)} du 

= i J e '* 1 {u±*/(u t +l )} n+1 du, 

whence the induction is obvious. 


Writing w*»sinh d, we see that, according as n is even or odd* 

2 jsum e+ 2(2» —2) 81011 + 2.4 (2 ji - 2) (2?j - 4) 

and hence, when R (£)>0, we have on integration, 


sinh tt -* 4 d + 



° n ® t* +1 j 1 + 2 (2 n - 2) + 2.4 (2n - 2) (2n - 4) + ’ ‘ * J ’ 

the series terminating with the term in t* or Z* -1 ; now, whether R(t) be positive or not, 
O n (t) is defined as a polynomial in l/t; and so the expansion obtained for 0 n {t) is the 
value of 0 n ( t ) for all values of t. 


Example. Shew that, for all values of 

On (0 = 2 -U/“ «- [{*W(** + «*)}*+ 

and verify that the expression on the right satisfies the recurrence formulae for O n (t). 


17*81. Proof of Neumanns expansion . 

The method of § 17*8 merely determined the coefficients in Neumann’s 
expansion of 1 /(t — z ), on the hypothesis that the expansion existed and that 
the rearrangements were legitimate. 

To obtain a proof of the validity of the expansion, we observe that 

4( 2 )=^(i+o n }, o n (t)=^^{i+u 


Ci, Hobson, Plane Trigonometry (1918), §§ 79, 2C4. 
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where 0 n —» 0, ►Oasn—»oo, when z and t are fixed. Hence the series 

O 0 (t)J 0 (z) + 2 2 O n (t) J n (z) = F(z, t) 

*=i 

is comparable with the geometrical progression whose general term is z n jV^ l t 
and this progression is absolutely convergent when \z\<\t\ } and so the 
expansion for F(z, t ) is absolutely convergent (§ 2*34) in the same circum¬ 
stances. 

Again if | z | < r, ( 1 1 ^ 22, where r < 22, the series is comparable with the 
geometrical progression whose general term is r n /22 n+l , and so the expansion 
for F(z, t) converges uniformly throughout the domains \z\ and \t\>R 
by § 3*34. Hence, by § 5*3, term-by-term differentiations are permissible, 
and so 


(l + D F(z> t)=0 9 '(t)J t (z)+2 2 i O n '(t)Mz) 

+ 0 0 (0 Jo (z) + 2 I O n (t)J n '(z) 

W«1 

* {0/(0 + 0 1 (<)} j 0 (0 + £ {20/(0 + 0 n+l (t) - Om (0} J,(o 
*=1 

= 0 , 

by the recurrence formulae. 

Since Q t + ^)F(z,t) = 0, 


it follows that F(z, t) is expressible as a function of t — z ; and since 

F(0, 0-O 0 (0 = l/*, 
it is clear that F (z, t) = l/(t — z). 


It is therefore proved that 

j~— — Oo (0 /. (0 + 2 £ 0. (0«/« (0, 

** »*1 


provided that | s | < 1 1 1. 

Hence, if f(z) be analytic when | z | we have, when | z | < r, 

- 2 ~- f/(0 jo. (0 J. (0 + 2 j£ 0 n (0 Jn (z )} A 

=/ (o/(0) + £ ^ fo. (o/(o (ft, 

w=i Trt ; 


by § 4*7, the paths of integration being the circle 1 1 1 = r ; and this establishes 
the validity of Neumann’s expansion when \z\ < r and f(z) is analytic when 



17*82] 

Example 1. Shew that 


BESSEL FUNCTIONS 


377 


cos z * J 0 (z) - 2J % (z) + (z) -..., 
sin z=2J x (z) - 2J S (. z )+ 2J 6 («)-.... 

Example 2. Shew that 

<*r-; 


r« 0 r 

Example 3. Shew that, when | z | < 1 1 1, 


(K. Neumann.) 
(K. Neumann.) 


Oq (t) J 0 (z)+2 2 0 % (t) J n (z) = 2 J n (z) f r**" 1 «“*{# + J(ofi+t 2 )} n dx 
n*»i »=-» J o 


J % (z) {x 4- ^ + t*)}*dx 


■7/0 


1 

*t-z‘ 


(Kapteyn.) 


17*82. Schlomilch J s expansion of an arbitrary function in a series of Bessel coefficients 
>/ order zero . 

Schlomilch* has given an expansion of quite a different character from that of 
Neumann. His result may be stated thus : 

Any function f(x\ which has a continuous differential coefficient with limited total 
tuctuation for all values of x in the dosed range (0, ir), may be expanded in the series 

/(#)=»a 0 +a 1 «7’o (a?)+a 2 «^o (&r)+ 03*^0 (3r) + ..., 

)alid in this range; where 

a 0 -■/ (0) + - f u f *"/' (u sin 8) d8 du , 
ff jo Jo 

2 [* fi* 

a^ ,*= — / u cos nu I f’ (u sin 8) d8 du (n >0). 

* J 0 J 0 

Schlomilch’s proof is substantially as follows : 

Let F(x) be the continuous solution of the integral equation 

/(#)—^ F (x sin <f)) d<p. 

F(x)~f (0)4- x J* f {x sin 8) d8 l 

In order to obtain Schlomilch's expansion, it is merely necessary to apply Fourier’s 
heorem to the function F(x sin <f>). We thus have 

f(x)=z~ f* dd> ■[- f F(u)du + - 2 f cosnucos(iixtin<b)F(u)dtX 
irjQ [it Jo ff n=l JO ) 

1 f * 2 00 

= - / F(u)du-\ — 2 / cos nuF(u)J 0 (nx)du 1 

n J 0 ir n «i j 0 

he interchange of summation and integration being permissible by §§ 4*7 and 9*44. 


Then (§ 11*81) 


* Zeitschrift fUr Math . und Phys. rx. (1857), pp. 137-165. See Chapman, Quarterly Journal , 
Mil. (1912), pp. 34-37. 
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In this equation, replace F(u) by its value in terms of f(u). Thus we have 
/(#)=! j/(Q) + u J* /'(u sin 6) cWj du 

2 J 0 (rue) [ cos nu { /(0) + u f ** f (u sin 6) rfdl du, 

»n=l JO { JO ) 

which gives Schlomilch’s expansion. 

Example. Shew that, if 0 ^ ^ w, the expression 

£ - 2 jj- 0 (*) + ±S 0 (a*)+g Jo (5x)+...J 

is equal to x ; but that, if ir < x ^ 2ir, its value is 

x -f2ir arc cos (irx ~ 1 ) — 2 Jix 2 - tt 2 ), 

where arc cos (war - * 1 ) is taken between 0 and J. 

3 

Find the value of the expression when x lies between 2ir and 3ir. 

(Math. Trip. 1895.) 

17 *9. Tabulation of Bessel functions. 

Hansen used the asymptotic expansion (§ 17*5) to calculate tables of J n (x) which are 
given in LommePs Studien iiber die BesseVschen Funktionen. 

Meissel tabulated Jo(x) and J x (x) to 12 places of decimals from x—0 to x— 15*5 (Abh. 
der Alcad. zu Berlin, 1888), while the British Assoc. Report (1909), p. 33 gives tables by 
which J H (x) and Y n (x) may be calculated when x > 10. 

Tables of (. x ), (x\ J _ ^ (x), J_^(x) are given by Dinnik, Archie der Math, und 

Phys. xviii. (1911), p. 337. 

Tables of the second solution of Bessel’s equation have been given by the following 
writers: B. A. Smith, Messenger , xxvi. (1897), p. 98; Phil . Mag. (5), xlv. (1898), p. 106; 
Aldis, Proc. Royal Soc. lxvi. (1900), p. 32; Airey, Phil. Mag. (6 ), xxii. (1911), p. 658. 

The functions /* ( x ) have been tabulated in the British Assoc. Reports , (1889) p. 28, 
(1893) p. 223, (1896) p. 98, (1907) p. 94 ; also by Aldis, Proc. Royal Soc. lxiv. (1899); by 
Isherwood, Proc. Manchester Lit. and Phil. Soc. xlviii. (1904); and by E. Anding, Seeks- 
stellige Tafeln der BesseVschen Funktionen imagindren Argumentes (Leipzig, 1911). 

Tables of J n (xs/i), a function employed in the theory of alternating currents in wires, 
have been given in the British Assoc. Reports , 1889,1893,1896 and 1912; by Kelvin, Math, 
and Phys. Papers, hi, p. 493; by Aldis, Proc. Royal Soc. lxvi. (1900), p. 32; and by 
Savidge, Phil. Mag. (6), xix. (1910), p. 49. 

Formulae for computing the zeros of J 0 (z) were given by Stokes, Camb. Phil. Trans . ix. 
and the 40 smallest zeros were tabulated by Willson and Peirce, Bull. American Math. 
Soc. in. (1897), p. 153. The roots of an equation involving Bessel functions were computed 
by KaJahne, Zeitschrift filr Math, und Phys. Liv. (1907), p. 55. 

A number of tables connected with Bessel functions are given in British Assoc. Reports , 
1910-1914, and also by Jahnke und Emde, Funktionentafeln (Leipzig, 1909). 
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Miscellaneous Examples. 

I . Shew that 

cos (z sin 6) * J 0 (z) + %J % (z) cos 26 + (z) cos 40 +..., 

sin (z sind)«2Ji (z) sin 6 + 2J 3 (z) sin $6 +2/ 6 (z )sin 50+.... 

(K. Neumann.) 

2 . By expanding each side of the equations of example 1 in powers of sin d, express z* 
as a series of Bessel coefficients. 

3. By multiplying the expansions for exp||z^-|)| and exp j—^ z and 

considering the terms independent of *, shew that 

{MW+2 {/, (z)}*+2 {J 2 (z)}*+2 {J 5 (z)}* + ...=1. 

Deduce that, for the Bessel coefficients, 

(»>1) 

when z is real. 

1 [* 

4. If Jrtf («)=— / 2 l cos* u cos (mu - z sin u) du 

* J o 

(this function reduces to a Bessel coefficient when k is zero and m an integer), shew that 

•VM- 2 

J>=0 p i 

where is the ‘Cauchy’s number’ defined by the equation 

e~ miu («*+e-»)* («‘“ - da. 

Shew further that 

and < +S M-2»< +1 (*)-2(*+l) (*)-•£+, (*)}■ 

(Bourget, Journal de Math. (2), vi.) 

5. If v and M are connected by the equations 

.. __ , cos E — € 

Mz=E— e sin E. cos-=-, where \ e\<I, 

9 1-6cos E' 1 1 ’ 

shew that tf=Af+2 (1 — e*)i 2 2 (ie)*J m * (me) — sin mM, 

m=l Jc —0 m 

vhere J v f(z) is defined as in example 4. 


(Bourget.) 
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6 . Prove that, if m and n are integers, 

i>*(cos 6)~ c -£j m {(x 3 +y 2 )i gj *», 
where cosd, «*+y a =r*8in , d, and c n ** is independent of 2 . 

(Math. Trip. 1893.) 

7. Shew that the solution of the differential equation 

where <j> and \fr are arbitrary functions of z, is 


8 . Shew that 


y -(^) 4 { A .!, (*)+&!_,(*)}. 


(Trinity, 1908.) 


9. Shew that 


7 /»\ 7 : (-)»r( M + y +2tt+i)(^r+ 

mU w i 0 H!r( M +n+l)r(v+n+l)rOt+v+n+l) 
for all values of p and v. 

(Schlafli, Math. Ann. ni. (1871), p. 142; and Schonholzer, Bern dissertation, 1877.) 

10. Shew that, if n is a positive integer and m + 2n +1 is positive, 

(m —1) x m S n+1 (x)J n . l (x)dx-x** l {S H +i(x) / n _i (*) - J.‘ (x)}+(m +1) j^x M J n t (x)dx. 

(Math. Trip. 1899.) 


11 . Shew that 


12. Shew that 


13. Shew that 




*(•)+ 3 ^+ 4 


dz * 


■0. 


J. + i(z) £ (V? <w 

J.{z) n+1 —n+2-w+3 —...‘ 


J .-1 (*) W-».i (•) /.(*)- 


2 sin WA¬ 
TTS 


(LommeL) 


14. If be denoted by Q u (z), shew that 

(*)+*{«.«}’• 

15. Shew that, if IP— f^+r^ - 2rr t cos & and r x > r > 0, 

(^) =* W fo)+2 I ./* (r) •/» (r x ) cos w0, 

H=1 

r 0 (5) »«/ 0 (r) F 0 (r t ) + 2 2 «/* (r) F n (n) cos nd. 

16. Shew that, if R (n+J) > 0, 

f* ^.(^cos 6)d6=\* {J »(*)}*. 


(K. Neumann.) 
(K. Neumann.) 
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17. Shew how to express z^J^(z) in the form AJ 1 (z)+BJ 0 (z), where A, B are poly¬ 
nomials in z ; and prove that 

«7»(6^) +3^0(6^)=0* 3Ji(304)+5Ji(30i)=O. 

(Math. Trip. 1896.) 

18. Shew that, if a 4 s jS and »> -1, 

(a 8 -#*) J Q xJ n (ax) J n (fix) dx*=x^J n (ax) «/ n (fix) - J n (fix) gr J n (atf)J-, 

2 a* / 0 X ** ( a2,r2 — n *) (a#)} 2 + j^ 7 (afl?)j • 


19. Prove thAt, if n> -1, and J n ( a )=J n (£)=0 while a=#ft 

J o *J»(.ox) J.(fix)dx=0, and J* x {J n (or)}* cfo=i{-4+i (a)} ! . 

Hence prove that, when n> - 1 , the roots of J»(x)<- 0 , other than zero, are all real and 
unequal. 


[If a could be complex, take £ to be the conjugate complex.] 

(Lommel, Studien iiber die BeeseVschen Funktionen, p. 69.) 


20 . Let x^ f{x) have an absolutely convergent integral in the range O^x^l; let H 
be a real constant and let n^O. Then, if Jc u k 2 , denote the positive roots of the equation 

shew that, at any point x for which 0 < x < 1 and f(x) satisfies one of the conditions of 
§ 9*43, / (x) can be expanded in the form 


/(*)- 2 A r J n {krX\ 

r —1 

where x {J % (krX)Y dx^ j^xf(x)J n (k r x)dx. 

In the special case when H= —«, k x is to be taken to be zero, the equation deter¬ 
mining ifci, j& 2 , ... being «/ m+ i (k) =0, and the first tei*m of the expansion is AqX? where 

A 0 =(2n + 2) J 1 X n+l f(x)dx. 

Discuss, in particular, the case when Min infinite, so that J n (k) — 0, shewing that 
J r =2{/ n+ i (k r )}-* f\f(x)J n (k r x)dx. 

[This result is due to Hobson, Proc. London Math. Soc. (2), vii. (1909), p. 349; see 
also W. H. Young, Proc. London Math . Soc. (2), xviii. (1920), pp. 163-200. The formal 
expansion was given with H infinite (when n=0) by Fourier and (for general values of n) 
by Lommel; proofs were given by Hankel and Schlafli. The formula when H= -» was 
given incorrectly by Dini, Serie di Fourier (Pisa, 1880), the term A 0 x* being printed as A 0 , 
and this error was not corrected by Nielsen. See Bridgeman, Phil. Mag. (6), xvi. (1908), 
p. 947 and Chree, Phil. Mag. (6), xvn. (1909), p. 330. The expansion is usually called the 
Fourier-Bessel expansion.'] 


21 . Prove that, if the expansion 

U 8 — X*=AiJq (Xi x) + A%Jq (^2* r ) + *“ 

exists as a uniformly convergent series when —a^.x^a, where X l7 X 2 ,... are the positive 
roots of J 0 (Xa)*0, then 


A«8{aX„3J r 1 (X M a)}-i. 


(Clare, 1900.) 



382 


THE TRANSCENDENTAL FUNCTIONS 


[CHAP. XVE 


22 . If £}, is,... are the positive roots of J. (A*)—0, and if 

*»+*= I A r J.{k r x), 

r=l 

this series converging uniformly when O^x^a, then 


(Math. Trip. 1906.) 

23. Shew that 

Osia 0) coe*»-«»*- 1 6 sm*>+» 6d8 

when ii > m > — 1. (Sonine, Math. Ann,> xvi.) 

24. Shew that, if <r> 0, 

(Nicholson, PAt 7 . Jfagr. (6), ivm. (1909), p. 6.) 
26. If m be a positive integer and u > 0, deduce from Bessel's integral formula that 
j 6 -*wnhn dx—e ~”**sech w. 

(Math. Trip. 1904.) 

26. Prove that, when x > 0, 


2 f * 2 C 00 

«/ 0 W=- / sin (a; cosh r) c&, F 0 (or) =-I cos (arcosh*)eft. 

"“Jo ff J 0 

[Take the contour of § 17T to be the imaginary axis indented at the origin and a 
semicircle on the left of this line.] 

(Sonine, Math. Ann. xvl) 

27. Shew that 


j x~ l J 0 (xt) sin x dx —Ju 


and that 


0 <*<ll 

*>1 J 


7T 

—arc cosec t 

f x~ l J x {xt) sin xdx= t~ l {1 -(1 - **)£} 0 < t < ll 

u ,>, I 

(Weber, Journal fttr Math . lxxv.) 

28. Shew that 

«-/ # V— {A +B log (r sin 2 B)} dB 


is the solution of 


dht 1 du . _ 

_ + ___ n ^ =0 . 


(Poisson, Journal de l £coU Polytechnique, XH. (1823), p. 476; see also Stokes, 
Comb. Phil L Trans, ix. (1856), p. [38].) 

29. Prove that no relation of the form 

X y,J n+t (a:)«0 

A=0 

can exist for rational values of .AT,,» and x except relations which are satisfied when the 
Bessel functions are replaced by arbitrary solutions of the recurrence formula of § 17*21 (A). 

(Math. Trip. 1901.) 

[Express the left-hand side in terms of J % (x) and J %+1 (x), and shew by example 12 
i x )lJ% W is irrational when n and x are rational] 
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30. Prove that, when R(n)>— 

r ,, z n 

Jn (2) “2»-ir(*+*)r'(£) V + d&) \~T) ’ 

^ , N 2" /COS2\ 

-J " (2 ) _ 2"-‘ r (»+i)r(j) l 1+ «feV V 2 J' 

[( I+ 5) n i means 1 + TT g + Write <*•] 

(Hargreave, PM. Tram. 1848 ; Macdonald, Proc. London Math. Soc . xxix.) 

31. Shew that, when P (m+£) > 0, 

(f)T */ m (2 sin 0) sin m+1 & dB=z-i J n +h (z). (Hobson.) 

32. Shew that, if 2n+1 > m > -1, 


33. Shew that 


r“ w+w «/ n (a.r) c£r=*2~ n ' f ' 7n a n “ Tn ~ l - 


7 r(n-4m+l)- 

(Weber, Journal fur Math. lxix. ; Math. Trip. 1898.) 


7-5 ^W+J(2)}* 


(Lommel.) 


34. In the equation 


dhf 1 dy 
dz 2 z dz 




is real; shew that a solution is given by 

• . . « (__)*» g*m cos (u m — n log z) 

cos (n log z) — 2 —— — — - - " 7 , 

m*i 2^ m 1 (1 +n 2 )« ( 4 + 7 i 2 )*. (m 2 +n 2 )* 


lere denotes 2 arc tan (n/r). 

r=l 


(Math. Trip. 1894.) 


35. Shew that, when w is large and positive, 

7T- 1 r(J) (n" 1 ). 

(Cauchy, ..Comptes Rendus , xxxvm. (1854), p. 993; Nicholson, PM. J/a^. 
(6), xvi. (1908), p. 276.) 


36. Shew that 


37. Shew that 


iW= /'w & 

(Mehler, Journal fUr Math. LXVIII.) 


^co.a =2 »-t r (») X (»+A) <7* (cos 6) X— J n+ * (X). 


38. Shew that, if 


(Math. Trip. 1900.) 


J m (ax) J m (bx) J m (cx) x'~ m dx, 


i, o being positive, and m is a positive integer or zero, then 
F-0 («-6)*>o» 

{2S6 *°*“M m ~* («+6)*>o*> (a— 6)*, 

2» m - 2 ir*r(OT+i) 


TF-0 (a+6) , >«*. 


(Sonine, Math. Ann. xvi.) 
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39. Shew that, if 1, m>- $ and 

JFs* j (ax) J % (bx) c/ w (car) dx, 

Oyb,c being positive, then 
JP-0 (a- 

TF-CSirr*®"-^- 1 «-•*(1 - m *)U 2>»- 1 ) p*~* (,,) (a+6)*>c*>(a-6)*, 

JF=(|*-)-»«■*-»6»-i<r~ Wn( ? r ~ - ) - ( Ml »-l)i(*»-« 

c*>(a+S)* 

where /*=(a 2 +5 s - c*)j2ab, pi~ -p. 

(Macdonald, Pros. London Math . £oc. (2), vii.) 

40. Shew that, if R (m > 0, 

7 ~ W = 2~r(m+i)r(i) /J 00611 (* cos *) 8inim * d *’ 

and, if | argx | <^ir,* 

/ x (i)cosmff /* -^ C0 ih4 fl i n T 1 fc» j 

- V»T(m+\) jo smh 

Prove also that 

W*2"* ^ r (»a+|) COS 771 IT J* ('W 2 -f X 2 )™**”^ cos 

(Math. Trip. 1898. Cf. Basset, P?*oc. <7am&. PAi£ Soc. vi.) 
[The first integral may be obtained by expanding in powers of x and integrating term- 
by-term. To obtain the second, consider 


ni+, -i+) _ , 

e-«(t2-l) m -*dt, 


where initially arg (t — 1)—arg (t +1) *= 0. Take 1 1 1 > 1 on the contour, expand (t s — in 

descending powers of t, and integrate term-by-term. The result is 

gin (2mir) T (2m) 2 “ 1 "* r (1 - m) P_ m (x). 

Also, deforming the contour by flattening it, the integral becomes 

2i$ m * i 2* sin 2ftiir J e - ** (ft — l)* 1- "* dt -f 2ie 2mrri z m cos mir i:, dt •, 

and consequently 

r /\ t / \ 2 l_m sin (mir) z m [* ... , , 

/-«(*) 7. (*) r(i) r(m+i) j j * -1) ^ 

41. Shew that 0* (x) satisfies the differential equation 

cP0 A (x) 3rf0 A (x) f n 2 -ll 
^r- + J “35" + l 1 —P“J 

where ^ n =x“ 1 (n even), g n =nz~ 2 (n odd). (K. Neumann.) 

42. If f(z) be analytic throughout the ring-shaped region bounded by the circles c, 0 
whose centres are at the origin, establish the expansion 

/ W — i<*0 Lo(z)-{-aiJi (x)-f 03«/2 (x)+ ». 

+ ( 2 ) + ft Oj (x)+£3 0 % (x) -I- 

where «.*=i j c f(t) O n (t)dt, Pn-^J f(t)J K (t)dt. (K. Neumann.) 

43. Shew that, if x and y are positive, 

/ "*-£* e-ir 

o 

where <’«»+V(**+y*)- ftn 4 1) or t^/(1 -i 3 ) according as i> 1 or £< 1. 

(Math. Trip. 1906.) 
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44. Shew that, with suitable restrictions on n and on the form of the function f(x), 

J n (tx) t fix') J n (ta?) a! da? j- dt. 

[A proof with an historical account of this important theorem is given by Nielsen, 
Cylinderfunktionen , pp. 360-363. It is due to Hankel, but (in view of the result of § 9*7) 
it is often called the Fourier-Bessel integral.] 

45. If C be any closed contour, and m and n are integers, shew that 

j c J* (*) J. (*) dz=J c O m (t) On (z) dz “J c (*) On (*) &=0, 

unless C contains the origin and m=n; in which case the first two integrals are still zero, 
but the third is equal to in (or 2tri if m=0) if C encircles the origin once counter¬ 
clockwise. (K. Neumann.) 

46. Shew that, if 

(-)» 

plq\ 

and if n be a positive integer, then 

n 

z ^ Gn-m. n + m-1 ^2m-l ( 2 )> 


»-l 

while zl ’‘ 2n ^a n ^ n . 1 O 0 (z)+2 2 

m=1 

(K. Neumann.) 

47. If 2m[ : 

shew that 

( y a -^ a )' l * s fio ( y ){«^ o (^)} 2 + 2 ^ Q «( y ) {J H ( j ?)} 2 

n=l 

when the series on the right converges. (K. Neumann, Math. Ann . ni.) 

48. Shew that, if c> 0, R(n )> -1 and R(a±b) % >0, then 

J*(a)Jn(b)=^] e 9ot ^exp^-a 2 -* 2 )/^} .I n (ab/t)dt. 

(Macdonald, Proc. London Math. Soc. ixxii.) 

49. Deduce from example 48, or otherwise prove, that 
(a* +5* - 2a6 cos d)~** J n {(a 2 +6 2 —2a6 cos 6)*} 


50. Shew that 


satisfies the equation 


S 2*T(n) 2 

91=0 

(Gegenbauer, Wiener Sitzungtberie/Ue, LXIX. lxxiv.) 
y -* 4 i ( t ) (tel) <* - 1 * 


(i + F^l) J+(* s -™ s +y) ^ZT}“° 

if it* J m (t) (tei) -t*^ J m ' (t) Jn (tzi)+z^ <* +1 J m (<) 4' (<**) 

resumes its initial value after describing the contour. 

Deduce that, when 0<s<l, 

. r(n) z^r-v 


/; 


, (te^) dt = 2y-*-fi r (1 (y) ‘^ T ( a > *)• 

(Schafheitlin, Math . An*. xxx.; Math. Trip. 1903.) 
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THE EQUATIONS OF MATHEMATICAL PHYSICS 

18*1. The differential equations of mathematical physics . 

The functions which have been introduced in the preceding chapters are 
of importance in the applications of mathematics to physical investigations. 
Such applications are outside the province of this book; but most of them 
depend essentially on the fact that, by means of these functions, it is possible 
to construct solutions of certain partial differential equations, of which the 
following are among the most important: 

(I) Laplace's equation 

<fv dfr <pf 

doc 1 dy 7 dz 2 

which was originally introduced in a memoir* on Saturn’s rings. 

If (r, y, z) be the rectangular coordinates of any point in space, this equation is 
satisfied by the following functions which occur in various branches of mathematical 
physics: 

(i) The gravitational potential in regions not occupied by attracting matter. 

(ii) The electrostatic potential in a uniform dielectric, in the theory of electro¬ 
statics. 

(iii) The magnetic potential in free aether, in the theory of magnetostatics. 

(iv) The electric potential, in the theory of the steady flow of electric currents in 
solid conductors. 

(v) The temperature, in the theory of thermal equilibrium in solids. 

(vi) The velocity potential at points of a homogeneous liquid moving irrotationally, 
in hydrodynamical problems. 

Notwithstanding the physical differences of these theories, the mathematical investi¬ 
gations are much the same for all of them: thus, the problem of thermal equilibrium in a 
solid when the points of its surface are maintained at given temperatures is mathe¬ 
matically identical with the problem of determining the electric intensity in a region 
when the points of its boundary are maintained at given potentials. 

(II) The equation of wave motions 

d 7 V d*V S*V l d*V 
da? + dy 2 ds? c* dt* " 

This equation is of general occurrence in investigations of undulatory disturbances 
propagated with velocity c independent of the wave length ; for example, in the theory of 
electric waves and the electro-magnetic theory of light, it is the equation satisfied by each 
component of the electric or magnetic vector; in the theory of elastic vibrations, it 
is the equation satisfied by each component of the displacement; and in the theory 
of sound, it is the equation satisfied by the velocity potential in a perfect gas. 

* Mim. dt l 3 Acad, det Sciences, 1787 (published 1789), p. 262. 
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(III) The equation of conduction of heat 

&v vv &r idv 

da? + df + da? dt ■ 

This is the equation satisfied by the temperature at a point of a homogeneous isotropic 
xxiy; the constant k is proportional to the heat conductivity of the body and inversely 
>roportional to its specific heat and density. 

(IV) A particular case of the preceding equation (II), when the variable 
? is absent, is 

VV 1VV 

da? + 0y 2 <? d# * 

This is the equation satisfied by the displacement in the theory of transverse vibrations 
f a membrane; the equation also occurs in the theory of wave motion in two dimensions. 


(V) The equation of telegraphy 


LK* V +KR dV J* V 
LK dt' +KR dt da?' 


This is the equation satisfied by the potential in a telegraph cable when the inductance 
the capacity K , and the resistance R per unit length are taken into account. 

It would not be possible, within the limits of this chapter, to attempt 
>n exhaustive account of the theories of these and the other differential 
quations of mathematical physics; but, by considering selected typical 
ases, we shall expound some of the principal methods employed, with 
pecial reference to the uses of the transcendental functions. 


18*2. Boundary conditions . 

A problem which arises very frequently is the determination, for one of the 
quations of § 18T, of a solution which is subject to certain boundary con- 
litions; thus we may desire to find the temperature at any point inside a 
lomogeneous isotropic conducting solid in thermal equilibrium when the 
oints of its outer surface are maintained at given temperatures. This 
mounts to finding a solution of Laplace’s equation at points inside a given 
urfoce, when the value of the solution at points on the surface is given. 

A more complicated problem of a similar nature occurs in discussing 
mall oscillations of a liquid in a basin, the liquid being exposed to the 
tmosphere; in this problem we are given, effectively, the velocity potential 
t points of the free surface and the normal derivate of the velocity potential 
r here the liquid is in contact with the basin. 

The nature of the boundary conditions, necessary to determine a solution 
niquely, varies very much with the form of differential equation considered, 
ven in the case of equations which, at first sight, seem very much alike, 
'hus a solution of the equation 

S 2 F , W A 
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(which occurs in the problem of thermal equilibrium in a conducting 
cylinder) is uniquely determined at points inside a closed curve in the 
ay-plane by a knowledge of the value of V at points on the curve; but 
in the case of the equation 

&V_ldjV 
dx* c 2 dt* 

(which effectively only differs from the former in a change of sign), occurring 
in connexion with transverse vibrations of a stretched string, where V 
denotes the displacement at time t at distance x from the end of the 
string, it is physically evident that a solution is determined uniquely only if 
dV 

both V and are given for all values of x such that O^x^l, when £ = 0 

(where l denotes the length of the string). 

Physical intuitions will usually indicate the nature of the boundary 
conditions which are necessary to determine a solution of a differential 
equation uniquely; but the existence theorems which are necessary from 
the point of view of the pure mathematician are usually very tedious and 
difficult*. 

18*3. A general solution of Laplaces equation f. 

It is possible to construct a general solution of Laplace’s equation in the 
form of a definite integral. This solution can be employed to solve various 
problems involving boundary conditions. 

Let V (x, y, z) be a solution of Laplace’s equation which can be expanded 
into a power series in three variables valid for points of (x , y, z) sufficiently 
near a given point (# 0 > y 0 > *o)* Accordingly we write 

x = x Q + X, y = y 0 + F, z = z 0 +Z; 
and we assume the expansion 

F= Oq + OiX 4* biY 4* c x Z + a^X 2 + b a Y 2 + c^Z 2 

4 2 d*YZ+ 2 e*ZX + 2f a XY +..., 

it being supposed that this series is absolutely convergent whenever 

where a is some positive constant^. If this expansion exists, V is said to 
be analytic at (a*. z 0 ). It can be proved by the methods of §§ 3*7, 4-7 

* See e.g. Forsyth, Theory of Function m (1918), §§ 216-220, where an apparently simple- 
problem is discussed. 

t Whittaker, Math . Ann . lvii. (1902), p. 333. 

X The functions of applied mathematics satisfy this condition. 
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that the series converges uniformly throughout the domain indicated and 
may be differentiated term-by-term with regard to X, Y or Z any number of 
times at points inside the domain. 


If we substitute the expansion in Laplace’s equation, which may be 
written 


d*V c?V &V 
dx* + dr t+ dz* 


= 0 , 


and equate to zero (§ 3*73) the coefficients of the various powers of X, T 
and Z t we get an infinite set of linear relations between the coefficients, 
of which 

<h + + c 2 « 0 

may be taken as typical. 

There are —1) of these relations* between the | (n + 2) (n + 1) 
coefficients of the terms of degree n in the expansion of V, so that there 
are only ^ (» + 2) (n + 1) — 2 n (n — 1) = 2n + 1 independent coefficients in 

the terms of degree n in F. Hence the terms of degree n in V must be 
a linear combination of 2n +1 linearly independent particular solutions of 
Laplace’s equation, these solutions being each of degree n in X, Y and Z. 

To find a set of such solutions, consider (Z + iX cos u + iY sin u) n ; it is 
a, solution of Laplace’s equation which may be expanded in a series of sines 
md cosines of multiples of u, thus: 

2 g m (X, F, i?) cos raw + 2 h m (X, Y } F) sin raw, 

m=0 7u=l 

ihe functions g m (X, Y } Z) and h m (X , F, Z) being independent of u. The 
righest power of Z in g m (X } Y, Z) and h m ( X , F, Z) is Z n ~ m and the former 
unction is an even function of F, the latter an odd function, hence 
ihe functions are linearly independent. They therefore form a set of 
5n + 1 functions of the type sought. 

Now by Fourier’s rulef (§ 9*12) 

{X, F, Z) =J (Z + iX cos w + iFsin u) n cos mudu, 

irh m ( X , F, Z) = f (Z+iX cos u + iY sin u) n sin mudu , 


* If a rt9tt (where r+t + t=n) be the coefficient of X r Y*Z t in V, and if the terms of degree 
gsy gap* gap- 

- 2 in + Qy* + b® arranged primarily in powers of X and secondarily in powers of V, 

le coefficient a r%ht does not occur in any term after X^Y'Z 1 (or X r Y , ~ 2 Z t if r=0 or 1), and 
ence the relations are all linearly independent, 
t 2r most be written for r in the coefficient of ( X , V, Z). 
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and so any linear combination of the 2n -h 1 solutions can be written in th< 
form 

J (Z+ iX cos u + iY sin iC) n f n (u) da , 

where/» (it) is a rational function of e iu . 

Now it is readily verified that, if the terms of degree n in the expressioi 
assumed for V be written in this form, the series of terms under the integra 
sign converges uniformly if | JSTp-f |F| 2 + \Z\ 2 be sufficiently small, and s< 
(§ 4*7) we may write 

V= ( 2 (Z+ %X cos u + iY sin u) n f n (w) du. 

J -ir n—0 

But any expression of this form may be written 

V=j F(Z+ iX cos u + iY sin u } u) du, 

where F is a function such that differentiations with regard to X, Y or Z 
under the sign of integration are permissible. And, conversely, if F be anj 
function of this type, V is a solution of Laplace’s equation. 

This result may be written 

V = J f(z + ix cos u -My sin u, u) du, 

on absorbing the terms — 2 0 — w? 0 cos u — iy Q sin u into the second variable: 
and, if differentiations under the sign of integration are permissible, this 
gives a general solution of Laplaces equation; that is to say, every solution 
of Laplace’s equation which is analytic throughout the interior of some 
sphere is expressible by an integral of the form given. 

This result is the three-dimensional analogue of the theorem that 

V=f(x+iy)+g(x-iy) 

is the general solution of 

0 2 7 S2P 

[Note. A distinction has to be drawn between the primitive of an ordinary differential 
equation and general integrals of a partial differential equation of order higher than the 
first*. 

Two apparently distinct primitives are always directly transformable into one another 

by means of suitable relations between the constants; thus in the case of ^^4-y=0, we 

can obtain the primitive C sin (ar+«) from A cos x+B sin x by defining C and r by the 
equations € sin c= A, C cos t**B. On the other hand, every solution of Laplace’s equation 
is expressible in each of the forms 

j~*f(#coat+yaint+iz,t)dt, J g(y cos w+ssin u+ix, u)du\ 

* For a discussion of general integrals of such equations, see Forsyth, Theory of Differential 
Equations, vi. (1906), Ch. xii. 
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but if these are known to be the same solution, there appears to be no general analy tical 
relation, connecting the functions f and y, which will directly transform one form of 
the solution into the other.] 

Example 1. Shew that the potential of a particle of unit mass at (a, b , c) is 


J_ [* 

2 n J (z-cj+i {x- 


a) cos u+i (y - b) sin u 


at all points for which z>c. 

Example 2. Shew that a general solution of Laplace’s equation of zero degree in 
x, y, z is 

j ^log(arcos^+ysini+u)y (t)dt, if j * g(t)dt-0 . 

Express the solutions and log T -~ z in this form, where r L =x l +y 2 +z 2 . 

Example 3. Shew that, in the case of the equation 

^where , integrals of Charpit’s subsidiary equations (see Forsyth, Differential 

Equations , Chap, ix.) are 

(i) 

(ii) p=q+a*. 

Deduce that the corresponding general integrals are derived from 

(i) i(^+^) 3 +4(y-«) 3 +^(«)l 

0 =(#+a) 2 -(y-a) 2 +i^ (a) J * 

(ii) 4s-J (*+y) 3 +2a 2 (tf-y)-a 4 

0 —4a(df—y)—4a 3 (j?+y)“ 1 + (? / (a) J ’ 

and thence obtain a differential equation determining the function O (a) in terms of the 
function F(a) when the two general integrals are the same. 


18*31. Solutions of Laplace's equation involving Legendre functions . 

If an expansion for F, of the form assumed in § 18*3, exists when 

“ y<> 83 * o, 

we have seen that we can express F as a series of expressions of the type 

J (z -f ix cos u + iy sin u) n cos mudu , J (z + ix cos u 4- iy sin u) n sin mudtu, 

where n and m are integers such that Q^m^n. 

We shall now examine these expressions more closely. 

If we take polar coordinates, defined by the equations 

a?=*rsin0cos0, y = r sin0sin<£, z = r cos 6, 
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we have 


j (z + ix cos u + iy sin u) n cos mudu 

= r n J {cos 0 4- i sin 6 cos (u — <f>)} n cos mudu 

frr—$ 

= r n j {cos 6 4* i sin 0 cos i |r} n cos m (<f> + cty 

J -rr-£ 

= r n J {cos 0 +1 sin 5 cos i/r} n cos m(<f> + yfr) dy/r 


= ?** cos m<f> j {cos 0 4* i sin 0 cos tfr} n cos myfrdyjr, 

since the integrand is a periodic function of yfr and 

(cos 0 -f i sin 0 cos ^r) n sin myfr 

is an odd function of yfr. Therefore (§ 15*61), with Ferrers’ definition of the 
associated Legendre function, 

/> 4* ix cos u 4* iy sin u) n cos mudu = r n P n m (cos 0) cos ra<£. 


(w + m)! 

Similarly 

f r , L . , . . . , 27ri m .n\ 

j (z+txcosu+ty sin u) n sm mu du = 


(n -b m)! 


r n P n m (cos 5) sin m<f>. 


Therefore r n P n m (cos 0) cos m</> and r n P n m (cos 0) sin m<f> are polynomials 
in x, y, z and are particular solutions of Laplace's equation . Further , % 
§• 18*3, every solution of Laplace's equation , which is analytic near the origin , 
can 6c expressed in the form 

V = 2 r n «Lt n P n (cos0) 4- 2 (A n (m) cos mif> 4- P n (m) sin m^>) P n m (cos 0) 

*=0 l m=l 

Any expression of the form 


A n P n (cos 0) 4- 2 (^4 n {m) cos 4* Pn (w) sin m<£) P n m (cos 0), 

7H=1 

where n is a positive integer, is called a surface harmonic of degree n; 
a surface harmonic of degree n multiplied by r n is called a solid harmonic 
(or a spherical harmonic) of degree n. 

The curves on a unit sphere (with centre at the origin) on which P n (cos 6) vanishes 
are n parallels of latitude which divide the surface of the sphere into zones, and so P w (cos 6) 

is called (see § 15*1) a zonal harmonic ; and the curves on which m<f >. P n m (cos 6) vanishes 

are n—m parallels of latitude and 2wi meridians, which divide the surface of the sphere 
into quadrangles whose angles are right angles, and so these functions are called tesseral 
harmonics . 
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A solid harmonic of degree n is evidently a homogeneous polynomial of degree n in 
x, y, z and it satisfies Laplace’s equation. 

It is evident that, if a change of rectangular coordinates* is made by rotating the axes 
about the origin, a solid harmonic (or a surface harmonic) of degree n transforms into 
a solid harmonic (or a surface harmonic) of degree n in the new coordinates. 

Spherical harmonics were investigated with the aid of Cartesian coordinates % 
W. Thomson in 1862, see Phil. Tram. (1863), pp. 573-582, and Thomson and Tait, 
Treatise on Natural Philosophy I. (1879), pp. 171-218; they were also investigated 
independently in the same manner at about the same time by Clebsch, Journal f Ur Math. 
LXI. (1863), pp. 195-262. 

Example. If coordinates r, 0, <f> are defined by the equations 

x=rcos0, l)-sin0cos0, z=(r 2 - I)^sin0sin0, 

shew that P n m (r) P n m (cos 0) cos m<p satisfies Laplace’s equation. 


18*4. The solution of Laplace's equation which satisfies assigned boundary 
conditions at the surface of a sphere. 

We have seen (§ 18*31) that any solution of Laplace’s equation which 
is analytic near the origin can be expanded in the form 

V (r, 0, <f>) = £ r n \A n P n (cos 0) 

*=o ( 

4- 2 (A n {m) cos m<j> + B n {wl > sin m(f>) P n m (cos 0)i ; 

m=l ) 

and, from § 3*7, it is evident that if it converges for a given value of r, 
say a, for all values of 0 and <f> such that 0^0^ ir, — tt ^<f> it converges 
absolutely and uniformly when r< a. 

To determine the constants, we must know the boundary conditions 
which V must satisfy. A boundary condition of frequent occurrence is 
that V is a given bounded integrable function of 0 and <f>, say f(0, </>), on 
bhe surface of a given sphere, which we take to have radius a, and V is 
analytic at points inside this sphere. 

We then have to determine the coefficients A n , A n {m) , B n m from the 
aquation 

f(^^)=s 2 a n \A n P n ( cos0) + 2 (An^cos?*^*!?*^ sinm^)P n TO (cos 0)1. 

n=0 l m=l ) 


Assuming that this series converges uniformlyf throughout the domain 


nultiplying by 


O^d^lT, —7T ^<f>^7T, 

P„ m (cos 6) ^ m<f>, 


t 


_ , , . S' a* -s* 

Laplace’s operator & + jp + gp 


is invariant for changes of reetangolar axes. 


This is usually the case in physical problems. 



394 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XVIU 


integrating term-by-term (§ 4'7) and using the results of §§ 15‘14, 15 51 on 
the integral properties of Legendre functions, we find that 

j Jo f(P, 40 Pn m (cos O') cos rtKf>' sin &dd'd<t>' = ira n ^ 

f_ r jlm 40 P« m (cos sin rruf)' sin Wdf - wa» 

T fV(^. 4>') -Pn (cos 00 sin 0Wd<£' « 2wa“ A n . 

J -w J 0 + A 

Therefore, when r < a, 

F(r, 6, = ]>(* 40 {p»(cos 0)P»(cos0O 

+ 2 S 1 ^0; P» m (COS 0) P»« (cos 00 cos — <£')} sin 0W<4' 

The series which is here integrated term-by-term converges uniformly 
when r<a, since the expression under the integral sign is a bounded 
function of 8, ff, fa fa, and so (§ 4*7) 

4 vV(r, 0, «f>) = f f /(0", <#>') £ (2n +1) (-) |p»(cos 0) P» (cos ff) 

J-wJ 0 n=0 W L 

+ 2 I P„»(cos 0)P„“ (cos00 cosm(<£-f)J sin 

Now suppose that we take the line (8, fa) as a new polar axis and let 
(0/, $/) be the new coordinates of the line whose old coordinates were (O', fa): 
we consequently have to replace P» (cos 8) by 1 and P n m (cos 6) by zero; and 
so we get 

4tF(r, 0, *) - f ['/(*'. 4>') £ (2n + l) (^Tp^cos^Osin 

J -* J 0 nf=C \w/ 

- r rm 4>') 5 (2n+ 1 ) (-Y* P„ (cos 0/) sin 0Wdf. 

J-wJq n-o \W 

If, in this formula, we make use of the result of example 23 of Chapter xv 
(p. 332), we get 

J -wJ <r (r* — 2ar cos + a 8 )* 

and so 

4wF(r, 0, £) 

— a (a? — r 4 ) f f i - 

V-Jo Fr*-1 


f(ff t fa) sin ffdffdfa 


/ o [r* — 2ar {cos 6 cos + sin 6 sin O' cos (<f> — <£')} + a 8 ]* 

In this compact formula the Legendre functions have ceased to appear 
explicitly. 
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The last formula can be obtained by the theory of Green's functions. For properties 
of such functions the reader is referred to Thomson and Tait, Natural Philosophy , 
§§ 499-519. 

[Note. From the integrals for V (r, d, <£) involving Legendre functions of cos and 
of cos d, cos & respectively, we can obtain a new proof of the addition theorem for the 
Legendre polynomial. 

For let 

X. (*', <*>') (cos «,') - (cos 6) P n (cos ff) 

+ 2 mli feS"! (C0S 6) P ” {COaff) 008 * (* ■- *>}• 

and we get, on comparing the two formulae for V (r, d, <£), 

If we take f (ff, <f>') to be a surface harmonic of degree n, the term involving r* is the only 
one which occurs in the integrated series; and in particular, if we take f(&, <f>) $ )> 

we get 

f W £{*<* sin ff dff d<j>'=0. 

Since the integrand is continuous and is not negative it must be zero; and so 
Xn (ff, <£')== 0; that is to say we have proved the formula 

* r-T^I( cos *) /V" (cos *0 cos m (0 -<£'), 
mjli \n+m) i 

wherein it is obvious that 


cos =cos 6 cos ff -hsin d sin ff cos ( <f> - <£'), 

from geometrical considerations. 

We have thus obtained a physical proof of a theorem proved elsewhere* (§ 15*7) by 
purely analytical reasoning.] 

Example 1. Find the solution of Laplace’s equation analytic inside the sphere r— 1 
which has the value sin 3d cos <f> at the surface of the sphere. 

[ 1 %r 3 P s 1 (cos ff) cos <f> - (cos d) cos <£.] 


in 


Example 2. Let f n (r, d, <£) be equal to a homogeneous polynomial of degree n 
x, y, z. Shew that 


j* j /»( a > 6* *P) A { cos ^ 008 & +sin d sin ff cos (<£ — <£')} a 2 sin ffdffdfy 




[Take the direction (ff, <f>') as a new polar axis.] 


18 * 5 . Solutions of Laplace's equation which involve Bessel coefficients . 
A particular case of the result of § 18'3 is that 



(z+cos u+iy Bin w> cog mu d u 


s a solution of Laplaces equation, k being any constant and m being any 
nteger. 

* The absence of the factor (- ) m which occurs in § 15*7 is due to the fact that the functions 
ow employed are Ferrers 5 associated functions. 
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Taking cylindrical-polar coordinates (p, <f>, z) defined by the equations 
x = p cos <f>, y = p sin <f>, 
the above solution becomes 

e**J e*? 00 * (u ~+ ] cos mudu — e*? 00 * v cos m(v + <f>). dv 

= 2^ z f e iipcoat; cos mv cos m<j>dv 
Jo 

*= cos e apcoer cos mvcfo, 

and so, using § 17*1 example 3, we see that 2*7ri m e** cos (ra<£). J m (kp) is a 
solution of Laplace*s equation analytic near the origin* 

Similarly, from the expression 

J* ^»+i»coau+ty8inu) gin mu du, 

where m is an integer, we deduce that 2?rt ,n e* z sin (m<f >). J m ( kp ) is a solution 
of Laplace*8 equation . 


18*51. The periods of vibration of a uniform membrane*. 

The equation satisfied by the displacement V at time f of a point (#, y) of a uniform 
plane membrane vibrating harmonically is 

<PV &V ld*V 
dx* + 0y a “c* dfl 9 

where e is a constant depending on the tension and density of the membrane. The 
equation can be reduced to Laplace’s equation by the change of variable given by z—cti. 
It follows, from § 18*5, that expressions of the form 


T \ cos .cos . 
v*p) * nub . ckt 
sm ^ sin 


satisfy the equation of motion of the membrane. 

Take as a particular case a drum , that is to say a membrane with a fixed circular 
boundary of radius R. 

Then one possible type of vibration is given by the equation 
V=*J m (kp) cos m<j) cos ckt, 

provided that V=*0 when p—R; so that we have to choose k to satisfy the equation 

J m (kR)-0. 

This equation to determine k has an infinite number of real roots (§ 17*3 example 3), 
k\, &ii *s, ... say. A possible type of vibration is then given by 

V**J m (krp) cos m<f> cos ckjt (r-1, % 3, ...). 

This is a periodic motion with period 2ir/(ck r ); and so the calculation of the periods 
depends essentially on calculating the zeros of Bessel coefficients (see § 17*9). 


* Euler, Novi Comm . Acad. Petr op. x. (1764) [published 1766], pp. 243-260; Poisson, Mem. 
de VAcademic, vm. (1829), pp. 857-570; Bourgefc, Ann. de VEcole norm . sup . m. (1866), pp. 55-95. 
For a detailed discussion of vibrations of membranes, see also Rayleigh, Theory of Sound , 
Chapter ix. 
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Example. The equation of motion of air in a circular cylinder vibrating per¬ 
pendicularly to the axis OZ of the cylinder is 

d 2 V &V 1 &V 
ex 2 + dy 2 ~~ c* df* 9 

V denoting the velocity potential. If the cylinder have radius R } the boundary condition 
dV 

is that 0^—0 when p=iL Shew that the determination of the free periods depends on 
finding the zeros of J m ' (0=0. 


18*6. A general solution of the equation of wave motions . 

It may be shewn* by the methods of § 18*3 that a general solution of 
the equation of wave motions 

V7 »V (PV^l &V 

da 2 + dy 2 + dz 2 c 2 S t 2 

is F=J j ffeainucosv + ysinuainv+zcosu + ct, u, v)dudv, 

where /is a function (of three variables) of the type considered in § 18*3. 

Regarding an integral as a limit of a sum, we see that a physical 
interpretation of this equation is that the velocity potential V is produced 
by a number of plane waves, the disturbance represented by the element 
f(x sin u cos v + y sin usin v + *cos u+ ct, w, v)SuSv 
being propagated in the direction (sin u cos v y sin u sin v, cos u ) with velocity c. 
The solution therefore represents an aggregate of plane waves travelling in 
all directions with velocity c. 


18*61. Solutions of the equation of wave motions which involve Bessel 
functions . 

We shall now obtain a class of particular solutions of the equation of 
wave motions, useful for the solution of certain special problems. 

In physical investigations, it is desirable to have the time^ occurring by 
means of a factor sin ckt or cos ckt, where k is constant. This suggests that 
we should consider solutions of the type 

T r = J J (z u COB v+y sin U Bin v-hz CO* u+ct) f(u y v) dudv. 

Physically this means that we consider motions in which all the elementary waves 
have the same period. 

Now let the polar coordinates of (x } y, z) be (r, 0 , <f>) and let (m, yfr) be the 
polar coordinates of the direction ( u t v) referred to new axes such that 
}he polar axis is the direction (0 f <j>), and the plane yfr = 0 passes through 
0Z] so that 

cos 6) = cos 0 cos u + sin 0 sin u cos (<f> — v) t 
sin u sin (<f> — v) = sin o> sin yfr. 

* See the paper previously cited, Math. Ann. lvii. (1902), pp. 342-345, or Messenger of Mathe - 
natics, xxxvi. (1907), pp. 98-106. 
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Als o, take the arbitrary function f(u,v) to be S n (u, v) sin u, where 8, 
denotes a surface harmonic in u, v of degree n; so that we may write 

S n (u, v) = S n (0,<f>; to, ifr), 

where (§ 18*31) S n is a surface harmonic in », y/r of degree n. 

We thus get 

V*s e*** j J e* rcc *“ S n (0, <p ; a, y^) sin adodyjr. 

Now we may write (§ 18*31) 

S n ( 0, <t>; to, yfr) = A n (0, <f>). P„ (cos to) 

+ 5 {A n ™ (0, <f>) cos myfr + B n m {0, <f>) sin myfr] P n m (cos to), 

m=l 

where A n (0 , <£), A n {m) (0, <f>) and B n {m) (0 } <f>) are independent of yfr and o>. 
Performing the integration with respect to we get 

V — 2 t rre ikct A n (0, <f>) f e i * rc< *“ P n (cos w) sin codeo 
Jo 

= 2 ire** 4 * A n ( 0 , <f>) J P n (/a) dp 

- W“ A. (». «/‘ t jrjj £ (✓ - vri>, 

by Rodrigues’ formula (§ 15*11); on integrating by parts n times and using 
Hankers integral (§ 17*3 corollary), we obtain the equation 

o_r r i 

Fas= 2«Tn! *** An ^ ( ikr ^ n J_ x eikr * (! - PT d f* 

-<*»)» i»^(kr)-ij n+i (kr) A n (0, <f>\ 

and so V is a constant multiple of e***r~* J n+ ^(kr) A n (0, <j>). 

Now the equation of wave motions is unaffected if we multiply as, y, z 
and t by the same constant factor, i.e. if we multiply r and t by the same 
constant factor leaving 0 .and <f> unaltered; so that A n (0, <f>) may be taken 
to be independent of the arbitrary constant k which multiplies r and t 

Hence lim e** 4 * k~ n '~^ J n+ i (hr) A n ( 0 , 0) is a solution of the equation 

of wave motions; and therefore r»A n (0, <f>) is a solution (independent of t) 
of the equation of wave motions, and is consequently a solution of Laplace's 
equation; it is, accordingly, permissible to take A n (0, <f>) to be any surface 
harmonic of degree n; and so we obtain the result that 

r~iJ nH (kr) P a » (cos 0) ^ mj> ^ ckt 

is a particular solution of the equation of wave motions . 
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18 * 611 . Application of § 18*61 to a physical problem. 

The solution just obtained for the equation of wave motions may be used in the 
following manner to determine the periods of free vibration of air contained in a rigid 
sphere. 

The velocity potential V satisfies the equation of wave motions and the boundary 
dV 

condition is that *0 when r=a, where a is the radius of the sphere. Hence 

V=r~ij a+i (h) (cos *) ** Z 

gives a possible motion if 1c is so chosen that 

£ 0 . 

This equation determines k; on using § 17*24, we see that it may be written in 
the form 

tan ka-f n (ka), 

where f n {ka) is a rational function of ka. 

In particular the radial vibrations, in which V is independent of 6 and <f>, are given by 
taking n**0; then the equation to determine k becomes simply 

tan£a=jfca; 

and the pitches of the fundamental radial vibrations correspond to the roots of this 
equation. 
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Miscellaneous Examples. 

I. If V be a solution of Laplace’s equation which is symmetrical with respect to QZ, 
and if V = f{z] on 0Z, shew that if /{£} be a function which is analytic in a domain of 
values (which contains the origin) of the complex variable f, then 

f f {s+i (a?+y 2 ft cos <f>}dd> 

* J 0 

at any point of a certain three-dimensional region. 

Deduce that the potential of a uniform circular ring of radius c and of mass M lying in 
the plane X0Y with its centre at the origin is 

-f [c*+{*+»•(** +y s )* coa <*,}»]- * d<t>. 
ir J o 
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2. If V be a solution of Laplace’s equation, which is of the form e™** F(p, 2 ), whei 
(p, <j>> z) are cylindrical coordinates, and if this solution is approximately equal 1 

near the axis of z, where /(£) is of the character described in example ! 

shew that 

(Dougall.) 

3. If u be determined as a function of V and z by means of the equation 

Ax+By+Cz=l 9 

where A, By C are functions of u such that 

A* + B*+C*-O y 

shew that (subject to certain general conditions) any function of u is a solution c 
Laplace’s equation. 

(Forsyth, Mestenger^ xxvn. (1898), pp. 99-118.) 

4. A, B are two points outside a sphere whose centre is C. A layer of attracting 
matter on the surface of the sphere is such that its surface density cr p at P is given b; 
the formula 

< r p ac(AP.BP)-K 

Shew that the total quantity of matter is unaffected by varying A and B so long a 
CA. OB and ACB are unaltered; and prove that this result is equivalent to the theoren 
that the surface integral of two harmonics of different degrees taken over the sphere 
is zero. 

(Sylvester, Phil. Mag. (5), n. (1876), pp. 291-307.) 

5. Let V (x, y, z) be the potential function defined analytically as due to particle* 
of masses X+tys X-tfi at the points (a+ia\ b+ib', c+icf) and (a—ia', b - ib\ c-icf 
respectively. Shew that V (x, y, z) is infinite at all points of a certain real circle, anc 
if the point (x, y, z) describes a circuit intertwined once with this circle the initia 
and final values of V (x, y, z) are numerically equal, but opposite in sign. 

(Appell, Math. Ann . xxx. (1887), pp. 155-156.) 

6. Find the solution of Laplace’s equation analytic in the region for which a<r<A 
it being given that on the spheres r=a and r=A the solution reduces to 

^ &*P% (nos d) y 2 C n P % (cos 6\ 

0 *=o 

respectively. 

7. Let O' have coordinates (0, 0, c), and let 

Pdz-8, P0'Z-ff, PO-r, POT 

Shew that 

P % {coe8 r )_P n (co6 8)_ L ^ t ^ s oP K+ i( cosd) , (n+1) (»+2)c*P» + ,(costf) . 

,/»*! ~ T ppti -i gj —-+—> 


c-r +(»+*) 


rP 1 (cos 6) (n+1) (n+2) r*P 2 (cos 6) 


according as r>c or r<c. 


Obtain a similar expansion for r*P % ' (cos 6). (Trinity, 1893.) 

8. At a point (r, 0, <f>) outside a uniform oblate spheroid whose semi-axes are a, 6 and 
whose density is p, shew that the potential is 

lirjq’&f 1 — I ‘}( co&6 ') ■ m< -PiCcoatf) "I 
p L*' 3.5 + 5.7 r* **'J» 

where m*=a l —IP and r>m. Obtain the potential at points for which r<m. 

(St John’s, 1899.) 
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9. Shew that 

gfrcof* «(!«.)* 2 ( 2 n+ 1 ) r- *P n (cos B) (r). 

(Bauer, Journal fur Math, lvi.) 

10 *. Shew that if x±iy—h cosh (f ±it;), the equation of two-dimensional wave motions 
in the coordinates £ and 7 is 

&V&V k 3 2 ,0*F /T .. 

0 |T + ‘jy ~ ^ (cosh 3 £ - cos 3 7 ) -jp-. (Lamd.) 

11 . Let x=(c+r cos 6) cos<£, y**(c 4 -rcos 0 )sm<£, z—rainti; 

shew that the surfaces for which r, 6, <f> respectively are constant form an orthogonal 
system; and shew that Laplace’s equation in the coordinates r, d, <j> is 
0 ( , , *0F1 J 0 f. t a 0F1 r 027 

S V (c+r006+ r 5a\ (c+r008 6) 8*j + =a 

(W. D. Niven, Messenger, x.) 

12 . Let P have Cartesian coordinates (a?, y, x) and polar coordinates (r, 0 , <j>). Let 

the plane POZ meet the circle z—0 in the points a, y; and let 

aPy= 6 >, log (PafPy) — <r. 

Shew that Laplace’s equation in the coordinates <r, ®, <j> is 
f sinho- 0 F) 

0er \cosho-—cos ® 0<r J 
and shew that a'solution is 

V= (cosher—cos <a)^coan<o cos vufiP m ’ (cosho-). 

H- 3 

(Hicks, Phil. Trans, CLXXII. pp. 617 et seq.) 

13. Shew that 


0 

( sinher 0Fj 


f sinho- an 

0 CT 

[cosho--cos® 0o- j 

. 

0 ® 

(cosh o- - cos ® 3® J 


(R?+p*-2Rp cost^+c 2 )-* = 2 


—Jinwi r go pr 


*» (ip) P**«*«C0B WUtfo, 


* 1=0 sr 

and deduce an expression for the potential of a particle in terms of Bessel functions. 

14. Shew that if a, 6, c are constants and X, /*, * are confocal coordinates, defined as 
the roots of the equation in c 

** 1 .y 8 - £ , 

o*+i 6*+« 5 

then Laplace’s equation may be written 


where 


AxO*- *0 4 {ax U} +A m (v-X) I (a, !£} +A.(X- m )|- {a, |TJ-0, 
Ax=V{(a*+X)(6>+X)(c»+X)}. 


(Lamd.) 


* Examples 10,11, 12 and 14 are most easily proved by using Lamp’s result (Journal de 
VJtcole Polyt. xiv. eahier 23 (1834), pp. 191-288) that if (X, jjl, v) be orthogonal coordinates for 
which the line-element is given by the formula (&c) a 4 * (&/ ) a 4- (te) a =(H, 5\) 3 4 *(fT a Sp ) 2 +(Hj Sr ) a , 
Laplace’s equation in these coordinates is 


0 

ax 


V Hi 0X / ) + 3 m\ H a H s 0* 



A simple method (due to W. Thomson, Camb. Math . Journal , iv. (1845), pp. 33-42) of proving 
this result, by means of arguments of a physical character, is reproduced by Lamb, Hydro- 
dynamics (1916), § 111. Analytical proofs, based on Lamp’s proof, are given by Bertrand, 
TraiU de Calcul DiJMrentielle (1864), pp. 181-187, and Goursat, Coun d’Analyte, 1 . (1910), 
pp. 155-159; and a most compact proof is due to Neville, Quarterly Journal , xux. (1923), pp. 338- 
352. Another proof is given by Heine, Theorie dtr Kugelfunctionen , 1 . (1878), pp. 303-306. 
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15. Shew that a general solution of the equation of wave motions is 

V=s j F (x cos 0+y sin 0+iz, y+iz s'm 0+ct cos 0, 0)d0. 

(Bateman, Proc. London Math, Soc. (2) I. (1904), p. 457.) 

16. If J7=*/( x, y, z,t) be a solution of 

13E-2E ± 

prove that another solution of the equation is 

r-r./ 0 , 

17. Shew that a general solution of the equation of wave motions, when the motion is 
independent of #, is 

J f(z+ip cos0, ct+p sin 0) dB 

+ /o7V KSinh ( q+ ptinr i ) '<* 6)d6da ' 

where p, <f>, z are cylindrical coordinates and a, 6 are arbitrary constants. 

(Bateman, Proc. London Math . Soc, (2) I. (1904), p. 458.) 


18. If V =/(#, y, z) is a solution of Laplace’s equation, shew that 

v 1 * ( a* \ 

* (x—iyp V® (#— iy ) 5 2i>-ty)’ x-iq) 

is another solution. 

(Bateman, Proc, London Math, Soc, (2) vir. (1909), p. 77.) 


19. If U—f{x i y, 2 , t) is a solution of the equation of wave motions, shew that 
another solution is 

f(JL- JL_ _lf±L\ 

z-ct J \z~ct * z~ct * 2 (z—cty 2c (z—ct)J' 

(Bateman, Proc, London Math, Soc. (2) vii. (1909), p. 77.) 

20. If l=x—iy, m**z+iw, »=^ a +y s +«*+ 2 r 2 , 

X=a?+iy, p**z — ito, v=»— 1, 
so that ZX+mp+nvAO, 

shew that any homogeneous solution, of degree zero, of 


&U f d*U ( t 8*Z7 A 


satisfies 


W ,9*17 a*£T 

8Z0X + 5m3ji ’ 


and obtaiu a solution of this equation in the form 


(a, b, c "I 

p -{ a, ft y, fj-, 

U. p, v ) 

tk=(b-c) (C-a), «jt=(c-«)(£-&), nv=(a-b)((-c). 

(Bateman, Proc. London Math. Soc. (2) vil (1909), pp. 78-82.) 


where 
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21 *. If (r, 3, <f>) are spheroidal coordinates, defined by the equations 

x=c(r*+l)^sindcos^, y=»c(r*-f l)isindsin^, z=*cr cos 3, 

where x, y, z are rectangular coordinates and c is a constant, shew that, when n and m are 
integers, 

(Blades, Proc. Edinburgh Math . Soc. xxxni.) 


22. With the notation of example 21, shew that, if z 4= 0, 


f* a ( xGo&t+ysaLt+iz \ cos 
J -*• \ c /sin 


(Jeffery, Proc. Edinburgh Math. Soc. xxxiii.) 


23. Prove that the most general solution of Laplace’s equation which is of degree zero 
in x , y, z is expressible in the form 

where/and Fare arbitrary functions. 

(Donkin, Phil. Trans. 1857 ; Hobson, Proc. London Math. Soc. (1) xxn. p. 422.) 

* The functions introduced in examples 21 and 22 are known as internal and external 
spheroidal harmonies respectively. 



CHAPTER XIX 

MATHIEU FUNCTIONS 


19*1. The differential equation of Mathieu. 

The preceding five chapters have been occupied with the discussion o 
functions which belong to what may be generally described as the hyper 
geometric type, and many simple properties of these functions are now wel 
known. 

In the present chapter we enter upon a region of Analysis which lief 
beyond this, and which is, as yet, only very imperfectly explored. 

The functions which occur in Mathematical Physics and which come 
next in order of complication to functions of hypergeometric type are 
called Mathieu functions ; these functions are also known as the functions 
associated with the elliptic cylinder . They arise from the equation of two- 
dimensional wave motion, namely 

d'V 0*F 1 &V 
3 a? + Sy 2 ** c 2 dt * * 

This partial differential equation occurs in the theory of the propagation of electro¬ 
magnetic waves; if the electric vector in the wave-front is parallel to OZ and if E denotes 
the electric force, while (& x1 0) are the components of magnetic force, Maxwell’s 

fundamental equations are 

1 bE dffy dIT x dff z bE dff v 3 E 
c 2 dt ** bx dy 9 dt by 9 dt "’’Sr* 

c denoting the velocity of light; and these equations give at once 

1 &E_&E &E 
c* dt? V* 

In the case of the scattering of waves, propagated parallel to OX, incident on an 
elliptic cylinder for which OX and OF are axes of a principal section, the boundary 
condition is that E should vanish at the surface of the cylinder. 

The same partial differential equation occurs in connexion with the vibrations of 
a uniform plane membrane, the dependent variable being the displacement perpendicular 
to the membrane; if the membrane be in the shape of an ellipse with & rigid boundary, 
the boundary condition is the same as in the electromagnetic problem just dis cussed. 

The differential equation was discussed by Mathieu* in 1868 in connexion 
with the problem of vibrations of an elliptic membrane in the following 
manner: 


* Journal de Math . (2), xra. (1868), p. 137. 
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Suppose that the membrane, which is in the plane XOY when it is 
in equilibrium, is vibrating with frequency p. Then, if we write 

u (#, y) cos (pt + e), 

the equation becomes 


d*u 3 Hi p i 
dy 2 

Let the foci of the elliptic membrane be (± A, 0, 0), and introduce new 
real variables* f, rj defined by the complex equation 

x + iy = h cosh (| -f i*7)> 

so that x = li cosh f cos rj , y » h sinh f sin 17 . 


The curves, on which f or rj is constant, are evidently ellipses or hyper¬ 
bolas confocal with the boundary; if we take £ ^0 and — 7 r< rj to each 
point (x, y, 0 ) of the plane corresponds one and only onef value of (f, 17 ). 

The differential equation for u transforms into* 


3 *u t d*u h 2 p*, ,. „ 

-j|i + gyi + 0 ( cosh f ~ cos V) « = 0. 

If we assume a solution of this equation of the form 

u = F({)G( v ), 


where the factors are functions of £ only and of 17 only respectively, we see 
that 


' 1 


+ 




Since the left-hand side contains f but not * 7 , while the right-hand side 
contains rj but not f, jF(f) and Cr ( 17 ) must be such that each side is a constant, 
A , say, since f and 17 are independent variables. 

We thus arrive at the equations 

+ (^r «»* * - -l) i’(f) = 0, 
cos^ - a) G( V ) - 0. 

By a slight change of independent variable in the former equation, we see 
that both of these equations are linear differential equations , of the second 
order , of the form 

^ + (a+ 16gcos 2z) u = 0 ," 


* The introduction of these variables is due to Lame, who called £ the thermometric parameter . 
They are more usually known as confocal coordinates . See Lam4, Sur les fonctions inverses des 
transcendantes , 1 ** Le$on. 

t This may be seen most easily by considering the ellipses obtained by giving £ various 
positive values. If the ellipse be drawn through a definite point (£, 17 ) of the plane, 17 is the 
eccentric angle of that point on the ellipse. 

t A proof of this result, due to Lam4, is given in numerous text-books; see p. 401, footnote. 
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where a and q are constants* * * § . It is obvious that every point (infinity ex¬ 
cepted) is a regular point of this equation. 

This is the equation which is known as Mathieus equation and, in certain 
circumstances (§ 19'2), particular solutions of it are called Matkieu functions. 

19 * 11 . The form of the solution of Mathieu's equation. 

In the physical problems which suggested Mathieu’s equation, the constant 
a is not given a priori , and we have to consider how it is to be determined. 
It is obvious from physical considerations in the problem of the membrane 
that u(x y y) is a one-valued function of position, and is consequently unaltered 
by increasing rj by 2w; and the conditionf G(i} + r) = G (rj) is sufficient to 
determine a set of values of a in terms of q . And it will appear later (§§ 19*4, 
19*41) that, when a has not one of these values, the equation 

G( v + 2tt) = G(v) 

is no longer true. 

When a is thus determined, q (and thence p) is determined by the fact 
that F(%) = 0 on the boundary; and so the periods of the free vibrations of 
the membrane are obtained. 

Other problems of Mathematical Physics which involve Mathieu functions in their 
solution are (i) Tidal waves in a cylindrical vessel with an elliptic boundary, (ii) Certain 
forms of steady vortex motion in an elliptic cylinder, (iii) The decay of magnetic force 
in a metal cylinder J. The equation also occurs in a problem of Rigid Dynamics which 
is of general interest §. 

19 * 12 . Hill's equation . 

A differential equation, similar to Mathieus but of a more general nature, 
arises in G. W. Hill’s || method of determining the motion of the Lunar 
Perigee, and in Adams’If determination of the motion of the Lunar Node. 
Hill’s equation is 

+ {Q* + 2 2 6 n cos 2r iz^j 0. 

The theory of Hill’s equation is very similar to that of Mathieu’s (in spite 
of the increase in generality due to the presence of the infinite series), so the 
two equations will, to some extent, be considered together. 

* Their actual values are a—A- hr^j (2c 2 ), ^ = /i 2 p 3 /(32c 2 ); the factor 16 is inserted to avoid 
powers of 2 in the eolation. 

+ An elementary analogue of this result is that a solution of -f au=0 has period 2r if, 

(hr r 

and only if, a is the square of an integer. 

t B. C. Maclaurin, Trans. Gamb. Phil . Soc. xvii. p. 41. 

§ A. W. Young, Proc. Edinburgh Math. Soc. xxxii. p. 81. 

|| Acta Math. vin. (1886). Hill’s memoir was originally published in 1877 at Cambridge, 
U.S.A. 

IT Monthly Notices B.A.S. xxxvm. p. 43. 
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In the astronomical applications 6 0) d u ... are known constants, so the 
problem of choosing them in such a way that the solution may be periodic 
does not arise. The solution of Hill's equation in the Lunar Theory is, in 
fact, not periodic. 

19 * 2 . Periodic solutions of Mathieu s equation. 

We have seen that in physical (as distinguished from astronomical) 
problems the constant a in Mathieu's equation has to be chosen to be such 
a function of q that the equation possesses a periodic solution. 

Let this solution be G(z) ; then G (z), in addition to being periodic, is an 
integral function of z. Three possibilities arise as to the nature of G (z) : 
(i) G (z) may be an even function of z, (ii) G (z) may be an odd function of z, 
(iii) G (z) may be neither even nor odd. 

In case (iii), 4 {# (z) + G (— z)} 

is an even periodic solution and 

*{(?(*)-<?(-*)} 

is an odd periodic solution of Mathieu’s equation, these two solutions forming 
a fundamental system. It is therefore sufficient to confine our attention to 
periodic solutions of Mathieu's equation which are either even or odd. These 
solutions, and these only ; will be called Mathieu functions. 

It will be observed that, since the roots of the indicial equation at 2=0 are 0 and 1, 
two even (or two odd) periodic solutions of Mathieu’s equation cannot form a fundamental 
system. But, so far, there seems to be no reason why Mathieu’s equation, for special 
values of a and q, should not have one even and one odd periodic solution; for com¬ 
paratively small values of | q | it can be seen [§ 19*3 example 2, (ii) and (iii)] that Mathieu’s 
equation has two periodic solutions only in the trivial case in which <£=0; the result that 
there are never pairs of periodic solutions for larger values of Jy| is a special case of a 
theorem due to Hille, Proc. London Math . Soc. (2) xxm. (1924), p. 224. See also luce, Proc. 
Camb. Phil. Soc . XXI. (1922), p. 117. 

19 * 21 . An integral equation satisfied by even Mathieu functions*. 

It will now be shewn that, if G (v) is any even Mathieu function, then 
G {rj) satisfies the homogeneous integral equation 

where k = »J(S2q). This result is suggested by the solution of Laplace’s 
equation given in § 18'3. 


* This integral equation and the expansions of § 19'3 were published by Whittaker, Proc. 
Int. Congress of Math. 1912. The integral equation was known to him as early as 1904; see 
Trans. Camb . Phil . Soc. xxi. (1912), p. 193. 
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For, if x + iy = h cosh (£-f iy) and if F(%) and G (y) are solutions of th* 
differential equations 

-(A + ro 4 A 4 cosh 4 %)F(%) = 0, 

+ (A + m*h? cos 4 v) G (v) = 0, 

then, by § 19T, F (f) G (y) e miz is a particular solution of Laplace’s equation. 
If this solution is a special case of the general solution 

j f(h cosh f cos y cos 0 + h sinh f sin y sin 0 + iz, 0) dd, 

given in § 18*3, it is natural to expect that* 

f(v, 0)=F(O)e™<}>(0), 

where <f> (0) is a function of 0 to be determined. Thus 

F (£) G (y) e miz * j F(Q)<f>(0) exp [mh cosh f cos y cos 0 

-f mh sinh f sin y sin 0 + miz} dd. 

Since f and y are independent, we may put f = 0 ; and we are thus led to 
consider the possibility of Mathieu’s equation possessing a solution of the 
form 

GW-* e m * coa ’’ coal> tf> (0) d0. 


19 * 22 . Proof that the even Mathieu functions satisfy the integral equation . 

It is readily verified (§ 5*31) $hat, if <f> ( 0 ) be analytic in the range (- tt, w) 
and if G ( y ) be defined by the equation 

G ( v ) = j W e mhcoer > cose <f> (0) d6, 
then G (y) is an even periodic integral function of y and 
— + (A + m 2 h 2 cos 2 y) G (y) 

= J [m-h* (sin 2 y cos 2 0 -i- cos* y) — mh cos y cos 0 4 - A) e mh <» s, » cos * ^ ( 0 ) d0 
= — ^{mh sin 0 cos y<f>(0) + <f> f (0)} 

+ J* {$" ( 0) + (i+ COS 2 0) 0 (0)} ^vxvcose d6y 

on integrating by parts. 


* The constant F (0) is inserted to simplify the algebra. 
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But if <f> (0) be a periodic function (urith period 2 tt) such that 
<f>" ( 0 ) + (A + m*h? cos 3 6) <f> (0) = 0, 


H>th the integral and the integrated part vanish; that is to say, 0 (rj ), defined 
)y the integral, is a periodic solution of Mathieus equation. 

Consequently G (ij) is an even periodic solution of Mathieu's equation if 
b(9) is a periodic solution of Mathieu’s equation formed with the same con- 
itants; and therefore <j> (0) is a constant multiple of G (0) ; let it be \G (0)i 

[In the case when the Mathieu equation has two periodic solutions, if this case exist, 
re have <f> (0)=\G (0) + G x (6) where Q x {0) is an odd periodic function; but 


1’ e mhcoa7l<10a9 0 1 (6)d6 


anishes, so the subsequent work is unaffected] 


If we take a and q as the parameters of the Mathieu equation instead of 
1 and mh, it is obvious that mh = \/(32 q) = lc. 

We have thus proved that, if G(v)) be an even periodic solution of 
lathieu s equation, then 

<?(„) = * r e keo »^ ae G(d)de, 


rhich is the result stated in § 19*21. 

From § 11*23, it is known that this integral equation has a solution only 
rhen X has one of the ‘ characteristic values/ It will be shewn in § 19*3 that 
Dr such values of A, the integral equation affords a simple means of con¬ 
tracting the even Mathieu functions. 


Example 1. Shew that the odd Mathieu functions satisfy the integral equation 
0(i)«x /:. sin (/• sin tj sin 0) G ( 0 ) <L6. 


Example 2. Shew that both the even and the odd Mathieu functions satisfy the 
itegral equation 


<?(,7)=x r G(0)d0. 


Example 3. Shew that when the eccentricity of the fundamental ellipse tends to zero, 
le confluent form of the integral equation for the even Mathieu functions is 


/.(*)-£ hj' I 1 '/*™" cosnOcM. 


19*3. The constriction of Mathieu functions. 

We shall now make use of the integral equation of § 19*21 to construct 
[athieu functions; the canonical form of Mathieu’s equation will be taken as 

nr- 4* (a + 16j cos 2 z) u = 0. 
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In the special case when q is zero, the periodic solutions are obtained by- 
taking a= n 2 , where n is any integer; the solutions are then 

1, cos z, cos2 z, ..., 
sin z, sin2^, .... 

The Mathieu functions, which reduce to these when will be called 

ceo (z, q)> ce i (z, q), ce 2 (z, q\ ..., 
se x (z,q), se 2 (z, q), .... 

To make the functions precise, we take the coefficients of cos nz and sin nz 
in the respective Fourier series for ce n (z, q) and se n (z, q) to be unity. The 
functions ce n (z t q\ se n (z, q) will be called Mathieu functions of order i\. 

Let us now construct ce 0 (z, q). 

Since ce 0 (z, 0) = 1, we see that X (27T)” 1 as q -— 0. Accordingly we 
suppose that, for general values of q , the characteristic value of \ which gives 
rise to ce o (z, q) can be expanded in the form 

(27rX)” 1 = 1 4* cciq 4- q 2 + ..., 

and that ce 0 (z } q) = 1 4- q& (z) 4- (f0 2 (z) 4-..., 

where a u a 2 > ••• are numerical constants and ft (z), 0 2 (z), ... are periodic 
functions of z which are independent of q and which contain no constant 
term. 

On substituting in the integral equation, we find that 

(1 + Oij + 0 k<f +...) {1 + qfil (z) + 9 S & (z) + ...} 

1 f" 

=* g—I {1 4- V(32q ). cos z cos 6 4 -16 q cos 2 z cos 2 6 4-...} 

x(l+?A(«)4? 3 A(tf)4...}^. 

Equating coefficients of successive powers of q in this result and making 
use of the fact that ft ( 2 ), 0 2 (z), ... contain no constant term, we find in 
succession 

«! = 4, & (. z ) = 4 cos 2z, 

a 2 = 14, 0 2 (z) — 2 cos 4 z, 

..... j 

and we thus obtain the following expansion: 

ce t (z, g) = l + (^q -28^ + 2 5 — ...^cos 2z + (2q Q - ^ q*+ cos 4s 

( 4 13 \ /I \ 

g9 , --g ^+...Jcos6* + ^2*-...Jcos8z 

+ ( 225 3 * _ "‘) COSl0 * + 

the terms not written down being 0 (q*) as q 0. 

910 29 

The value of a is — 32 <f 4- 224j 4 — — <f+0(cf)\ it will be observed 

that the coefficient of cos 2 z in the series for ce 0 (z, q) is — a/(8q ). 
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cos 2>*z, 


19 * 31 ] 

The Mathieu functions of higher order may be obtained in a similar 
manner from the same integral equation and from the integral equation of 
§ 19*22 example 1. The consideration of the convergence of the series thus 
obtained is postponed to § 19*61. 

Example 1. Obtain the following expansions*: 

a) «»(*> ?)=!+j, {t^t - >+ - 1)! £ 1 ° <****>} ^ ** 

(n) ce 1 (z, q )=coBz +r l ~ (r+l^r+l)! 

+(^9W ! +0( H co8(2r+i)i ’ 

® f 2 r q r - 2 r+1 ro r+i 

(iii) «, («, ? )=am *+2 { (7T ^T7q + (r + l)!(r+l)! 

+ ( 7 ^1 2 ) -f^ +2)! +0( g r+3) } 8in ( 2r+1 ) * 

(iv) cejfa q)= 

where, in each case, the constant implied in the symbol 0 depends on r but not on z. 

(Whittaker.) 

Example 2. Shew that the values of a associated with (i) ce$ (z, q\ (ii) ce x (z, q\ 
(iii) se 1 (z, q), (iv) ce 2 ( 2 , q) are respectively: 

9 IO OQ 

(i) -32^+2245* 


(ii) l-Ss-^+SgS-^^+O^), 

(iii) l+Sy-S^-S^-l^+O^), 

(iv) 4+g-j 8 —— g^+O^). 

Example 3. Shew that, if n be an integer, 

SO—(-) w ^an+i(^+i"*> “£)• 


(Mathieu.) 


19*31. The integral formulae for the Mathieu functions . 

Since all the Mathieu functions satisfy a homogeneous integral equation 
with a symmetrical nucleus (§ 19*22 example 3), it follows (§ 11*61) that 

J ce m (z, q) ce„ (z, q)dz = 0 (m j* n), 

J sen 0 , 2 ) sen (z, q)dz*=0 n\ 

J ce m (z, q) se n (z, q) dz - 0 . 

* The leading terms of these series, as given in example 4 at the end of the chapter (p. 427), 
were obtained by Mathieu. 
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Example 1. Obtain expansions of the form: 

(i) e kccxzcc>« = 2 A n ce n (*, q) ee„ {6, q), 

71=0 

00 

(ii) cos (X* sin 2 sin 0) — 2 B n ce n ( 2 , q) ce n (0, q), 

71=0 

00 

(iii) sin (k sin 2 sin 0)= 2 C n se u ( 2 , q) se n (0, q), 

71=0 

where k***J{Z%q). 

Example 2. Obtain the expansion 

^ 8in *« 2 .7* ( 2 ) 

H=s—00 

as a confluent form of expansions (ii) and (iii) of example 1. 


19*4. The nature of the solution of Mathieus general equation; Floquet 
theory . 

We shall now discuss the nature of the solution of Mathieu s equatio 
when the parameter a is no longer restricted so as to give rise to periodi 
solutions; this is the case which is of importance in astronomical problems, a 
distinguished from other physical applications of the theoiy. 

The method is applicable to any linear equation with periodic coefficient 
which are one-valued functions of the independent variable; the nature c 
the general solution of particular equations of this type has long been per 
ceived by astronomers, by inference from the circumstances in which th 
equations arise. These inferences have been confirmed by the followin 
analytical investigation which was published in 1883 by Floquet*. 

Let 9( z \ h(z) be a fundamental system of solutions of Mathieu’s equatio: 
(or, indeed, of any linear equation in which the coefficients have period 2 ir) 
then, if F(z) be any other integral of such an equation, we must have 

F(z) = Ag(z)+Bh(z), 
where A and B are definite constants. 


Since g (z+ 27r), h (z + 2tt) are obviously solutions of the equation*!', the 
can be expressed in terms of the continuations of g (^) and h {z) by equation 
of the type 


g( z + 2 *) - «i 9 (*) + «*h(z), h(z + 2tt) = &g (z) + foh (z\ 
where a lt a S) are definite constants; and then 

F(z + 2tt) = (Aa x + J3&) g (z) + (Aa 2 + B&) h (z). 

* It*** d€ J* COle t f ™* tu *' Vm, P. 47. Floquet's analysis is a natural seque 

to ftcard s theory of differential equations with doubly-periodic coefficients (§ 20*1), and to th 
theory of the fundamental equation due to Fuchs and Hamburger. 

t jThese solutions may not be identical with g(z), h(z) respectively, as the solution of a: 
equation with periodic coefficients is not necessarily periodic. To take a simple case, u=e*sin 
is a solution of ~ - (1+cot z) u=0. 
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Consequently F(z + 2 ir)=* kF(z\ where k is a constant* t if A and B are 
chosen so that 

A&! 4- B/3i ~kA t Adz -f B/3 2 = hB. 

These equations will have a solution, other than A = B = 0, if, and 
only if, 

ai — i, fti = 0; 
a 2 , 

and if k be taken to be either root of this equation, the function F(z) can be 
constructed so as to be a solution of the differential equation such that 

F (z 4* 2 nr) = kF (z). 

Defining /x by the equation h = and writing <f> (z) for e~^F{z\ we see 
that 

$ (z + 2tt) = <r^+*r) + 2 -tt) = <j> (z). 

Hence the differential equation has a particular solution of the form 

<f> (z), where <f>(z) is a periodic function with period 27 r. 

We have seen that in physical problems, the parameters involved in the 
differential equation have to be so chosen that h = 1 is a root of the quadratic, 
and a solution is periodic. In general, however, in astronomical problems, in 
which the parameters are given, k± 1 and there is no periodic solution. 

In the particular case of Mathieu’s general equation or Hill’s equation, a 
fundamental system of solutions f is then e** <f) (z), e~^ <f> (— z), since the 
equation is unaltered by writing — z for z\ so that the complete solution of 
Mathieu’s general equation is then 

u = c^tj) ( z ) + c 2 e~^4> (- z\ 

where <%, Ca are arbitrary constants, and p is a definite function of a and q. 

Example. Shew that the roots of the equation 

a i~~h, ft =0 

02 , fo-k 

are independent of the particular pair of solutions, g (z) and h (2), chosen. 

19*41. Hill's method of solution. 

Now that the general functional character of the solution of equations 
with periodic coefficients has been found by Floquet’s theory, it might be 
expected that the determination of an explicit expression for the solutions of 
Mathieu’s and Hill’s equations would be a comparatively easy matter; this 
however is not the case. For example, in the particular case of Mathieu’s 
general equation, a solution has to be obtained in the form 

y = e**^ (z) y 

* The symbol k is used in this particular sense only in this section. It must not be confused 
with the constant k of § 19*21, which was associated with the parameter q of Mathieu’s equation. 

t The ratio of these solutions is not even periodic; still less is it a constant. 
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where ^ (z) is perfodic and fi is a function of the parameters a and q. Tl 
crux of the problem is to determine fi; when this is done, the determinate 
of <f> (z) presents comparatively little difficulty. 

The first successful method of attacking the problem was published b 
Hill in the memoir cited in § 19*12; since the method for Hill’s equation i 
no more difficult than for the special case of Mathieu’s general equation, w 
shall discuss the case of Hill’s equation, viz. 


cPu 


+ J (z) u « 0, 


where J(z) is an even function of z with period tt. Two cases are of interest 
the analysis being the same in each: 

(I) The astronomical case when z is real and, for real values of z, J (z 
can be expanded in the form 

J (z) = 0 O -f 20 1 cos 2z -f 20 2 cos 4>z + 20 s cos 6z +...; 


the coefficients 6 n are known constants and 2 6 n converges absolutely. 

(II) The case when z is a complex variable and J (z) is analytic in a 
strip of the plane (containing the real axis), whose sides are parallel to the 

oo 

real axis. The expansion of J(z) in the Fourier series d„ + 2 2 0»cos2n* 

nm 1 

is then valid (§ 9*11) throughout the interior of the strip, and, as before, 
00 

2 0» converges absolutely. 

**o 

Defining to he equal to 6 n , we assume 

u = e^ 5 bn#** 

—00 

as a solution of Hill’s equation. 

[In case (II) this is the solution analytic in the strip (§§ 10*2, 19*4); in case (I) it will 
have to be shewn ultimately (see the note at the end of § 19*42) that the values of b % 

oo 

which will be determined are such as to make 2 n*6 n absolutely convergent, in order to 

*as—00 

justify the processes which we shall now carry out] 

On substitution in the equation, we find 

I (/* «f 2nifb n e^ Jr * ai)Z + ( 2 On^) ( 2 b n e^^ z )^0. 

*■**“* \»*-oo / \n=—oo / 

Multiplying out the absolutely convergent series and equa ting coefficients 
of powers of e*“ to zero (§§ 9'6-9'632), we obtain the system of equations 

0* + 2nt)*i B + 2 6 m b n -m = 0 (n = 

—oo 


— 2 , — 1 , 0 , 1 , 2 , ...). 
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If we eliminate the coefficients b n determinantally (after dividing the 
typical equation by 0 O — 4<n* to secure convergence) we obtain* Hill’s deter- 
minantal equation: 

[ . (= 0 . 


(V+ 4 )‘-0o 

-01 

-dg 

“03 

-04 

*“ 4*-0o 

4*-0 O 

4 2 -d 0 

4*-0 o 

4*-0o - 

-0i 

(4t+2)*-0 o 

-01 

“02 

— 03 

•" 2»-0 o 

2 a -0, 

2*—0 O 

2 s —0 O 

2»-0 o - 

-0* 

-0i 

(*»*-0o 

-0i 

-02 

• M O*-d 0 

0^-00 

02-00 

O*-0 o 

O*-0o - 

03 

— 02 

— 0i 

(l>-2) S - 

00 —01 

"* 2*-0, 

2»-0 o 

2 *- 6 0 

22-00 

22-00 "• 

-0. 

-03 

— d 2 

-01 

?• 

1 

1 

•" 4*-0„ 

4*-0 O 

4*-0 O 

42-00 

4»-0« “• 


We write A (ip) for the determinant, so the equation determining p is 

A (ip) = 0. 

19 * 42 . The evaluation of Rill's determinant 

We shall now obtain an extremely simple expression for Hill’s deter¬ 
minant, namely 

A (ip) = A (0) - sin 2 (imp) cosec 2 dir V#o)- 
Adopting the notation of § 2*8, we write 

4 (W S [^J» 

_ >4 (ip-2m)*-0 o A - 0 m -n , , x 

where A„, m - ~ 4m> - 0. 

The determinant [A m ,«] is only conditionally convergent, since the product 
of the principal diagonal elements does not converge absolutely (§§ 2*81,2*7). 
We can, however, obtain an absolutely convergent determinant, A l (ip), by 
dividing the linear equations of § 19*41 by 0 O — (ip — 2rif instead of dividing 
by 0 Q — 4n 2 . We write this determinant A x (ip) in the form where 

00 

The absolute convergence of 2 0 n secures the convergence of the deter- 

n-0 

minant [^J, except when p has such a value that the denominator of one 
of the expressions B m , n vanishes. 

* Since the coefficients b n are not all zero, we may obtain the infinite determinant as the 
eliminant of the system of linear equations by multiplying these equations by suitably chosen 
cofactors and adding up. 
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From the definition of an infinite determinant (§ 2*8) it follows that 


A (ip) « Aj (ip) lim 

p-^<x 


-U r 


and so 


A (ia) _A, (iu) sin i 7r ( t >-v ,|9 o) sin^7T(t> + ^ 0 ) 

lWV sin’ (J 7r V^o) 


Now, if the determinant A x (i/a) be written out in full, it is easy to see 
(i) that A x (i/t) is an even periodic function of fi with period 2i, (ii) that A x (i/a) 
is an analytic function (cf. §§ 2*81, 3*84, 5*3) of p (except at its obvious simple 
poles), which tends to unity as the real part of /a tends to ± oo. 

If now we choose the constant K so that the function D (/a), defined by 
the equation 

D (fi) = A, (i/tt) - K {cot (ip + V0o) - cot i ir (ip - V0o)}, 

has no pole at the point /a = i*J0 O : then, since D (/a) is an even periodic 
function of /a, it follows that D (ji) has no pole at any of the points 

2 ni ± iv^o. 

where n is any integer. 

The function D (/a) is therefore a periodic function of /a (with period 2 i) 
which has no poles, and which is obviously bounded as R(fi)~^±oo. The 
conditions postulated in Liouville's theorem (§ 5*63) are satisfied, and so D(/a) 
is a constant; making /a-** + oo, we see that this constant is unity. 

Therefore 


and so 


Ai (t/A) = 1 +K {cot £tT (ifJL + >J6») — COt ^ TT (ifJL - 


A a„\- sin 1-7T (t> - yd,) sin ^tt + Vfl,) .. 

A <V0 ~ ~ ‘ + 2Kcot ^ 

To determine JET, put /a = 0; then 

A(0)-l + 2iTcot(47rV^). 

Hence, on subtraction, 

A (»/*) = A(0)~ 

W Sin 1 (^7T\/^0.) 

which is the result stated. 


roots of Hill’s determinantal equation are therefore the roots of the 

equation 

sin* = A (0). sin* (£tt »Jd „). 

When /i has thus been determined, the coefficients b n can be determined 
in terms of b, and cofactors of A (t»; and the solution of Hill’s differential 
equation is complete. 
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[In case (I) of § 19*41, the convergence of 21 b n | follows from the rearrangement theorem 

00 

of §2*82; for 16* | is equal to|5ol 2 | Ci* 0 [ -r|Co,o I > where is the cofactor of 

Ms-« 

in Ai (ip); and 21 O^ol is the determinant obtained by replacing the elements of the row 
through the origin by numbers whose moduli are bounded] 

It was shewn by Hill that, for the purposes of his astronomical problem, a remarkably 
good approximation to the value of fi could be obtained by considering only the three 
central rows and columns of his determinant. 

19 * 5 . The IAndemann-Stieltjes theory of Mathieu’s general equation. 

Up to the present, Mathieu’s equation has been treated as a linear 
differential equation with periodic coefficients. Some extremely interesting 
properties of the equation have been obtained by Lindemann* by the sub¬ 
stitution J = cos 8 z, which transforms the equation into an equation with 
rational coefficients, namely 

4 C( i -r ) ^+ 2 ( l - 2 ? ) ^+ ( «- i6 ?+3 2 2r ) «=°- 

This equation, though it somewhat resembles the hypergcometric equation, is of higher 
type than the equations dealt with in Chapters xiv and xvi, inasmuch as it has two 
regular singularities at 0 and 1 and an irregular singularity at oo; whereas the three 
singularities of the hypergeometric equation are all regular, while the equation for TF* m (s) 
has one irregular singularity and only one regular singularity. 

We shall now give a short account of Lindemann’s analysis, with some 
modifications due to Stieltjesf. 

19 * 51 . Lindemann's form of Floquets theorem . 

Since Mathieu’s equation (in Lindemann’s form) has singularities at f=0 
and 1, the exponents at each being 0, J, there exist solutions of the form 

y*=£a»r> y a = ?i£b„r>, 

*=o *=0 

y n - £ ^ (i - m y n =(i - n* £ K' (i - er; 

*=o o 

the first two series converge when | f | < 1, the last two when 11 — ?| < 1. 

When the f-plane is cut along the real axis from 1 to + x and from 
0 to — x, the four functions defined by these series are one-valued in the 
cut plane; and so relations of the form 

yio = «yoo + £y<>i> yn - 73/00+ 
will exist throughout the cut plane. 

Now suppose that f describes a closed circuit round the origin, so that the 
circuit crosses the cut from — x to 0; the analytic continuation of y 10 is 

* Math. Ann. xxh. (1883), p. 117. 

f Astr. Nach . cix. (1884), cols. 145-152, 261-266. The analysis is very similar to that 
employed by Hermite in his lectures at the Ecole Polytechnique in 1872-1873 [Oeuvret , hi. 
(Paris, 1912), pp. 118-122] in connexion with Lamp’s equation. See § 23-7. 
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ayoo —(since y w is unaffected by the description of the circuit, but y, 
changes sign) and the continuation of y n is yj/oo - %oi; and 50 Ay 10 * 4- J3y u * wi 
6 s unaffected by the description of the circuit if 

A (ay*, 4- j8y 0 i) s 4- B (yy w 4- Syoi) 2 = A (at /00 - /Syoi) 2 4- J3 ( 7 yoo - Sy 0 i)*, 
is. if A a/3 4* ifyS = 0. 

Also Ay 10 8 4- By u * obviously has not a branch-point at 1, and so, i 
Aafi 4* ByS = 0, this function has no branch-points at 0 or 1, and, as it has n 
other possible singularities in the finite part of the plane, it must be a 
integral function of f 
The two expressions 

+ iBfcy a , A i y l0 - iB*y n 

are consequently two solutions of Mathieu's equation whose product is a 
integral function of ?. 

[This amounts to the fact (§ 19*4) that the product of e ,AZ <f>(z) an 
e^ff) (— z) is aperiodic integral function of z.] 


19*52. The determination of the integral function associated with Mathieu 
general equation . 

The integral function F{z) = Ay 10 s -h By n 7 , just introduced, can be detei 
mined without difficulty; for, if y 10 and y u are any solutions of 

their squares (and consequently any linear combination of their squares 
satisfy the equation* 

% + &$)% + W (?) + (?) + 2 {P (?)}’]| 

+ 2[<2'(?) + 2P<?)<2(?)]y = 0; 

in the case under consideration, this result reduces to 

? (l -? ) ^P- ) +ta-2?)^P 

+ (a -1 - 16g + 32 3 ?) + 16 3 P (?) = 0. 

00 

Let the Maclaurin series for F(£) be 2 c n f”; on substitution, we easi] 

»=0 

obtain the recurrence formula for the coefficients c nj namely 

^n+i^n+2 = ^n^n+i 4“ C n , 

where 

_ (n 4- 1) {(n, 4- l) a — a 4- 16#} n (n + 1) (2 n + 1) 

16 3 (2n ■+.1) ’ Vn ~ 32 3 (2n-l) ' 

* Appell, Comptes Rendu*, xci. (1880), pp. 211-214 ; cf. example 10, p. 298 supra. 
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At first sight, it appears from the recurrence formula that % and c% can 
be chosen arbitrarily, and the remaining coefficients c,, c,, ... calculated in 
terms of them; but the third order equation has a singularity at f = 1, and 
the series thus obtained would have only unit radius of convergence. It is 
necessary to choose the value of the ratio Ci/c* so that the series may con¬ 
verge for all values of £ 

The recurrence formula, when written in the form 


(Cn/Cn+i) 


Vn+1 


(Cn+i/Cn+*) * 

suggests the consideration of the infinite continued fraction 

5s !2±! = lim J u n + ^ 1 Sasl. 

Mn+l -f Un+2 4- ... m —[ Vl + ••• 


«n + 


The continued fraction on the right can be written* 
Un K (n, n + m)/K (n +1, n + m). 


where K(n,n + m)** 


1 , Vn+i/Un, 0 , 

**n+l > I s ^n+a/' W TM-1 > 

0 j “ w »+a > 1 > 


I . 1 I 

The limit of this, as m oo, is a convergent determinant of von Koch’s 
type (by the example of § 2*82); and since 


00 

2 

r=n 


Vr 

U*rUr +1 


— 0 as n 


00 , 


it is easily seen that -ST (w, oo ) -* 
Therefore, if 

On+i 


1 as n-+ oo . 

Un K(n } co ) 

~ K(n +1 , oo ) ’ 


then c n satisfies the recurrence formula and, since c n+l /c n 0 as n oo, the 
resulting series for F (f) is an integral function. From the recurrence formula 
it is obvious that all the coefficients c n are finite, since they are finite when n 
is sufficiently large. The construction of the integral function F (%) has 
therefore been effected. 


19*53. The solution of Mathieu’s equation in terms of F(£). 
If u\ and w 2 be two particular solutions of 

thenf w a Wi — = C exp j — J P (X) dfj , 


* Sylvester, Phil. Mag . (4), v. (1853), p. 446 [Math. Papers , i. p. 609]. 
t Abel, Journal fur Math . n. (1827), p. 22. Primes denote differentiations with regard to £ 
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where C is a definite constant. Taking w x and w t to be those two solutions ol 
Mathien’s general equation whose product is F (?), we have 

w x w t ' _ C_ w x . w t ' _ F'(%) 

w x w t ~ (i _ f)4 JP (?) ’ Wi w t F (?) ’ 

the latter following at once from the equation w x w t = F(£). 

Solving these equations for w x jw x and Wtjw t , and then integrating, we at 
once get 

«.. 7 ,(J-(f)l»e*p {- W. Va-a*^ - 
where y u y 3 are constants of integration; obviously no real generality is lost 
by taking Cq = y 1 * 7 * = 1 . 

From the former result we have, for small values of | f |, 

w t = 1 + C$ + £ (Ct + C») ? + 0 (?*), 
while, in the notation of § 19*51, we have ax/oo* —£a + 8 q. 

Hence C 8 = I 65 — a — c x . 

This equation determines C in terms of a, q and the value of c* being 
K(l, <x>) + {u 0 K(0, 00 )}. 

Example 1. If the solutions of Mathieu’s equation be « ±K *<£(±2), where <f> (z) is 
periodic, shew that 

Example 2. Shew that the zeros of F(() are all simple, unless (7*=0. 

(Stieltjes.) 

[If F (f) could have a repeated zero, rr x and would then have an essential sing ularity.] 

19*6. A second method of constructing the Mathieu function. 

So far, it has been assumed that all the various series of § 19*3 involved 
in the expressions for ce N (z, q) and se y (z, q) are convergent. It will now be 
shewn that ce N (z, q) and se N (z, q) are integral functions of z and that the 
coefficients in their expansions as Foiuier series are power series in q which 
converge absolutely when \q\ is sufficiently small * 

To obtain this result for the functions ce N (z i q)\ we shall shew how to 
determine a particular integral of the equation 
d*u 

+ (a +16 q cos 2 z)u = yfr (a, q) cos Nz 

* The essential part of this theorem is the proof of the convergence of the eeriee which occur 
in the coefficiente ; it is already known (§§ 10*2,10*21) that solutions of M&thieu’s equation are 
integral functions of z, and (in the case of periodic solutions) the existence of the Fourier 
expansion follows from § 9-11. 
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in the form of a Fourier series converging over the whole z-plane, where 
yfr (a, q) is a function of the parameters a and q. The equation ^ (a, q) = 0 
then determines a relation between a and q which gives rise to a Mathieu 
function. The reader who is acquainted with the method of Frobenius* as 
applied to the solution of linear differential equations in power series will 
recognise the resemblance of the following analysis to his work. 

Write a = N* + 8 p, where N is zero or a positive or negative integer. 
Mathieu’s equation becomes 

^njf + N*u =» — 8 (p + 2q cos 2 z) u. 

If p and q are neglected, a solution of this equation is u = cos Nz = U 0 (z), 
say. 

To obtain a closer approximation, write — 8 (p + 2q cos 2z) U 0 (z) as a sum 
of cosines, i.e. in the form 

— 8 {q cos (N — 2 ) z cos Nz + q cos (N4 - 2 ) z) = V x (z), say. 

Then, instead of solving -f N*u = F X (z), suppress the termsf in V x (z) 

which involve cos Nz; i.e. consider the function W x (z) where^ 

W x (z) * V x (z) + 8 p cos Nz. 

A particular integral of 

g+jp.-ir.w 

is 

«= 2 | i (iljy) cos(-^-2)z+ - (1 - ^ ) cos (-S r +2).?j = U x (z), say. 

Now express — 8 (p 4 - 2q cos 2 z) Z7i (z) as a sum of cosines; calling this 
sum F a (z), choose or, to be such a function of p and q that V a (z) + ctj cos Nz 
contains no term in cos Nz; and let V a (z) 4 * a, cos Nz = W a (z). 

Solve the equation ^ + N*u=W a (z), 

and continue the process. Three sets of functions U m (z), F m (z), W m (z) 
are thus obtained, such that U m (z) and W m (z) contain no term in cos Nz 
when ra:£ 0 , and 

W m (z) = F„ («) + «* cos Nz, F m (*)« - 8 (jp + 2 j cos 2 *) U^iz), 

+N'U n (z)~W m (z), 

where is a function of p and q but not of z. 

* Journal filr Math, lxxvi. (1873), pp. 314-224. 

t The reason for this suppression is that the particular integral of +N*u=qoeNz 
contains non-periodic terms. 

t Unless 1, in which case + S (p+$) oosr. 
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It follows that 

l£+W £ V»<*)- £ W m (z) 

\ar j »-<) wt=i 

« 2 V m (z) + ( 2 « m )cos^Ts 

»=1 \J»a=l / 

= — 8 (p + 2? cos 2^) 2 (ar) + ( 2 a*) cos Nz. 

\m=l / 

00 

Therefore, if U(z)~ 2 17** (2) be a uniformly convergent series of analytic 

tt >0 

functions throughout a two-dimensional region in the 2-plane, we have 

(§5-3) 

— + (a +165 cos 2z) U (z) = yfr (a, q) cos Nz, 

00 

where ^ (a, q) = 2 a m . 

It is obvious that, if a be so chosen that yfr (a, q) = 0, then U (z) reduces 
to cejf(z). 

A similar process can obviously be carried out for the functions se N (z, q ) 
by making use of sines of multiples of z. 

19*6L The convergence of the eerie* defining Mathieu functions. 

We shall now examine the expansion of § 19*6 more closely, with a view to investigating 
the convergence of the series involved. 

When n > 1, we may obviously write 

#»(*)= 2 *0* r cO6(iT-2r)*+ 2 o* r cos(A+2r)s, 

r=l r=l 

the asterisk denoting that the first summation ceases at the greatest value of r for which 

'<*A. 

{£+**} tf*+i (*)=«»+i cos Ax- 8 ( p+2q cos 2s) U % (z\ 

it follows on equating coefficients of cos (A ± 2r) s on each side of the equationf that 

°*+i m 8q 

r(r+A)a,, +lfr «»2 {pamr+yComr-i+flmr+i)} ( r =l> 2, ...)j 

r(r—A)#* +1 ^ y =s2 {p0*, r +£ (£*r-i+£mr+i)} (r^iA). 

These formulae hold universally with the following conventions J: 

© a M=^o s0 (n=l,2,...); a nr ={i ^ r =0 ( 1 r>n\ 

(11) &n,lX+i =: &n,iN-i when A is even and r=4A, 
^ucur-fD^miar-D "hen A is odd and r«i(A-l). 

t When tf=0 or 1 these equations must be modified by the suppression of all the coefficients 
Ahf 

t The conventions (ii) and (iii) are due to the fact that oosxseos(-x), oos2s=soob(-2z). 
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The reader will easily obtain the following special formulae: 

(I) ai-8 p, 1); ai =8 (p+q), (iV=l), 


(II) “n,*—(_y +n ^]i (^0); «*„■ 


(*!)* ’ 

(III) o^r and Asr are homogeneous polynomials of degree n in p and q. 

^ 2 2 A», r =2? r > 

*=r »=r 

we have *(o, tf)«8p+8g (Ax+A) (Ay 1), 

r (r+ j^) A r «2 {pA r +q (^ r -i+^r + i)}. 

r(r--A’) 2J r =2 {pA+l? (A-i + A+i)} . 

where A 0 =B 0 —l and B r is subject to conventions due to (ii) and (iii) above. 

Now write w r = — q {r (r 4* A*) — 2^} -1 , wj = —q {r (r — A) — 2p}“ J . 

The result of eliminating Ax, A 2 ,... A r _ u A r+li ... from the set of equations (A) is 
A r A<>=(-y w l 'w 2 ...w r A„ 

where Ay is the infinite determinant of von Koch’s type (§ 2*82) 


(A), 

■(B), 


A r ~ 


1 , 

«V+2, 


0 

w r+ii 


w r+ 3 » 


o , 
o , 

W r+ 3 > 


The determinant converges absolutely (§ 2*82 example) if no denominator vanishes; 
and Ar-+~ 1 as r-+- oo (cf. § 19*52). If p and q be given such values that Aq^O, 
2p*£r(r+I?), where r=l, 2, 3, ..., the series 

CO 

2 ( —) r i 0 ii 02 ...i 0 r A r Ao"” 1 cos (A4-2r) z 

T—\ 

represents an integral function of z. 

In like manner 2? r Z) 0 =(- ) r ...w r 'D r , where D r is the finite determinant 

1 , ^r + lj 0 , .. 

^r + 2> I > ^r+ 2j •• 


the last row being 0, 0, ... 0, 21 or 0, 0, ... 0, 1+w W-D accord i n ^ “ 

JIT is even or odd. 

00 

The series 2 U % {z) is therefore 
n-0 

CO 

cosAs+Ao -1 2 (-) r t0 1 w 2 ...w r A r cos(i\r+2 r ) z 

r —1 

+JV" 1 2 (—) r Wx' ... w r ' D r cos (A- 2r) z , 

r=l 

these series converging uniformly in any bounded domain of values of z> so that term-by- 
term differentiations are permissible. 

Further, the condition ^ (a, q )**0 is equivalent to 

_ ,/wiAi . tti'A \ 

*“*vsr + T>rJ* 

Le. A) A>—£ (^x +^i'A Ao) ■= 0. 


r-l l r(r+^)J r =i ( r(r-X)j 


If we multiply by 
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the expression on the left becomes an integral function of both p and q, ¥ (a, q\ say; the 
terms of t (a, q\ which are of lowest degrees in p and q, are respectively p and 

JTl}- 

Now expand JL. dp 

in ascending powers of q (cf. § 7*31), the contour being a small circle in the p-plane, with 
centre at the origin, and ] q | being so small that ¥ (iP 3 + 8 p, q) has only one zero inside the 
contour. Then it follows, just as in § 7*31, that, for sufficiently small values of | q |, 
we may expand p as a power series in q commencing* with a term in q*; and if | q | 
be sufficiently small 2> 0 and A$ will not vanish, since both are equal to 1 when q= 0 . 

On substituting for p in terms of q throughout the series for U (z), we see that the 
series involved in cey (z, q) are absolutely convergent when | q | is sufficiently small. 

The series involved in se# (z, q) may obviously be investigated in a similar manner. 

19*7. The method of change of parameter +. 

The methods of Hill and of Lindemann-Stieltjee are effective in determining /x, but 
only after elaborate analysis. Such analysis is inevitable, as p is by no means a simple 
function of q; this may be seen by giving q an assigned real value and making a vary 
from - co to +oo ; then p alternates between real and complex values, the changes taking 
place when, with the Hill-Mathieu notation, A (0) sin 3 for *Ja) passes through the values 
0 and 1 ; the complicated nature of this condition is due to the fact that A (0) is an 
elaborate expression involving both a and q. 

It is, however, possible to express p and a in terms of q and of a new parameter <r, and 
the results are very well adapted for purposes of numerical computation when | q | is small 

The introduction of the parameter <r is suggested by the series for cei (a, q) and se 1 (z, q) 
given in § 19*3 example 1; a consideration of these series leads us to investigate the 
potentialities of a solution of Mathieu’s general equation in the form y—«***<£ (z), where 

^ (z) * sin (z - <r)+ 0 % cos (3z - <r)+ 6 j sin (3z - cr)+cos (5z—<r)+sin (5z - <r)+..., 
the parameter <r being rendered definite by the fact that no term in coS(z-<r)is to appear 
in <f> (z); the special functions se Y (z, q\ ce 1 (s, q) are the cases of this solution in which 
<r is 0 or Jir. 

On substituting this expression in Mathieu’s equation, the reader will have no difficulty 
in obtaining the following approximations, valid for § small values of q and real values 
of cr: 

p a* 4q sin 2 <r- I2q* sin sin4<r+ 0(q*), 

a ~l+8£Cos2tr+(-16+8cos4<r)g 3 -8£ 3 oos2<r+(*£ fl -88cos4<r)2 4 +0(£ { ), 
a 3 =* 3^* sin 2<r +3$® sin 4<r+(—sin 2<r+9 sin 6<r) qf + 0 ( q 6 ), 
h =y+£ 8 cos2€r+(-J£+5cos4<r)g 3 +(- J g t cos2<r+7cos6<r)g 4 +0(g 6 ), 

05 sin2o+ff$ 4 sin4<r+0($ 6 ), 

h *i? S +47 3 co 92 o’+(-W+f?cos4cr)5 4 +0(^ 6 ), 

<h sin 2 <r +0 (q*), 67 * A^+^^cos 2 <r+ 0 (tf 6 ), 

« 9 = 0(q*), 

the constants involved in the various functions 0 (q 6 ) depending on <r. 

* If N=1 this result has to be modified, since there is an additional term q on the right and 
the term q*/(N -1) does not appear. 

t Whittaker, Proc . Edinburgh Math, Soc. xxxu. (1914), pp. 76-80. 

t They have been applied to Hill’s problem by Ince, Monthly Notices of the R, A. S • lxxy . 
(1915), pp. 436-448. 

§ The parameters q and <r are to be regarded as fundamental in this analysis, instead of 
a and q as hitherto. 
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The domains of values of q and <r for which these series converge have not yet been 
etermined* 

If the solution thus obtained be called A (z, <r, q)> then A (z, <r, q) and A(z, — a-, q) form 
b fundamental system of solutions of Mathieu’s general equation if p =4=0. 

Example 1. Shew that, if <r=z x 0*5 and q =0*01, then 

a** 1*124,841,4 ..., /*=tx0*046,993,5...; 

hew also that, if <r=i and 2 = 0 * 01 , then 

a= 1*321,169,3..., M =ix0*145,027,6.... 

Example % Obtain the equations 

/*=4^sin 2<r— 4 ^ 03 , 
a = 1 + 8 # cos 2<r— p* — 8^63 , 

xpressing p and a in finite terms as functions of q, or, 03 and ( 3 . 

Example 3. Obtain the recurrence formulae 

{—4»(n+l)+8j cos 2 <r- 82 & 3 ± 82 i*( 27 i + l) ( 03 -sin 2 oO}^*a+^(^-i+ 2 3 »+ 3 )= s O> 

rhere %* +l denotes or i> 2 n +i-ia in + ll according as the upper or lower sign is 

aken. 

19*8. The asymptotic solution of McUhieu’s equation. 

If in Mathieu’s equation 

S + ( a+ ^ co82i )”“ 0 

re write h sin x=£, we get 

«*-**) 

rhere J/ 2 =a+^R 

This equation has an irregular singularity at infinity. From its resemblance to Bessel’s 
equation, we are led to write u—e^ £“* v, and substitute 

V= 1 + (ai/f) + (aj/f 8 ) +. .. 

1 the resulting equation for v ; we then find that 
ai=-ia 3 = 

he general coefficient being given by the recurrence formula 

St (r 4* 1) «r+ 1 =(i — if 2 (r4*1)}+(2r — 1) tfc*ar- 1 —(r* — 2r+£) £*a r _ 3 . 

The two series 

<*r*(I+J+P+...), 

re formal solutions of Mathieu’s equation, reducing to the well-known asymptotic 
elutions of Bessel’s equation (§ 17*5) when £-*-0. The complete formulae which connect 
lem with the solutions e±» a <l>(±z) have not yet been published, though some steps 
wards obtaining them have been made by Dougall, Proc. Edinburgh Math. Soc. xxxiv. 
L916), pp. 176-196. 

* It seems highly probable that, if | q | is sufficiently small, the series converge for all real 
Uues of <r, and also for eomplex values of <r for which | I(<r) | is sufficiently small. It may be 
oticed that, when q is real, real and purely imaginary values of <r correspond respectively 
> real and purely imaginary values of fx. 
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Miscellaneous Examples. 

I. Shew that, if k= s /(32q\ 

2tr«o ( 2 , 3 f )=c«o (0, q) j cos {k sin z sin &) ce 0 (6, q) dB. 

2. Shew that the even Mathieu functions satisfy the integral equation 

<?($)«X j J 0 {ik (cos 2 + cos d)} # (0) dB. 

3. Shew that the equation 

(cu? + c) 4- 2a? ~ + (X a ez*+m) u =» 0 
(where o, c, X, m are constants) is satisfied by 

v {*) ds 

taken round an appropriate contour, provided that v (s) satisfies 

(«)- 0 , 

which is the same as the equation for u. 

Denve the integral equations satisfied by the Mathieu functions as particular cases of 
this result. 

* A complete bibliography is given by Humbert, Fonctiom de Mathieu et fonctions de Lame 
(Paris, 1926). 
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4. Shew that, if powers of g above the fourth are neglected, then 

ce i( 2 , g)=cosz+gcos32+g 2 (J cos 5 2 — cos3 z) 

+g 3 (tV cos - $ cos 52+J cos 32) 

+g 4 (rfo cos 9^ - ^ cos 7«+cos 5«+^- cos 32), 
se l fa q) * sin 2 +g sin 32+g a (J sin 52 +sin 32 ) 

+g 8 (tV sia 72+$ sin 52+$ sin 32) 

+g 4 (y^j sin 92+^ sin 72 +J sin 52-^ sin 82 ), 
ce 2 (*> g)=cos 22 +g (J cos 42 - 2) + £ g 2 cos 62 

+ <? (*V 008 8 *+ i f cos 42+^) 

+ tf 4 (itu cos IO 2 +|$$ cos 62 ). 

(Mathieu.) 

5. Shew that 

c * 3 ( 2 , g)=cos 32+g ( — cos z+£ cos 5 2 ) 

+g 2 (cos 2 +^fo cos 72 )+g3 (- cos 2 +^ cos 52 +cos 92 )+0 (g 4 ), 
and that, in the case of this function 

a=9 + 4g 2 — 8 g 3 + 0 (g 4 ). 

(Mathieu.) 


6. Shew that, if y ( 2 ) be a Mathieu function, then a second solution of the corresponding 
differential equation is 

Shew that a second solution* of the equation for ce 0 fa q) is 
zce 0 fa g)-4gsin 22-3g 2 sin42-.... 


7. If y ( 2 ) be a solution of Mathieu’s general equation, shew that 
{y (*+2ir) +y (z - 2ir)} /y ( 2 ) 

is constant. 


8 . Express the Mathieu functions as series of Bessel functions in which the coefficients 
are multiples of the coefficients in the Fourier series for the Mathieu functions. 

[Substitute the Fourier series under the integral sign in the integral equations of 
§ 19*22.] 

9. Shew that the confluent form of the equations for ce n fa q) and se n fa g), when the 
eccentricity of the fundamental ellipse tends to zero, is, in each case, the equation satisfied 
by J n (ii cos 2 ). 

10 . Obtain the parabolic cylinder functions of Chapter xvi as confluent forms of the 
Mathieu functions, by making the eccentricity of the fundamental ellipse tend to unity. 

11 . Shew that ce n fa q) can be expanded in series of the form 

00 * 

2 .4 m cos *" 1 2 or 2 2 ? m co 8 8m+1 2 , 

m«s0 m=0 

according as »is even or odd; and that these series converge when | cos 2 1 < 1. 


* This solution is oalled in^ fa q ); the second solutions of the equations satisfied by Mathieu 
functions have been investigated by Ince, Proc. Edinburgh Math. Soc. xxxm. (1915), pp. 2-15. 
See also § 19*2. 
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12. With the notation of example 11, shew that, if 

«*»(*, j)=X* J W ^ auc " t ce n (6, q)d6, 

then A* is given by one or other of the series 

i ta o_-> ; 2 »" A B-br\Jk I (2«+l)! - 

A ^ »=o2** (w !)* Am ’ 2 * r ^**«o 2*"* +1 m ! (ot+1) ! “**’ 

provided that these series converge. 

13. Shew that the differential equation satisfied by the product of any two solution 
of Bessel’s equation for functions of order n is 


5(5-2w) ($+2n)u+4z* (5+1) tt-O, 


where 5 denotes z 




Shew that one solution of this equation is an integral function of z; and thence, by tb< 
methods of §§ 19*5-19*53, obtain the Bessel functions, discussing particularly the case in 
which a is an integer. 


14. Shew that an approximate solution of the equation 

+(.4+ & sinh 8 z) u »0 

is u—C (cosech zfi sin {h cosh z +*), 

where C and < are constants of integration; it is to be assumed that k is huge, A is not 
very large and z is not small. 



CHAPTER XX 


ELLIPTIC FUNCTIONS. GENERAL THEOREMS AND THE 
WEIEBSTRASSIAN FUNCTIONS 

201 . Doubly-periodic functions. 

A most important property of the circular functions sins, cos z, tan 
3 that, if f(z) denote any one of them, 

f(z + 2ir)=f(z) > 

nd hence f(z+ 2 nir)=f(z), for all integer values of n. It is on account 
f this property that the circular functions are frequently described as 
periodic functions with period 2tt. To distinguish them from the functions 
diich will be discussed in this and the two following chapters, they are 
ailed singly-periodic functions . 

Let ©u a> 2 be any two numbers (real or complex) whose ratio * is not purely 
ml. A function which satisfies the equations 

f(z + 2<Oi) =/(*), f(z + 2w 2 ) =f(z), 

or all values of z for which f{z) exists, is called a doubly-periodic function 
f z y with periods 2eo 1} 2o> 2 . A doubly-periodic function which is analytic 
except at poles), and which has no singularities other than poles in the 
inite part of the plane, is called an elliptic function . 

[Note. What is now known as an elliptic integral + occurs in the researches of Jakob 
Bernoulli on the Elastica. M&claurin, Fagnano, Legendre, and others considered such 
ategrals in connexion with the problem of rectifying an arc of an ellipse; the idea of 
inverting 5 an elliptic integral (§ 21*7) to obtain an elliptic function is due to Abel, 
acobi and Gauss.] 

The periods 2a > 1 , 2co z play much the same part in the theory of elliptic 
unctions as is played by the single period in the case of the circular 
unctions. 

Before actually constructing any elliptic functions, and, indeed, before 
atablishing the existence of such functions, it is convenient to prove some 
;eneral theorems (§§ 20T1-20T4) concerning properties common to all 
lliptic functions; this procedure, though not strictly logical, is convenient 

* If 0 * 2 / 0 ^ is real, the parallelograms defined in § 20*11 collapse, and the function reduces to 
singly-periodic funotion when is rational; and when wjui is irrational, it has been shewn 
y Jacobi, Journal fur Math . xm. (1835), pp. 55-56 [Ges. Werke, 11 . (1882), pp. 25-26] that the 
motion reduces to a constant. 

t A brief discussion of elliptic integrals will be found in §§ 22*7-22*741. 
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because a large number of the properties of particular elliptic functions can 
be obtained at once by an appeal to these theorems. 

Example, The differential coefficient of an elliptic function is itself an elliptic 
function. 

20 * 11 . Period-parallelograms. 

The study of elliptic functions is much facilitated by the geometrical 
representation afforded by the Argand diagram. 

Suppose that in the plane of the variable z we mark the points 0, 2®x, 
2® a , 2®! + 2® 2 , and, generally, all the points whose complex coordinates are 
of the form 2m®! + 2 nco 2 , where m and n are integers. 

Join in succession consecutive points of the set 0, 2®!, 2®! + 2® a , 2®*, 0, 
and we obtain a parallelogram. If there is no point ® inside or on the 
boundary of this parallelogram (the vertices excepted) such that 

/(* + •)-/« 

for all values of z, this parallelogram is called a fundamental period-parallelo¬ 
gram for an elliptic function with periods 2®!, 2® a . 

It is clear that the ^-plane may be covered with a network of parallelo¬ 
grams equal to the fundamental period-parallelogram and similarly situated, 
each of the points 2m®! 4- 2n® a being a vertex of four parallelograms. 

These parallelograms are called period-parallelograms , or meshes ; for all 
values of z> the points z, z -f 2® l5 ... z + 2m® x -f 2n® a ,... manifestly occupy 
corresponding positions in the meshes; any pair of such points are said to 
be congruent to one another. The congruence of two points z, / is expressed 
by the notation z =z (mod. 2® x , 2® a ). 

From the fundamental property of elliptic functions, it follows that an 
elliptic function assumes the same value at every one of a set of congruent 
points; and so its values in any mesh are a mere repetition of its values in 
any other mesh 

For purposes of integration it is not convenient to deal with the actual 
meshes if they have singularities of the integrand on their boundaries; on 
account of the periodic properties of elliptic functions nothing is lost by 
taking as a contour, not an actual mesh, but a parallelogram obtained 
by translating a mesh (without rotation) in such a way that none of the poles 
of the integrands considered are on the sides of the parallelogram. Such a 
parallelogram is called a cell. Obviously the values assumed by an elliptic 
function in a cell are a mere repetition of its values in any mesh. 

A set of poles (or zeros) of an elliptic function in any given cell is called 
an irreducible set; all other poles (or zeros) of the function are congruent to 
one or other of them. 
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20*12. Simple properties of elliptic functions. 

(I) The number of poles of an elliptic function in any cell is finite. 

For, if not, the poles would have a limit point, by the two-dimensional 
dogue of § 2*21. This point is (§ 5*61) an essential singularity of the 
Lction; and so, by definition, the function is not an elliptic function. 

(II) The number of zeros of an elliptic function in any cell is finite. 

For, if not, the reciprocal of the function would have an infinite number 
poles in the cell, and would therefore have an essential singularity; and 
s point would be an essential singularity of the original function, which 
uld therefore not be an elliptic function. [This argument presupposes 
it the function is not identically zero.] 

(III) The sum of the residues of an elliptic function , f(z), at its poles in 
y cell is zero. 

Let G be the contour formed by the edges of the cell, and let the comers 
the cell be t, t 4- 2o>i, t -I- 2©! 4- 2g> 2 , t 4~ 2© a . 


[Note. In future, the periods of an elliptic function will not be called 2® x , 2g> 2 
ifferently; but that one will be called 2a l which makes the ratio have a positive 
iginary part ; and then, if C be described in the sense indicated by the order of the 
aers given above, the description of C is counter-clockwise. 

Throughout the chapter, we shall denote by the symbol G the contour formed by 
edges of a cell.] 


The sum of the residues of f{z) at its poles inside G is 


2 


dz • 


rt+^t 

[ t+2*ii+'2<o 3 

rt+i.. 

r* ) 

+ 

+ 


Jt 

>t+ 2 «, J 


Jt+ 


In the second and third integrals write z + 2a) lt z 4-2©* respectively for 
md the right-hand side becomes 


a rt+ 2«i 1 rf+3«* 

2 ^J t {/(*)-/<* +SM*-55 J f {/«-/(*+ 

1 each of these integrals vanishes in virtue of the periodic properties of 
;); and so f f(z) dz = 0, and the theorem is established. 


(IV) Liouville’s theorem *. An elliptic function, f(z), with no poles in a 
l is merely a constant. 

For if f(z) has no poles inside the cell, it is analytic (and consequently 
mded) inside and on the boundary of the cell (§ 3*61 corollary ii); that is 
say, there is a number K such that | f(z) [ < K when z is inside or on the 
mdary of the cell. From the periodic properties of f(z) it follows that 


* This modification of the theorem of § 5*63 is the result on which Liouville based his 
ures on elliptic functions. 
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f(z) is analytic and | f(z) | < K for all values of z ; and so, by § 5*63, f(t) ii 
a constant. 

It will be seen later that a very large number of theorems concerning 
elliptic functions can be proved by the aid of this result 

20 * 13 . The order of an elliptic function. 

It will now be shewn that, if f{z) be an elliptic function and c be any 
constant, the number of roots of the equation 

/(*>-« 

which lie in any cell depends only on f{z) t and not on c; this number is 
called the order of the elliptic function, and is equal to the number of poles 
of/CO i n the cell. 

By § 6*31, the difference between the number of zeros and the number 
of poles of f(z) — c which lie in the cell C is 

if n*L dz 

J c f( z )~~ c 

Since /' (z + 2w 1 ) — f'(z + 2® a ) = /' (z), by dividing the contour into four 
ports, precisely, as in § 20*12 (III), we find that this integral is zero. 

Therefore the number of zeros of f(z) — c is equal to the number of 
poles of f(z) — c; but any pole of f(z) — c is obviously a pole of f(z) and 
conversely; hence the number of zeros of f(z) - c is equal to the number 
of poles of f(z), which is independent of c ; the required result is therefore 
established. 

[Note. In determining the order of an elliptic function by counting the number of 
its irreducible poles, it is obvious, from § 6*31, that each pole has to be reckoned according 
to its multiplicity.] 

The order of an elliptic function is never less than 2; for an elliptic 
function of order 1 would have a single irreducible pole; and if this point 
actually were a pole (and not an ordinary point) the residue there wopld 
not be zero, which is contrary to the result of § 2012 (III). 

So far as singularities are concerned, the simplest elliptic functions are 
those of order 2. Such functions may be divided into two classes, (i) those 
which have a single irreducible double pole, at which the residue is zero in 
accordance with § 20*12 (III); (ii) those which have two simple poles at which, 
by § 20*12 (III), the residues are numerically equal but opposite in sign. 

Functions belonging to these respective classes will be discussed in this 
chapter and in Chapter xxu under the names of Weierstrassian and 
Jacobian elliptic functions respectively; and it will be shewn that any 
elliptic function is expressible in terms of functions of either of these 
types. 
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20*14. Relation between the zeros and poles of an elliptic function. 


We shall now shew that the sum of the affixes of a set of irreducible 
zeros of an elliptic function is congruent to the sum of the affixes of a set of 
irreducible poles. 


For, with the notation previously employed, it follows, from § 6*3, that 
the difference between the sums in question is 


27 ri Jc ~f (s) 27rt* {J * 


*/'(*) 




ft+n I, 

rt+2*n+Ui 

rt+u* n 

+ 

+ 

+ 

Jt 

1 f+fco. 

1 J t 


r } 


!*/'(*) 


/(*) 


dz 


1 rt+fcn 


2m Jt 




(*/'(*) (* + 2o> i )/ / (* + 2to il ) ) 

l/W /(* + 2«#*) \ ae 

_ JL f t+Ut \ ‘£M _ + 2tt>i)/' (* + 2o>i) ) 
2wiJ* (/(*) /(*+2®j) J 


i c r i*hh r I* 

^j-2G>,|k>g/(*)| + 2» 1 |log/(*)J < 




on making use of the substitutions used in § 20*12 (HI) and of the periodic 
properties of f{z) and/' (z). 


Now f(z) has the same values at the points 2^, t + 2© a as at t, so 
the values of log/(^) at these points can only differ from the value of log/(xr) 
at t by integer multiples of 27ri, say - 2nirt, 2m7ri; then we have 

and so the sum of the affixes of the zeros minus the sum of the affixes of 
the poles is a period; and this is the result which had to be established. 


20*2. The construction of an elliptic function. Definition of fp (z). 

It was seen in §20*1 that elliptic functions may be expected to have 
some properties analogous to those of the circular functions. It is therefore 
natural to introduce elliptic functions into analysis by some definition 
analogous to one of the definitions which may be made the foundation 
of the theory of circular functions. 

One mode of developing the theory of the circular functions is to start 
00 

from the series 2 (z - m7r)~*; calling this series (sin z)~*, it is possible 

m = -go 

to deduce all the known properties of sin*; the method of doing so is briefly 
indicated in § 20*222. 
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The analogous method of founding the theory of elliptic functions- is to 
define the function p (z) by the equation* 

^ ^ ~ z* \(z —Sma)! — 2 nco 2 ) 2 (27716)! -f 2716 ) 2 )*} * 

■where en u 6)* satisfy the conditions laid down in §§ 20*1, 20*12 (III); the 
summation extends over alt integer values (positive, negative and zero) of 
m and n, simultaneous zero values of m and n excepted. 

For brevity, we write in place of 277^ -f 2nco 2) so that 

f(z)=^+ s' {(#- -nzf»b 

m, n 

When m and n are such that | H m>n | is large, the general term of the 
series defining p (z) is 0 (| |“ 8 ), and so (§3*4) the series converges 

absolutely and uniformly (with regard to z) except near its poles, namely 
the points 

Therefore (§ 5*3), p (z) is analytic throughout the whole z-plane except 
at the points £Lm t n , where it has double poles. 

The introduction of this function p(z) is due to Weierstrassf; we now 
proceed to discuss properties of p (z), and in the course of the investigation 
it will appear that p (z) is an elliptic function with periods 2co 2 . 

For purposes of numerical computation the series for p (z) is useless on account of the 
slowness of its convergence. Elliptic functions free from this defect will be obtained in 
Chapter xxi. 

Example. Prove that 


20*21. Periodicity and other properties of p(z). 

Since the series for p (z) is a uniformly convergent series of analytic 
functions, term-by-term differentiation is legitimate (§ 5*3), and so 


The function p' (z) is an odd function. of z\ for, from the definition of 
p'(z), we at once get 

fp'(-z) = 2 t (z + n^-K 

m, n 


* Throughout the chapter 2 will be written to denote a summation over all integer values 

m,» 

of hk and «, a prime being inserted (S') when the term for which m=n=z0 has to be omitted 

m, n 

from the summation. It is also customary to write p r (z) for the derivate of p (z). The use of 
the prime in two senses will not cause confusion. 

f Werhe , n. (1895), pp. 245-255. The subject-matter of the greater part of this chapter is 
due to Weierstrass, and is contained in his lectures, of which an account has been published by 
Schwarz, Formeln und Lehrtalze zum Gebrauche der elliptucken Funktionen, Nach Vorlesungm 
und Aufzeieknungen des Hem 1 Prof. K . Wtier strati (Berlin, 1S9S). See also Cayley, Journal de 
Math . x. (1845), pp. 385-420 [Math. Papers, 1 . pp. 156-182], and Eisenstein, Journal filr Math. 
xxxv. (1847), pp. 137-184,185-274. 
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But the set of points — is the same as the set fl OTlW and so the 
terms of p (— z) are just the same as those of — p l (z), but in a different 
order. But, the series for p' (z) being absolutely convergent (§ 3*4), the 
derangement of the terms does not affect its sum, and therefore 

In like manner, the terms of the absolutely convergent series 

S' {0+n m>n )-’-a-* B } 

m, n 

are the terms of the series 

S' 

m,n 

in a different order, and hence 

*>(-*) = «>(*); 

that is to say, jp(z) is an even function of z. 

Further, $>' (z + 2^) = - 2 2 (z + 2® a )~*; 

m.n 

but the set of points —2©j is the same as the set Q w>n , so the series 
for jf> , (2r + 2o) 1 ) is a derangement of the series for p' (z). The series being 
absolutely convergent, we have 

p , (s + 2a> 1 ) = p , (*); 

that is to say, p* (z) has the period 2©!; in like manner it has the period 2© a . 

Since j / (z) is analytic except’at its poles, it follows from this result that 
p( (z) is an elliptic function. 

If now we integrate the equation p' (z + 2© 2 ) = p* (z), we get 
p(z + 2©,) = p(z) + A, 

where A is constant. Putting z = — © x and using the fact that p (z) is an 
even function, we get A = 0, so that 

jp(z + 2©!> = p (z); 
in like manner p (z + 2© a ) = p (z). 

Since p (z) has no singularities but poles, it follows from these two results 
that p (z) is an elliptic function . 

There are other methods of introducing both the circular and elliptic functions into 
analysis ; for the circular functions the following may be noticed : 

(1) The geometrical definition in which sin z is the ratio of the side opposite the angle 
z to the hypotenuse in a right-angled triangle of which one angle is z. This is the definition 
given in elementary text-books on Trigonometry; from our point of view it has various 
disadvantages, some of which are stated in the Appendix. 

(2) The definition by the power series 

2 s z b 

31112 = 2 --. + - — .... 
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(3) The definition by the product 


sin;=;( 


(* - p ) (* ~w^) i 1 ~ 3 ^ 5 ) — 


(4) The definition by ‘inversion’ of an integral 

/ tins 

The periodicity properties may be obtained easily from (4) by taking suitable paths of 
integration (of. Forsyth, Theory of Functions, (1918), § 104), but it is extremely difficult to 
prove that sin; defined in this way is an analytic function. 

The reader will see later (§§ 22*82, 22*1, 20*42, 20*22 and § 20*53 example 4) that 
elliptic functions may be defined by definitions analogous to each of these, with corre¬ 
sponding disadvantages in the cases of the first and fourth. 

Example. Deduce the periodicity of p (;) directly from its definition as a double series. 
[It is not difficult to justify the necessary derangement.] 


20 * 22 . The differential equation satisfied by p (z). 

We shall now obtain an equation satisfied by p (z), which will prove to 
be of great importance in the theory of the function. 

The function p (s) — z~*, which is equal to 2' {(z - ft OTj n )“* — ft is 

m, n 

analytic in a region of which the origin is an internal point, and it is an 
even function of z. Consequently, by Taylor’s theorem, we have an expansion 
of the form 

|>(*)-*-=9 + 0 (z>) 

valid for sufficiently small values of \z\. It is easy to see that 
< 7 .=60 2' n~* % , 5 -, = 140 2' 

m,» m, n 

Thus IP(z) = r*+to9** , + &fft* t +0(z>)- 1 

differentiating this result, we have 

*>'(*)- + + \ g,z> + 0 (*»). 

Cubing and squaring these respectively, we get 

fp 3 (*)•*"• +ms'* z ~ a+ i9*+0(*), 


f>'* (*) « 4r* -1 9l z-*-tg t +0 (* a ). 

Hence fp'\(z) - 4^ {z) = - g t r* -g t + 0 (z*), 

and so P' a (*) - 4#>* (*) + g,p (z) +g s =0 (z a ). 

That is to say, the function p' 1 (z) — 4p* (z) + g,f> (z) + g x , which is 
obviously an elliptic function, is analytic at the origin, and consequently 
it is also analytic at all congruent points. But such points are the only 
possible singularities of the function, and so it is an elliptic function with 
no singularities-, it is therefore a constant (§ 2012, IV). 

On making z—*0, we see that this constant is zero. 
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Thus, finally, the function fp(z) satisfies the differential equation 
iff* ( z )=4 iff (z) -g„fp (z) - g 3 , 

where g s and g 3 (called the invariants) are given by the equations 
.7. = 60 2' n- 4 „, g, = 140 2' 0~* B . 

m,» 

Conversely, given the equation 

if numbers <d u n> 2 can 6c determined * such that 

$r, = 60 2 ' n- 4 », <7, = 140 2' 

*»» » m,* 

then the general solution of the differential equation is 

y = jp(±z + a), 

where a is the constant of integration. This may be Been by taking a new 
dependent variable u defined by the equation*}* y = p (u), when the differential 

equation reduces to = 1. 

Since p(z) is an even function of z, we have y = p{z ± a), and so the 
solution of the equation can be written in the form 

y = fp(z + a) 

without loss of generality. 

Example. Deduce from the differential equation that, if 

P (*)=*"*+ S cs.* 2 ", 

n=l 

then C2=flr*/2 2 .5, c^g^.7, Ce=0 a */2*.3.5*, 

r _ ^3 . fft 3 . . ^3 

* 2*.5.7.IX’ 10 2 6 .3.5 3 .13 + 2*. 7 2 .13 ’ 1S ~2*.3.5*. 7.11 ‘ 

20*221. integral formula for p (z). 

Consider the equation 

z =\ c (4**-&**■-&)“*<&> 

determining z in terms of f; the path of integration may be any curve which 
does not pass through a zero of 4f* — g 2 t — g 3 . 

On differentiation, we get 

and so £=*jp(z + a), 

where a is a constant. 

* The difficult problem of establishing the existence of such numbers wj and w a when g 2 and 
g t are given is solved in § 21*73. 

t This equation in u always has solutions, by § 20-13. 
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Make f —> oo; then z—* 0, since the integral converges, and so a is a pole 
of the function p; i.e., o is of the form and so ^=p(z + O mi „)=p (z). 

r 

The result that the equation z= I (4si? — g 2 t - <r s )~*dt is equivalent to 

J £ 

the equation f = |> ( 2 ) is sometimes written in the form 
z=f (4t>-ff 2 t-<?,)-* dt. 

Jfp(z) 

20*222. An illuitration from the theory of the circular function*. 

The theorems obtained in §§ 20*2-20*221 may be illustrated by the corresponding 
results in the theory of the circular functions. Thus we may deduce the properties 

00 

of the function cosec 2 z from the series 2 ( 2 - mi r) “ 2 in the following manner: 

m=-oo 

Denote the series by/( 2 ); the series converges absolutely and uniformly* (with regard 
to z) except near the points r at which it obviously has double poles. Except at these 
points, f {z) is analytic. The effect of adding any multiple of n to z is to give a series 
whose terms are the same as those occurring in the original series; since the series 
converges absolutely, the sum of the series is unaffected, and so f(z) is a 'periodic function 
of z with period it. 

Now consider the behaviour of f(z) in the strip for which — ^tj- =$^( 2 ) From 

the periodicity of f{z\ the value of f(z) at any point in the plane is equal to its value at 
the corresponding point of the strip. I 11 the strip f{z) has one singularity, namely 2=0 ; 
and f(z) is bounded as 2 -*-® in the strip, because the terms of the series for f(z) are 

00 

small compared with the corresponding terms of the comparison series 2' m~\ 

m= - 00 

In a domain including the point 2 = 0 ,/( 2 ) - 2 ” 2 is analytic, and is an even function; 
and consequently there is a Maclaurin expansion 

/(2)-2-*= 2 “it.Z 3 *, 
n=0 

valid when \z\<ir. It is easily seen that 

a 2 *=27r-**- 2 (27i+l) I 

m=l 

cc 

and so «o—J, a 2 =6ir~ i 2 

m=l 

Hence, for small values of 1 2 1, 

/(2)=2- 2 + J + *2 2 +D(24). 

Differentiating this result twice, and also squaring it, we have 
/"(2) = 62 ^ + A + 0(2 2 ), 

/2(2)-2^+|2- 2 + H+0 ( 2* ) . 

It follows that /" ( 2 ) - 6/* ( 2 )+ 4 /( 2 )= 0 (s 2 ). 

That is to say, the function f" ( 2 )—6/ 2 ( 2 ) -f 4/ ( 2 ) is analytic at the origin and it is 
obviously periodic. Since its only possible singularities are at the points mir, it follows 
from the periodic property of the function that it is an integral function. 


By comparison with the series S' mrK 
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Further, it is bounded as z->- oc in the strip -fa^R(z)^fa> since f(z) is bounded 
and so is*/" (z). Hence /" (z) - 6/ 3 (z) +4/(s) is bounded in the strip, and therefore from 
its periodicity it is bounded everywhere. By Liouvilie’s theorem (§ 5*63) it is therefore 
a constant. By making we see that the constant is zero. Hence the function 

cosec 2 2 satisfies the equation 

/" (z) — 6/ 2 (z) — 4/ (z). 

Multiplying by S f (z) and integrating, we get 

f'Hz)=4f*(z){f(z)-l}+c, 

where c is a constant, which is easily seen to be zero on making use of the power series 
for/' (z) and/( 2 ). 

We thence deduce that 2z— f t~ l (t— l) - * dt , 

J /(*) 

when an appropriate path of integration is chosen. 


Example 1 . If ( 2 ) and primes denote differentiations with regard to z, shew that 
- |^=& {(y-ei) _2 +(3> - «2>~*+(y - e 3 )- J } - |y (y-ej)' 1 (y - «,)-* (y- e,)-', 
where e u e 2 , e 3 are the roots of the equation 4t 3 - g 2 t — < 73 —0. 

[We have / 2 =4 y*-giy- g z 

=4(y-e 1 )(y-e2)(y-e 3 ). 

Differentiating logarithmically and dividing by /, we have 

2yvy 2 = 2 (y-e,)- 1 - 

r=l 

Differentiating again, we have 

2 y"' 4V " 2 3 

Adding this equation multiplied by J to the square of the preceding equation, 
multiplied by we readily obtain the desired result. 

It should be noted that the left-hand side of the equation is half the Schwarzian 
derivative+ of z with respect to y ; and so z is the quotient of two solutions of the 
equation 

d?v f 3 3 3 3 1 

-3f + {l6 rh 


Example 2 . Obtain the ‘properties of homogeneity 5 of the function (z); namely that 

P(X * ; X_4fl ' 2 ’ X_6 ^) =X_2 * > ^5 

where P (^z | * l ) denotes the function formed with periods 2 ®!, 2® 2 and p(a; g it g 3 ) 

denotes the function formed with invariants g 2 , ffz- 

[The former is a direct consequence of the definition of p (z) by a double series; the 
latter may then be derived from the double series defining the g invariants.] 


* The series for f" (z) may be compared with 2' m~*. 
t Cayley, Camb. Phil . Tram . xra. (1888), p. 5 [Math. Papers, xi. p. 148]. 
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20*3. The addition-theorem for the function p(z). 

The function p(z) possesses what is known as an addition-theorem; tha 
is to say, there exists a formula expressing j? + y) as an algebraic functio] 
of p(z) and % >(y) for general values* of z and y. 

Consider the equations 

P* (z) = Ap (z) 4- B, p' (y) = Ap (y) + B } 
which determine A and B in terms of z and y unless p (z) = p (y), i.e. unless* 
z = ±y (mod. Zwj, 2 g> 2 ). 

Now consider g>'(£) - Ap (f) — B, 

qua function of £ It has a triple pole at f = 0 and consequently it ha 
three, and only three, irreducible zeros, by § 20*13; the sum of these is i 
period, by § 20*14, and as ?= z, g= y are two zeros, the third irreducible zer< 
must be congruent to — z — y. Hence — z — y is a zero of p' (£) — Ap (J) - J5 
and so 

fp’ (-* - y) (- e-y) + B. 

Eliminating A and B from this equation and the equations by which A 
and B were defined, we have 

(pO) p'C*) i =o. 

j?(y) ip'(y) i 

lK*+y) -j f(*+y) i 

Since the derived functions occurring in this result can be expressec 
algebraically in terms of p (z), p (y), p(z + y) respectively (§ 20*22), thh 
result really expresses p(z + y) algebraically in terms of p(z) and p(y) 
It is therefore an addition-theorem. 

Other methods of obtaining the addition-theorem are indicated in §20*313 
examples 1 and 2, and § 20*312. 

A symmetrical form of the addition-theorem may be noticed, namelj 
that, if u + v + w * 0, then 

p{u) p'(u) 1 =0. 

p(v) p'(v) 1 

p ( w ) p 9 ( w ) 1 

20*31. Another form of the addition-theorem. 

Retaining the notation of § 20*3, we see that the values of f, which mak« 
p' (£) — Ap ({) — B vanish, are congruent to one of the points z, y, —z — y. 

* It is, of coarse, unnecessary to consider the special cases when y, or z, or y~\-z is a period 

f The function p (z) - p (y), qua function of z, has double poles at points congruent to r=0 
and no other singularities; it therefore (§ 20*13) has only two irreducible zeros; and the pointf 
congruent to z = ±y therefore give all the zeros of £>(*}-£) (y). 
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Hence p'* (?) — {Ap (?) + B}* vanishes when ? is congruent to any of the 
points z,y,—z—y. And so 

4^ (?)—Y (?) ■- (2 AB + 9i ) p (?)-(# + $r,) 
vanishes when p (?) is equal to any one of p (z), p (y), p (z + y). 

For general values of z and y, p (z), p (y) and p(z + y) are unequal and 
so they are all the roots of the equation 

4 Z* - A*Z* - (2AB + g t )Z-(B*+ g,) = 0. 

Consequently, by the ordinary formula for the sum of the roots of a cubic 
equation, 

V(*)+p(y) + p(z + y)=\A*, 

and so p{z + y) = \ ^ <*>~ - p(z)-p (y), 

on solving the equations by which A and B were defined. 

This result expresses p (z + y) explicitly in terms of functions of z and 
of y . 

20*311. The duplication formula for jjp (z). 

The forms of the addition-theorem which have been obtained are both 
nugatory when y = But the result of § 20*31 is true, in the case of any 
given value of z, for general values of y. Taking the limiting form of the 
result when y approaches z , we have 

+ Urn {£$:£$}'-*(»> 

From this equation, we see that, if 2 z is not a period, we have 


.p(z)-p{z + K)} 

-V(,) + 0 (^_ 

-hp'{z) + 0Q?) J fyh 

on applying Taylor’s theorem to p{z + h), <g! (z + h) ; and so 


SP (2^) = 4 lira 

4 A-M) 

- i lira -I 

4 A-»*0 


P(*»)-j| 


i W( z ) 

§>'<*). 


- 


unless 2z is a period. This result is called the duplication formula. 

Example 1. Prove that 

qua function of «, has no singularities at points congruent with z— 0, ±y ; and, by making 
use of Liouville’s theorem, deduce the addition-theorem. 
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Example 2. Apply the process indicated in example 1 to the function 
P« &{z) 1 

PW P« i 

P (*+y) -P(*+y) i 

and deduce the addition-theorem. 

Example 3. Shew that 

P (*+y)+P (*-y)“ (P (*) - P (y)}" 3 [{2f> W P (y)-fe*} {P 0+P (y)} -g& 

[By the addition-theorem we have 

(TO>r- PW -^) + l 

Replacing p*(i) and g>' 2 (y) by 4p (z)-g 2 P (*)-£s and 4P(y)-paP(y)-y 3 respec¬ 
tively, and reducing, we obtain the required result.] 

Example 4. Shew, by Liouville’s theorem, that 

S{P(*-«)P(*-6»=P(«-&) {P'( Z -a)+P'( 2 -i)}-P'(a-6){P(2-a)-p(z-6)}. 

(Trinity, 1905.) 

20*312. AbePs* method of proving the addition-theorem, f<yr p ( 2 ). 

The following outline of a method of establishing the addition-theorem for p ( 2 ) is 
instructive, though a completely rigorous proof would be long and tedious. 

Let the invariants of p(z) be g 2 , y 3 ; take rectangular axes OX, OY in a plane, and 
consider the intersections of the cubic curve 

y*=4a?- g2 x-g 3 

with a variable line y = mx + n. 

If any point (x x , y x ) be taken on the cubic, the equation in z 

p ( 2 ) X\ — 0 

has two solutions +z x , —z 1 (§ 20*13) and all other solutions are congruent to these two. 

Since p' 2 ( 2 )=4p(z)-y 2 p ( 2 )— g z , we have p' 2 (z) =y x 2 ; choose z x to be the solution for 
which p / ( 2 j)= +y l7 not -y x . 

A number z x thus chosen will be called the parameter of (x l9 y x ) on the cubic. 

Now the abscissae x x , x 2 , x z of the intersections of the cubic with the variable line 
are the roots of 

<p (x)zz4x 3 —g 2 x—g s -(mx+n) 2 = 0, 
and so <f> (x) = 4 (x - x x ) (as — x 2 ) (x — x 3 ). 

The variation &x r in one of these abscissae due to the variation in position of the line 
consequent on small changes dm, bn in the coefficients m, n is given by the equation 


and so 
whence 


<t>‘ (x T ) SXr+^ 8m 8n= 0, 

<f)' (x r ) dx T —2 (mx T + n) (x r dm 4- dn), 


dx r 


* x r bm 4- dn 


r -x mx r +n 

provided that x 1} x 2 , x 3 are unequal, so that <f>' (x r )±0. 

* Journal fur Math n. (1827), pp. 101-181; m. (18*28), pp. 160-190 [ Oeuvres , i. (Christiania, 
1839), pp. 141-252]. 
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Now, if we put z(z8m+8n)/<f> (z) t qua function of z, into partial fractions, the result is 

3 

2 A r /(z-z r \ 

r=l 

where A r = lim z (z8m+8n) 

X-^Tr 9 W 

=x r (z r 8m+8n ) lim (x—z r )l<f)(x) 

x~^x r 

— z r (z r 8m + bn) I <f>' (z r \ 

by Taylor’s theorem. 

3 3 

Putting #=0, we get 2 8z r ly r — 0, i.e. 2 8z r =0. 

r -1 r=l 

That is to say, the sum of the parameters of the points of intersection is a constant 
independent of the position of the line. 

Vary the line so that all the points of intersection move off to infinity (no two points 
coinciding during this process), and it is evident that z l + z< l -\-z z is equal to the sum of the 
parameters when the line is the line at infinity; but when the line is at infinity, each 
parameter is a period of p (z) and therefore z l +z 2 +z 3 is a period of p (z). 

Hence the sum of the parameters of three colli near points on the cubic is congruent to 
zero. This result having been obtained, the determinantal form of the addition-theorem 
follows as in § 20 3. 

20 * 32 . The constants e lf e 2 , e 3 . 

It will now be shewn that p (coy), p (a> 2 ), p (a> 3 ), (where g > 3 = — a>y — o> 2 ), are 
all unequal; and, if their values be e u e 2i e 3i then e lt e 2} e 3 are the roots of the 
equation 4^ — g 2 t — g 3 — 0. 

First consider pf (o^). Since p' (z) is an odd periodic function, we have 
£>' (®i) - - f>' (- = - p' (2®, - 6)0 = -p' (6)0, 

and so ^'(i»i) = 0 . 

Similarly p' (m 2 ) = p' (co s ) = 0. 

Since p' (z) is an elliptic function whose only singularities are triple poles 
at points congruent to the origin, p' (z) has three, and only three (§ 20*13), 
irreducible zeros. Therefore the only zeros of p' (z) are points congruent to 

©1, ©3- 

Next consider p{z) — e 2 . This vanishes at coy and, since p'(ot)i) = 0 , it has 
a double zero at coy. Since p(z) has only two irreducible poles, it follows 
from §20*13 that the only zeros of p(z) — ey are congruent to a\. In like 
manner, the only zeros of p (z) — e 2i p (z) — e 3 are double zeros at points con¬ 
gruent to g> 2 , © 3 respectively. 

Hence eyj*e 2 ± e 3 . For if e x = e^, then p (z) — e x has a zero at m 2 , which is 
a point not congruent to co x . 

Also, since p'*(z) — 4!p s (z) — g 2 p (z) — g 3 and since pf (z) vanishes at <o u a> 2 , 
a> 3 , it follows that 4p 3 (z) — g 2 p (z) — g 3 vanishes when p (z) = e lt e* or $ 3 . 

That is to say, e lt e 2 , e 3 are the roots of the equation 

4F-g 2 t-g 3 = 0. 
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From the well-known formulae connecting roots of equations with thei 
coefficients, it follows that 

4 - 4 - e* * 0 , 

+ SjSj + 6\6z * 


Example 1. When g% and g 3 are real and the discriminant ^r 2 3 —27^ 3 * is positive, shei 
that e u Sjt, e 5 are all real; choosing them so that e x >e^> « 3 , shew that 

»i= (44 s -gst-g 3 ) ~ * <*, 

and 0)3= -* (gi+gtf- 4fi) ~bdt, 

so that is real and a> 3 a pure imaginary. 

Example 2. Shew that, in the circumstances of example 1, p (z) is real on the peri 
meter of the rectangle whose comers are 0, <u 3 , &i. 

20*33. The addition of a half-period to the argument of p (z). 

From the form of the addition-theorem given in § 20*31, we have 


and so, since 


we have 


on using the result 


2 4,-0 i 
r=*l 


this formula expresses p («+«i) in terms of p (z). 

Example 1. Shew that 

Example 2. From the formula for §>(z+*s) combined with the result of example 1, 
shew that 

j»(Jo) l +o^-e l +{(« 1 -«j)(e 1 -e 3 )}i. 

(Math. Trip. 1913.) 

Example 3. Shew that the value of jp'(s) P'(*+a> 1 )p'( 1 + 03 ) f* (z+a*) is equal to 
the discriminant of the equation 4^—^ 3 =0. 

[Differentiating the result of § 20*33, we have 

f -to-*) to-*) r «; 

from this and analogous results, we have 

P « P (*+*1) r (*+*2) F (*+*s) 

r=i 

«ie (*-*?(*,-*)* (*-*)*, 

which is the discriminant ^j 8 —27^* in question.] 
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Example 4. 


Example 5. 


Shew that, with appropriate interpretations of the radicals, 

P (i®i) * — 2 {(«i — (^i—«s)}^ {(«i — —e 3 )i}. 

(Math. Trip. 1913.) 

Shew that, with appropriate interpretations of the radicals, 


{P (2*) - «.}* {P (»•) ■- «a}* + {P (2*) - «s}* {P (fc) - erf 

+ {P (8») ~ «i}* {P (2*) -«,}*= p (z) - p (2*). 


20 * 4 . Quasi-periodio functions. The function* f(z). 


We shall next introduce the function f (z) defined by the equation 


dm 

dz 




jonpled with the condition lim {^(z) — z~~ 1 } = 0. 

Z-+-0 

Since the series for fp (z) — z~ 2 converges uniformly throughout any 
lomain from which the neighbourhoods of the points f n / m>n are excluded, we 
nay integrate term-by-term (§ 4*7) and get 

£(*)-*-> = - f {*> (z) - z~*} dz 
J 0 


llld 80 


^ f {(* 

7»,n J 0 


The reader will easily see that the general term of this series is 


0(| f}fn,n| *) as | H»n,» | 00 5 

and hence (cf. § 20*2), f (z) is an analytic function of z over the whole ^-plane 
except at simple poles (the residue at each pole being +1) at all the points 
of the set O^n. 


It is evident that 





1 

z + flm, 


n 


l 



and, since this series consists of the terms of the series for J (z), deranged in 
the same way as in the corresponding series of § 20*21, we have, by § 2*52, 


CM —fW, 


that is to say, f (z) is an odd function of z. 


* This function should not, of course, be confused with the Zeta-function of Riemann, 
discussed in Chapter xrn. 

t The symbol is used to denote all the points O m , n with the exception of the origin 
[cf. § 20*2). 
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Following up the analogy of § 20*222, we may compare £(z) with the function cot 2 

00 d 

defined by the series z~* *+■ S' {(z~ mir) ~ 1 4- fan) “*}, the equation ^ cot - cosec 2 2 

corresponding to f (z) = — jp (z). 


20*41. The quad-periodicity of the function £(z). 

The heading of § 20*4 was an anticipation of the result, which will now be 
proved, that %(z) is not a doubly-periodic function of z\ and the effect on 
X(z) of increasing z by 2m 1 or by 2co % will be considered. It is evident from 
§ 20*12 (III) that £(z) cannot be an elliptic function, in view of the fact that 
the residue of f (z) at every pole is + 1 . 

If now we integrate the equation 

p(z + 2a> 1 ) = p (z), 

we get £ (z + 2 toi) =£(z) 4- 2 VlJ 

where 2 ^ is the constant introduced by integration; putting z=— <o ly and 
taking account of the fact that f (z) is an odd function, we have 

In like manner, f (z + 2m a ) = £(z) + 2%, 

where 17 * — J (o> 2 ). 


Example 1. Prove by Liouville’s theorem that, if x+y+z=0, then 

{ Cfa+C(y)+Cfa}*+t'fa+C' W+f'W= 0 . 

(Frobenius u. Stickelberger, Journal f&r Math, lxxxviil) 

[This result is a pseudo-addition theorem. It is not a true addition-theorem since 
{' fay (' (y)> (' M are not algebraic functions of f ( x\ { (y), ((z).] 


Example 2. Prove by Liouville’s theorem that 


2 

1 P(*) PW 

“ 5 “ 

1 P(x) f(x) 


1 P(y) P(y) 


1 P(y) r(y) 


1 Pto pw 


1 P(*) FW 


C {x+y+z) -f fa-Cfa-Cfa 


Obtain a generalisation of this theorem involving n variables. 

(Math. Trip. 1894.) 


20*411. The relation between rji and tj 2 . 
We shall now shew that 


Vi<»2-V*g>i = 2' 7T1 ' 


To obtain this result consider J J (z) dz taken round the boundary of a 

cell. There is one pole of J (z) inside the cell, the residue there being + 1 . 

Hence %{z)dz = 2m. 

J c 
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20-41-20-421] 


Modifying the contour integral in the manner of § 20*12, we get 

rtf+sSw! ft+ 2» t 

2iri = J {£(*) - + 2o> s )} j {£(*) - £(z + 2a,,)} 

rt+2» t rt+2ta % 

= — 217 2 J ci£ + 2 - 17 ! J dt, 

and so 2w» = — + 4^ 1 o) 2 , 

which is the required result. 


20*42. The function <r(z ). 

We shall next introduce the function a (z) y defined by the equation 

logo- 0)=f(*) 

coupled with the condition lim {<r (z)/z} = 1. 

z-*“0 

On account of the uniformity of convergence of the series for £(z), except 
near the poles of f (z), we may integrate the series term-by-term. Doing so, 
and taking the exponential of each side of the resulting equation, we get 




the constant of integration has been adjusted in accordance with the condition 
3 tated. 


By the methods employed in §§ 20*2, 20*21, 20*4, the reader will easily 
sbtain the following results : 

(I) The product for a (z) converges absolutely and uniformly in any 
bounded domain of values of z. 


(II) The function a (z) is an odd integral function of z with simple zeros 
it all the points 

The function <r (z) may be compared with the function sin z defined by 
ihe product 


00 

* ir 

m— - oo 


f l - 

; mir] 


he relation log sin z = cot z corresponding to ^ log <r (z) = ^(z). 


20*421. The quasi-periodicity of the function a (z). 

If we integrate the equation 

t(# + 2 oO *£« + **» 

re get <r(z + 2 ^) = ce^ z a (z), 

rhere c is the constant of integration; to determine c, we put z — — o u and 
hen 


<r (<»!) = — ce~ 2lt '*'<r (a^). 
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Consequently c = — 

and (z + 2 *^) * — e 2 * a {z)+ 

In like manner <r (z 4* 2 m 2 )« - a (z). 

These results exhibit the behaviour of c(z) when z is increased by £ 
period of f(z)> 

If, as in § 20*32, we write a > 3 = —a>j — g> 2 , then three other Sigma-function* 
are defined by the equations 

<r r (z) = (z + a r )/<r (o> r ) (r = 1 , 2 , 3), 

The four Sigma-functions are analogous to the four Theta-functions dis¬ 
cussed in Chapter xxi (see § 21 * 9 ). 

Example 1. Shew that, if m and n are any integers, 

v(z+2nini+2n»2)=:(-) m+n <r (z) exp {(^m^ + z -f-2 to 2 t 7 1 <» 1 +4m?ii ?1 a> 2 -f2tt 2 j ?2 <» 2 }, 
and dedace that is an integer multiple of \nu 

Example 2. Shew that, if gr=exp so that | q | < 1, and if 

(S)J l { l - 2 « s " co8 S + ^}> 

then F{z) is an integral function with the same zeros as &{z) and also F{z)j<r(z ) is a 
doubly-periodic function of z with periods 2» 2 , 2a»j. 

Example 3. Deduce from example 2, by using Liouville’s theorem, that 

Example 4. Obtain the result of example 3 by expressing each factor on the right as 
a singly infinite product. 

20 * 5 . Formulae expressing any elliptic function in terns of Weierstrassian 
functions with the some periods . 

There are various formulae analogous to the expression of any rational 
fraction as (I) a quotient of two sets of products of linear factors, (II) a sum 
of partial fractions; of the first type there are two formulae involving Sigma- 
functions and Weierstrassian elliptic functions respectively; of the second 
type there is a formula involving derivates of Zeta-functions. These formulae 
will now be obtained. 

20 * 51 . The expression of any elliptic function in terms of p (z) and p' (z). 

Let f(z) be any elliptic function, and let p (z) be the Weierstrassian 
elliptic function formed with the same periods 2a) lf 2 <u 2 . 

We first write 

/(*) - iC/« +/(- *>3 +1 [{/(*> -/(- *)\ {?'{*)}-'}¥(*)■ 
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20 - 5 - 20 - 52 ] 

The functions 

f O) +/(- * * * § )■ {/(*) -/(“ *)} (P'C*)} -1 

are both even functions, and they are obviously elliptic functions when f(z) is 
an elliptic function. 

The solution of the problem before us is therefore effected if we can 
express any even elliptic function <f> (z), say , in terms of fp (z). 

Let a be a zero of <f> (z) in any cell; then the point in the cell congruent 
to — a will also be a zero. The irreducible zeros of <f> (z) may therefore be 
arranged in two sets, say a l3 a Qi ... a n and certain points congruent to — c^, 
fl&2, ••• — 

In like manner, the irreducible poles may be arranged in two sets, say 
b l3 b. it ... 6 n , and certain points congruent to — b 1} — i 2 , ... — 

Consider now the function* 

1 ft \» («) - P (gr) ) 

<t> (*) r-1 \fp (*) ~ f (t>r)) ' 

It is an elliptic function of z, and clearly it has no poles ; for the zeros of 
<f>{z) are zeros f of the numerator of the product, and the zeros of the 
denominator of the product are poles f of <f> (z). Consequently by Liouville’s 
theorem it is a constant, A 1} say. 

Therefore (z) = A 1 fl , 

that is to say, <j> (z) has been expressed as a rational function of fp (z). 

Carrying out this process with each of the functions 

/(*) +/(- *). {/(*) -/(- *)} {*>' (*)}“*, 
we obtain the theorem that any elliptic function f (z) can be expressed in terms 
of the Weierstrassian elliptic functions fp (z) and fp' (z) with the same periods , 
the expression being rational in fp (z) and linear in fpf' (z). 

20*52. The expression of any elliptic function as a linear combination of 
Zeta-functions and their deHvates. 

Let f(z) be any elliptic function with periods 2q) 1} 2co q . Let a set of 
irreducible poles of f(z) be cq, ctg, ... a n , and let the principal part (§5*61) 
of/( 2 ) near the pole a k be 

+ . -fLl _ + . + 
z — a k (z - a k f (z - a k ) r k * 

* If any one of the points a r or b r is congruent to the origin, we omit the corresponding 

factor fP (z) -f (a r ) or p (z) - fp (b r ). The zero (or pole) of the product and the zero (or pole) 

of <j> {z) at the origin are then of the same order of multiplicity. In this product, and in that of 

§ 20*53, factors corresponding to multiple zeros and poles have to be repeated the appropriate 
number of times. 

t Of the same order of multiplicity. 




Denoting the summation on the right by F(z\ we see that 
F (2 + 2(0!) — F(z)=* 2 2tyiC^u 

k=i 

by § 20*41, since all the derivates of the Zeta-functions are periodic. 

n 

But 2 c *! is the sum of the residues of f (z) at all of its poles in a cell, 

*=i * 

and is consequently (§ 20*12) zero. 

Therefore F(z) has period 2^, and similarly it has period 2© a ; and so 
f(z) — F(z) is an elliptic function. 

Moreover F(z) has been so constructed that f(z) — F (z) has no poles at 
the points a u a*, ... dnj and hence it has no poles in a certain cell. It is 
consequently a constant, A Zi by Liouville’s theorem. 

Thus the function f(z) can be expanded in the form 

n r k Ay-i 

■ 4s + 2 2 T —TTi Ck >‘Z*~ l) ( z ~ a *)- 

This result is of importance in the problem of integrating an elliptic 
function f(z) when the principal part of its expansion at each of its poles is 
known; for we obviously have 

J f(z) dz-A 1 z+ log a{z- a k ) 

where C is a constant of integration. 

Example. Shew by the method of this article that 

^ w PM-irM+A*, 

and deduce that 

f‘p(z)dz=W(*)+&9*+C, 

where C is a constant of integration. 


20 * 53 . The expression of any elliptic function as a quotient of Sigma - 
functions . 

Let f(z) be any elliptic function, with periods 2©! and 2o> 2 , and let a set 
of irreducible zeros of f(z) be Oj, a 2 , ... c^. Then (§20*14) we can choose a 
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set of poles £ 4 , b 2f ... b n such that all poles of f(z) are congruent to one or 
other of them andf 

C&i + Cl3 4- ... + C&n = £> x + “H • •• + b n . 

Consider now the function 


n 


r ~*r) 


/W+ n 


r« 1 C (z — b r ) 

This product obviously has the same poles and zeros as f(z ); also the 
effect of increasing z by 2^ is to multiply the function by 

n exp [2% Q - q r )} 
r=l exp {2t] x (z - b r )} 

The function therefore has period 26> x (and in like manner it has period 
2a> a ), and so the quotient 

<T (z— CL,) 

t\<r{z-b r ) 

is an elliptic function with no zeros or poles. By Liouville’s theorem, it must 
be a constant, A s say. 

Thus the function/( 3 ) can be expressed in the form 

r=l <T\Z- b r ) 

An elliptic function is consequently determinate (save for a multiplicative 
constant) when its periods and a set of irreducible zeros and poles are known. 
Example 1 . Shew that 

PO P(3f) a*(z)o*(y) * 

Example 2 . Deduce by differentiation, from example 1 , that 

and by further differentiation obtain the addition-theorem for p (z). 

n n 

Example 3. If 2 — 2 £y, shew that 

r=l rasl 

2 o-K-tg)... <r(Or-b n ) _ 0 

1 <r {Or - a x ) tr (a r - a % )... *... tr (ay - a*) 5 

the * denoting that the vanishing factor <r. (a r —a r ) is to be omitted. 

Example 4. Shew that 

(*) - e r =oy 2 W/cr 2 ( 2 ) (r = 1 , 2 , 3). 

[It is customary to define {p ( 2 ) - e r }i to mean <r r ( 2 )/<r ( 2 ), not —<r r (*)V'(*)0 
Example 5. Establish, by example 1 , the 4 three-term equation/ namely, 
tr(z 4 -a) tr (z-a) tr(b+c) <r(6 — c)+r(z+b) tr (z-b) tr (c+a) tr (c-a) 

+ 0 * {z+c) tr ( z — c ) cr (a + 6) cr (a— £>)=0. 


t Multiple zeros or poles are, of course, to be reckoned according to their degree of multi- 
pUcity; to determine iq, 62 ,... 6 n , we choose lq, b 2 , ... & n _ x , to be the set of poles in the cell in 
which ai, a 2} ... a K lie, and then choose 6 n , congrnent to 5 n ', in such a way that the required 
equation is satisfied. 
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[This result is due to Weierstrass; see p. 47 of the edition of his lectures by Schwarz.] 

The equation is characteristic of the Sigma-function ; it has been proved by Halphen, 
Fonction* Elliptiques, L (Paris, 1886), p. 187, that no function essentially different from the 
Sigma-function satisfies an equation of this type. See p. 461, example 38. 

20 * 54 . The connexion between any two elliptic functions with the same 
periods . 

We shall now prove the important result that an algebraic relation exists 
between any two elliptic functions, f (z) and (f> (z), with the same periods. 

For, by § 20*51, we can express f{z) and <j> (z) as rational functions of the 
Weierstrassian functions p (z) and p' (z) with the same periods, so that 
f(z)~Ik {ft 0), p' <*)}, <j>(z)=R 2 {p (z), P' (*)}, 

where Ri and U* denote rational functions of two variables. 

Eliminating p (z) and p' (z) algebraically from these two equations and 
p'* (z) = (z) - g 2 p {z) - < 7 *, 

we obtain an algebraic relation connecting f(z) and <f> (z ); and the theorem 
is proved. 

A particular case of the proposition is that every elliptic function is con¬ 
nected with its derivate by an algebraic relation. 

If now we take the orders of the elliptic functions f(z) and <f> (z ) to be m 
and n respectively, then, corresponding to any given value of f(z) there is 
(§ 2018) a set of m irreducible values of z , and consequently there are m 
values (in general distinct) of <f> (z). So, corresponding to each value of f there 
are m values of <f> and, similarly, to each value of <p correspond n values of/ 

The relation between f{z) and <f> (z) is therefore (in general) of degree m 
in </> and n in /. 

The relation may be of lower degree. Thus, if f{z) = p (z), of order 2, and 

W = P 2 (' 3r )» of order 4, the relation is / 2 = <£. 

As an illustration of the general result take f(z) = p (z) } of order 2, and 
<t> ( z ) = p' ( z )> of order 3. The relation should be of degree 2 in 0 and of 
degree 3 in /; this is, in fact, the case, for the relation is — 4 f* — g 2 f— g s . 

Example. If u, v, w are three elliptic functions of their argument of the second order 
with the same periods, shew that, in general, there exist two distinct relations which are 
linear in each of u, v, w, namely 

A uvw+£vw+Cwu+Duv+Eu + F v+Gw+B **0, 

A'uvw+Bvw+C'wu+Buv + E'u + F f v + Q'w+B'= 0, 
where A, B,H' are constants. 

20 * 6 . On the integration of {a^xA + 4^a? + Qci^x 2 -f 4sa s x + a 4 } ” 

It will now be shewn that certain problems of integration, which are 
insolublejby means of elementary functions only, can be solved by the intro¬ 
duction of the function p (z). 
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Let 4 af 4 6 a 2 af 4 4 a 4 = fix) be any quartic polynomial 

which has no repeated factors; and let its invariants* be 

Qz — CLo ^4 "" 4&1 (Xj 4 3 o2 2 j 

g$ = a 0 O 2 a 4 + 2a 1 a 2 a 3 —aj— a 0 a 8 3 — a^. 

Let z = [ \f(t)}~ ^ dt , where # 0 is any root of the equation f(x) = 0; then, 
Jxo 

if the function £> ( z ) be construetedf with the invariants g 2 and g 3 , it is possible 
to express x as a rational function of p(z; g 2) g 3 ). 

[Note. The reason for assuming that f(x) has no repeated factors is that, when/(#) 
has a repeated factor, the integration can be effected with the aid of circular or logarithmic 
functions only. For the same reason, the case in which a Q =ai~§ need not be considered.] 

By Taylors theorem, we have 

fit) = 4 A z {t - x 0 ) + 6A 2 it - # 0 ) 2 4 \A 1 it - x o y 4 A 0 it- x 0 )\ 

(since fix 0 ) = 0 ), where 

-4o ~ A \ == 4“ &i> 

A 2 = OqX q 2 4 2 a 1 x 0 4 Oa, 

A$ — (%qX q 3 4 3ui^7q 3 4 Qo^Xq 4 a 3 . 

On writing (t — x 0 )~ l = t, (a? — # 0 ) _1 = £ we have 

*~ft + 6^ aT * + ^i T + A}"*dr. 

To remove the second term in the cubic involved, write* 
r = Af 1 (<r - bA*), f = -dr 1 (« - id 2 ), 

and we get 

{W-iZAf-tAiA^a-VAUsAs-Af-AtAty-ldv. 

The reader will verify, without difficulty, that 

34 2 2 ~4^L 1 il s and 2A 1 A 2 A S — A 2 * - ^o-^s 2 

are respectively equal to g 2 and g 2 , the invariants of the original quartic, 
and so 

* = p O; &> g>)- 

Now x = x a + A z \s — Jt-A-z}- 1 , 

and hence x = x 0 + \f (x„) {$> ( 2 ; g t , g z ) - faf" (#„)}-’, 

so that x has been expressed as a rational function of fp { 2 ; g t , g 3 ). 

* Burnside and Panton, Theory of Equations , n. p. 113. 
f See §21 *73. 

t This substitution is legitimate since ^ 3 4=0; for the equation A 3 =0 involves f(x)~0 
having x—x 0 as a repeated root. 
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This formula for a; is to be regarded as the integral equivalent of the 
relation 

{/(<)}"*<& 

J X 0 

Example 1. With the notation of this article, shew that 

: /wl 

Example 2. Shew that, if 




where a is any constant, not necessarily a zero of f{x\ and f(x) is a quartic polynomial 
with no repeated factors, then 

+ 2 W (*)-&/" ’ 

the function p ( z ) being formed with the invariants of the quartic/( j?). 

(Weierstrass.) 

[This result was first published in 1865, in an Inaugural-dissertation at Berlin by 
Biermann, who ascribed it to Weierstrass. An alternative result, due to Mordell, Messenger, 
xliv. (1915), pp. 138-141, is that, if 

(wydx-xdy 

where f(x, y) is a homogeneous quartic whose Hessian is h (x, y), then we may take 

x=ap f (z)Jf+ip(z)f b +ih b , 

where /and h stand for /(a, b) and h (a, b ), and suffixes denote partial differentiations.] 
Example 3. Shew that, with the notation of example 2 , 
o {/(*)/(«)}*+/(«) ■ /» | /"(a) 

" K } ~ o //»•_ n\2 ~ r ^ ^ 24“’ 


and 


2(jr—a) 2 1 4 (x—a) 

VM- - feS? - 4- feS? +J^.} (/<*»*• 


20*7. The uniformisation * of cui'ves of genus unity. 

Tie theorem of § 20*6 may be stated somewhat differently thus : 

If the valuables x and y are connected by an equation of the form 
y 8 = a ,,# 4 + 4 a 1 45 8 4- 6a 2 o? + 4a 3 # + a 4 , 

then they can be expressed as one-valued functions of a variable z by the 

eqU0il0nS * = «v + i | 

y=-lf fa) p' (*) {p <» - */" (^o)}- 2 / * 

where f{x) = 4- 4 a l a^ 4- 6 a .,# 2 + 403 # 4- a 4 , # 0 is any zero of /(#), and the 

function p (z) is formed with the invariants of the quartic; and z is such that 

.-fV®}-** 

■ / *b 

* This term employs the word uniform in the sense one-valued. To prevent confusion with 
the idea of uniformity as explained in Chapter in, throughout the present work we have used the 
phrase * one-valued function ’ as being preferable to ‘uniform function/ 
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207] 

It is obvious that y is a two-valued function of x and x is a four-valued 
function of y ; and the fact, that x and y can be expressed as one-valued 
functions of the variable z, makes this variable z of considerable importance 
in the theoiy of algebraic equations of the type considered; z is called the 
vmformising variable of the equation 

y 2 = ao# 4 + 4 a!# 3 + 602#® + 403# +o 4 . 

The reader who is acquainted with the theory of algebraic plane curves will be aware 
that they are classified according to their deficiency or genus*, a number whose geometrical 
significance is that it is the difference between the number of double points possessed 
by the curve and the maximum number of double points which can be possessed by a 
curve of the same degree as the given curve. 

Curves whose deficiency is zero are called unicursal curves. If/(#,y )=0 is the equation 
of a unicursal curve, it is well known t that x and y can be expressed as rational functions 
of a parameter. Siuce rational functions are one-valued, this parameter is a uniformising 
variable for the curve in question. 

% 

Next consider curves of genus unity; let f(x, y )=0 be such a curve; then it has 
been shewn by OlebschJ that x and y can be expressed as rational functions of £ and rj 
where rj 2 is a polynomial in £ of degree three or four. Hence, by § 20 * 6 , £ and 17 can be 
expressed as rational functions of p (z) and p' (z), (these functions being formed with 
suitable invariants), and so x and y can be expressed as one-valued (elliptic) functions of z, 
which is therefore a uniformising variable for the equation under consideration. 

When the genus of the algebraic curve /(#, y )=0 is greater than unity, the uniformi- 
sation can be effected by means of what are known as automorphic functions. Two classes 
of such functions of genus greater than unity have been constructed, the first by Weber, 
Gottingcr Nach. (1886), pp. 359-370, the other by Whittaker, Phil. Trans, cxcii. (1898), 
pp. 1-32. The analogue of the period-parallelogram is known as the ‘fundamental polygon . 1 
In the case of Weber’s functions this polygon is * multiply-connected,’ i.e. it consists of a 
region containing islands which have to be regarded as not belonging to it; whereas in 
the case of the second class of functions, the polygon is ‘ simply-connected,’ i.e. it contains 
no such islands. The latter class of functions may therefore be regarded as a more 
immediate generalisation of elliptic functions. Cf. Ford, Introduction to theory of Auto - 
morphic Functions , Edinburgh Math. Tracts, No. 6 (1915). 
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1 . Shew that 


2 . Prove that 


Miscellaneous Examples. 


P (*+y) - P (*-y)— V (*) r Cy) V 0 - P (y)} 

PM_p/ I+ v +< ,wjl *P*<»{P(y)-P(«)} 
pw P( +y+ J a* 


where, on the right-hand side, the subject of differentiation is symmetrical in z, y, and w. 

(Math. Trip. 1897.) 

3. Shew that 


P"'(*-y) 

F'(y-w) 

P"'(w-*) 

II 

r 

P"'( 2 -y) 

P" 

(y-w) 

p*(«-*) 

P" (*-y) 

P" (y-«0 

P" (w-s) 


P (*-y) 

P 

(y-w) 

p (»-•) 

P (*-y) 

P (y-w) 

P (w-2) 


l 


1 

1 


(Trinity, 1898.) 

4. If y-P(*)-«i, 


shew that y is one of the values of 

-[y (y- j ^ logy^+^-e*) («i-<s))*. 

(Math. Trip. 1897.) 

5. Prove that 

s {P (*) - -HP (y) •- p («)}* (P (y+w) - (P (y - ») - «}*=o, 


where the sign of summation refers to the three arguments z , y, w, and e is any one of the 
roots e 1} ej, e z . 

(Math. Trip. 1896.) 


6 . Shew that 


7. Prove that 


P'fr+i) _ f Pfl-d-Pto l 1 

rw Vpw-pw j ' 


(Math. Trip. 1894.) 


p(2s)-p(»,)= 
8 . Shew that 


7 {P (») - P Ci«i)> 2 {& W - P (i+K)P- 

(Math. Trip. 1894.) 


rf ,,. )r(Tf p) {PWPW + k s } 8 +.93{PW + P( g )j 
6 1 1 IPM-PW 

(Trinity, 1908.) 

9. If p(u) have primitive periods 2a) ly 2o> 2 and while (pi(a 

and/i (w) are similarly constructed with periods 2o>j/« and 2<w a , prove that 


Pi M- P («) + ** {g> (w + 2mo> 1 /n) - f (2 majn)}, 

m=l 

n-1 

n f(u+2ma> 1 /n) 

and /iW= m 4i-• 

n /( 2 m<i) 1 / 2 i) 

m=l 

(Math. Trip. 1914 ; the first of the formulae is due to Kiepert, 
Journal /Ur Math, lxxvi. (1873), p. 39.) 
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10 . If x =P(«+a), (tt-a), 

where a is constant, shew that the curve on which (x, y) lies is 

( xy+cx+cy+lgtY^i^+y+c) (cxy-%g z ), 

where c—P (2a). 

(Burnside, Messenger, xxi.) 

11. Shew that 

2r 3 (*) - 3^r 2 (*) +gf= 27 (P (w)+<7 3 } 2 . 

(Trinity, 1909.) 

12 . If z= j X (;r*+ec® s +e a )-i<ir 1 

. m*i 

P (*)+«’ 

the elliptic function being formed with the roots — c, £ (c+e), £ (c-e). 

(Trinity, 1906.) 

13. If to be any constant, prove that 

X /y* «»(•>-«*<*»<j[ y 

P'WJ PM-PW +FW j ‘ 


verify that 


PM-PW 


PW-PW 


X _ j - p * ( 2 ) 

2rJJ {PW-«r}{P(y)-«r} ’ 


where the summation refers to the values 1, 2, 3 of r; and the integrals are indefinite. 

(Math. Trip. 1897.) 

14. Let j£(#)=d# 4 +2L^ + U^+2).r4*-E', 

and let (a?) be the function defined by the equation 

{*(£)}-id£, 

where the lower limit of the integral is arbitrary. Shew that 

2 # (a) <f>' (a+y)+<f>' (a) # (a-y)+<ft' (a) (a+y) - (x) 

<t>(x+y)-<t>(a) <f>(a+g) — <t>(a) ’ (ft{a-y) — <f>(a) <t>(a+y)-<j>{x) 

$ (a-y)-<j>'{x) 

[Hermite, Proc. ‘Congress (Chicago, 1896), p. 105. This formula is an 
addition-formula which is satisfied by every elliptic function of order 2 .] 

15. Shew that, when the change of variables 

?-*/-?, 

is applied to the equations 

dk 


172 + 17 ( 1 +/>£) +£3=0, dn — 
;hey transform into the similar equations 

(l+i>f)+f 3 = 0 , du- 


2i; + l +/)£ 

dl 


-0 , 


:,= 0 . 


l' + l+^f 

Shew that the result of performing this change of variables three times in succession 
s a return to the original variables £, 17 ; and hence prove that, if £ and 17 be denoted as 
unctions of it by E (u) and F( it) respectively, then 


E{u) 


£3 (it) 




^(lt+J)=: 

rhere A is one-third of a period of the functions E(u) and F(u). 
Shew that 


E(u)=f?-P(u; g u g 3 ), 


g*~* ^=- 1 -|p s -2l6 ?A 

(De Brun, Ofversigt af K. Vet A lead., Stockholm , liv.) 


rhere 
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16. Shew that 


_ 2<r(g+o 1 )cr(2 + o?2) c t — 

a 3 (2) a (o>i) (r (0)2) or (o> 1 +<*>2) * 


and 


r(z)= 


6 <r (g-j-g) o-(g-fl)<r (g+c) <r(z — c) 
<r 4 (2) cr 2 (a) cr 2 (<?) * 


?(«)-(**>*, ?(*)- 


(Math. Trip. 1913.) 


(Math. Trip. 1895.) 


where 

17. Prove that 

p(z-a)p(z-b) = p(a-b) {j?(z-a) + p(z-b)-p(a)-p (6)} 

+P (<*)&>(&)• 

18. Shew that 

i fgM W _ £M>)1. * w)+ ,, v u»)+ cm-m. 

aiPOO -PM PW-PMJ i[ } C{ 

(Math. Trip. 1910.) 

19. Shew that 

C(«l) + fl«*) + f (“S> - C («j+M 2 +«3) 

2 {p M - p M i£ fo) i£Mie (^) - P Ml 
9 M IP M - P (“ 3 )}+9 53 {p (“ 3 ) - P M}+r 555 IP (“i)-P (“ 3 )}' 

(Math. Trip. 1912.) 

20. Shew that 

g-(3?+y+3)<r(x-y)o-(y-3)<r(3 -j;) 1 l P (*•) p'M 

<r»(*)<r*(y)<r»(3) 3 1 f>cy> P'(y) 

1 PW f'W 

Obtain the addition-theorem for the function p (2) from this result. 

21. Shew by induction, or otherwise, that 

1 PW PW — G** -1 * (*») |_. Oato-ll,.., , a- (%+zj +... +3 n ) n<r (z x -z*) 


1 P(*l> P'( 3 l)...p(- I »(*l) 


| 1 PW P'(*.)...p< n - l »(*») I 

where the product is taken for pairs of all integral values of X and /a from 0 to n, such 
that X < ft. 

(Frobenius u. Stickelberger*, Journal fiir Math, lxxxiii. (1877), p. 179.) 

22. Express 

1 p(x) P(g) 

i P(y) P 2 (y) P'W 

1 p(g) P(g) p'(z) 

1 p(v) p*(v) pcu) 

as a fraction whose numerator and denominator are products of Sigma-functions. 

* See also Kiepert, Journal filr Math, Lxxvr. (1873), pp. 21-33; Hermite, Journal fur Math 
Lxxxn. (1877), p. 346. 
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Deduce that if a= £=j? (y), y=P(4 d=j? ( u ), where #+y+s+tt=0, then 
(«S - «s) {(a - «i) O - «i) (y - (S - « X )}1 

+(«3-e 1 ) {(a—^2) 0“«2) (y-«2) (d 

+ («i - «s) {(« “ «s) O - «g) (y - e 3 ) (3 - es)}l =(e 2 -e 3 )(e 3 -e 1 ) (e x - e£. 

(Math. Trip. 1911.) 


23. Shew that 




PM 


3f(3m) 9f(!<) "P*(«)-toP 2 («)-ysP(«}-^to 2 ' 


24. Shew that 

(M) > ^r* p(u) F(M) * 

and prove that <r {nu)j{<r (w)} nS is a doubly-periodic function of u. 


(Math. Trip. 1905.) 


25. Prove that 


(Math. Trip. 1912.) 


(Math. Trip. 1895.) 

26. Shew that, if ^ 4 *z 2 +^3+^=0, then 

W W} 3 -3 {2<T(* r )} W(*)}+*Ftob 

ihe summations being taken for r=l, 2, 3, 4. (Math. Trip. 1897.) 

27. Shew that every elliptic function of order n can be expressed as the quotient of 
iwo expressions of the form 

(^+6)■4'«2p , (3+&)-K..+a»p< n "‘ 1 ) {z+b\ 

vhere b, »x, 02, ... a* are constants. (Painlev^, Bulletin de la Soc. Math, xxvii.) 

28. Taking e x >e 2 >e 3 , p(o,)=e l5 p(®')«e 3 , 

consider the values assumed by 

i-s u passes along the perimeter of the rectangle whose comers are -a>, «, «+©', — ®+®. 

(Math. Trip. 1914) 

29. Obtain an integral of the equation 




n the form 


£ r^£±£i ei n f m rfM n 

dz |_<r (z) &(c) P |6-2p(c) 'J J’ 


rhere c is defined by the equation 

(* 2 -3&)P (<0=3(5*+^). 

Jso, obtain another integral in the form 

———— exp { - *£ (a,) - zf (a*)}, 

*ere P («i)+ P (a t ) =6, F ( a i)+P'( a a)=0, 

nd neither a x +02 nor aj - «2 is congruent to a period. (Math. Trip. 1912.) 
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30. Prove that 

M 17 (*+*) g ( z + z *) * ( z + z 3/Z (j±al 
cr{ 2 ^ + i (^+^2+^+^4){ 

is a doubly-periodie function of z, such that 

9 ( z )+9 (* +®i) +9 ( 2 + ®a) + J7 (*+ ®i +«a) 

= -2<r {£ (z 2 + Z Z -Z l -Z i )} <T ft (% + *| -«2-« 4 )} °* ft (*1+*2 ~ 

(Math. Trip. 1893.) 

31. If f(z) be a doubly-periodie function of the third order, with poles at z—c u z=c 2i 
z—c Zl and if <j>(z)be a, doubly-periodie function of the second order with the same periods 
and poles at 2 = 0 , 2 =ft its value in the neighbourhood of z~a being 

(^)=j—^ + Xi(2:-a)+X2 (2 — a) 2 4 -..., 

prove that 

*X* {/"(«)-/'(ft)-X {/' («)+/' 05)} 24 . fa)+{/(°)-/(/3)} {3XX 1 + I«#. (<*)<#>(<*)} =0. 

(Math. Trip. 1894.) 

32. If X (z) be an elliptic function with two poles a u 02 , and if 2 j, z 2 ,... z 2n be 2 n 
constants subject only to the condition 


«l+^ + ...+^ 2 n*»(ai + « 2 ), 

shew that the determinant whose tth row is 

1, X(4 X 2 ^), ... X*(J^ X x (zj)j X(z i )X 1 (z i ), X s (zi) X x ( 2 ,), ...X-^WXxW 
[where X! ( 2 *) denotes the result of writing 2 < for 2 in the derivate of X ( 2 )], vanishes 
identically. (Math. Trip. 1893.) 

33. Deduce from example 21 by a limiting process, or otherwise prove, that 


= (~)*~ 1 {1! 2! ... (n-.l)!} 2 <r(7iw)/{cr(tt)}«*. 


Ftt rw 
rw rw -pww 

gX 1 *” 1 ) ( 2 ) gx») ( 2 ) ... p*~ 3 ) ( 2 ) 

(Kiepert, Journal far Math, lxxvi.) 
34. Shew that, provided certain conditions of inequality are satisfied, 
c rQs+y) ,~7~ 


£ ( oot l^ +cofc S) + 5 2?teW8in J 


<r( 2 )(r(jf) 2 coj 

where the summation applies to all positive integer values of m and n, and <?=exp 

(Math. Trip. 1895.) 

35. Assuming the formula 

*»!*? 0 „ 1 - 2 o r2n cos —+g 471 

/ \ 2*», 2ot , ?rz ® a>i 

ism — n — 7 --*4 , 

«■ 2 a> lw=sl ^ (l-^ 2 n )2 


»r \ 2 2 

—) cosec 2 

»i/ 


« 2 (-yi ^-cos 

2«i \©i/ n=l 1 “ £*» 


prove that 
when 2 satisfies the inequalities 

- 2 r(^)<r(^.)< 2 r(^ 1 ). 

\noiJ \i&i/ \t«i / 


niT 2 

«1 


(Math. Trip. 1896.) 
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36. Shew that if 2sr be any expression of the form 2 m&i + 2n»2 and if 

(W+F(^) f 

then a? is a root of the sextic 

^ - 5 92 & - 40gr 3 ^ - 5# 2 2 tf* - 8y 2 y^r - 5^ 3 2 =0, 
and obtain all the roots of the sextic. (Trinity, 1898.) 


37. 


where 


Shew that 



-a)(3*-b)}-idx= 



*(*-*(>) 
<t(Z + Zq) 


+|iog 


crfc-Mp) 
cr («-f « 0 ) * 






2 b 

ffi ~3a(a-b) 


■ fW-sshs- 

(Dolbnia, Darboux? Bulletin (2), xix.) 


38.. Prove that every analytic function /(z) which satisfies the three-term equation 
2 f(z+a)f(z-a)f(b+c)f(b-c)~0 , 

a, b,c 

for general values of a, b, c and z, is expressible as a finite combination of elementary 
functions, together with a Sigma-function (including a circular function or an algebraic 
function as degenerate cases). 

(Hermite, Fonetions elliptiques , I. p. 187.) 

[Put z—a=;b=c=G, and then /(0)=0; put 6==c, and then /(a — &)+/(£>-a)=0, so 
that f(z) is an odd function. 


If F(z) is the logarithmic derivate of /(*), the result of differentiating the relation 
with respect to 6, and then putting b=c, is 


f(z+a)f(z-a)f(2b)f (0) 

TWM/W/M 


=.F(*+6)- b)+F(a-b)~ F(a+b). 


Differentiate with respect to 6, and put 6=0; then 


/(»+»)/(«-a){/'(0)} 2 _ r _ ^ 

If f (0) were zero, F* (z) would be a constant and, by integration,/^) would be of the 
form A exp (Bz+ C£\ and this is an odd function only in the trivial case when it is zero. 

If f (0) ^ 0, and we write F' (z) = - $ ( 2 ), it is found that the coefficient of a 4 in the 
expansion of 

12 f(z+a)f(z-a)/{f(z)}* 


is 6 {$ {z)} 2 — $" ( 2 ), and the coefficient of a 4 in 12 {/(a)} 2 {$ (a) — $ (z)} is a linear functior 
of $ (*). Hence $" (z) is a quadratic function of $ (z) ; and when we multiply this 
function by $' ( 2 ) and integrate we find that 

{$' (z)} 2 =4 {$ (z)}3+12^ {$ (*)} 2 +125$ (z)+4C, 

where .4, 5, (7 are constants. If the cubic on the right has no repeated factors, then, by 
§ 20*6, $ (z)=jp (z+a)+A) where a is* constant, and on integration 

/(*)—«■ (*+*) exp (-}4s*-£ir-Z), 

where K and L are constants ; since f(z) is an odd function a=JT=0, and 

f(z)**<r (z) exp {-$Az 2 -L}. 

If the cubic has a repeated factor, the Sigma-function is to be replaced (cf. § 20*222) by 
the sine of a multiple of z, and if the cubic is a perfect cube the Sigma-function is to lx 
replaced by a multiple of z.] 
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THE THETA FUNCTIONS 


21*1. The definition of a Theta function. 

When it is desired to obtain definite numerical results in problem 
involving Elliptic functions, the calculations are most simply performe< 
with the aid of certain auxiliary functions known as Theta-functions . Thes< 
functions are of considerable intrinsic interest, apart from their connexioi 
with Elliptic functions, and we shall now give an account of their funda 
mental properties. 

The Theta-functions were first systematically studied by Jacobi*, wh< 
obtained their properties by purely algebraical methods; and his analysif 
was so complete that practically all the results contained in this chaptei 
(with the exception of the discussion of the problem of inversion in §§ 21*7 
et seq .) are to be found in his works. In accordance with the general scheme 
of this book, we shall not employ the methods of Jacobi, but the more 
powerful methods based on the use of Cauchy’s theorem. These methods 
were first employed in the theory of Elliptic and allied functions by Liouville 
in his lectures and have since been given in several treatises on Elliptic 
functions, the earliest of these works being that by Briot and Bouquet. 

[Note. The first function of the Theta-function type to appear in Analysis was the 

00 

Partition function t n (l-^)“ x of Euler, Introductio in Analysin Infinitorum, i. 

n=l 

(Lausanne, 1748), § 304; by means of the results given in § 21*3, it is easy to express 
Theta-functions in terms of Partition functions. Euler also obtained properties of products 
of the type 

5 (1±#“), n (1 5 (l+^-i). 

»=1 n=l n -i 

The associated series 2 ^ <g ^n- had previously occurred iu the 

n=0 n —0 »=0 J 

posthumous work of Jakob Bernoulli, Ars Conjectandi (1713), p. 55. 

* Fundamenta Nova Theoriae Functionum Ellipticarum (Konigsberg, 1829), and Get. Werke 
i. pp. 497-538. 

f The Partition function and associated functions have been studied by Gauss, Comm, Soc. 
reg. sci. Gottingensis rec . i. (1811), pp. 7-12 [Werke, n. pp. 16-21] and Werke, m. pp. 433-480 and 
Cauchy, Comptes Rendus , x. (1840), pp. 178—181. For a discussion of properties of various functions 
involving what are known as Basic numbers (which are closely connected with Partition functions) 
see Jackson, Proc. Royal Soc. lxxiy. (1905), pp. 64-72, Proc . London Math . Soc . (1) xxvm. (1897), 
pp. 475-486 and (2) i. (1904), pp. 63-88, n. (1904), pp. 192-220; and Watson, Camb. Phil . Trans\ 
xxr. (1912), pp. 281-299. A fundamental formula in the theory of Basic numbers was given by 
Heine, Kugelfunktionen (Berlin, 1878), i. p. 107. 
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Theta-functions also occur in Fourier’s La Theorie Analytique de la Chaleur (Paris, 
1822), cf. p. 266 of Freeman’s translation (Cambridge, 1878). 

The theory of Theta-functions was developed from the theory of elliptic functions 
by Jacobi in his Fundamenta Nova Theoriae Functionum Ellipticarum (1829), reprinted 
in his Get. Werke , I. pp. 49-239 ; the notation there employed is explained in § 21*62. 
In his subsequent lectures, he introduced the functions discussed in this chapter; an 
account of these lectures (1838) is given by Borchardt in Jacobi’s Ges. Werke. , I. pp. 497-638. 
The most important results contained in them seem to have been discovered in 1835, 
cf. Kronecker, Sitzungsberichte dtr A/cad. zu Berlin (1891), pp. 653-659.] 

Let t be a (constant) complex number whose imaginary part is positive; 
and write q = e** T , so that j q | < 1. 

Consider the function (z, q), defined by the series 

n=— oe 

qua function of the variable z. 

If A be any positive constant, then, when \ z\ we have 
\q^ e ±ftniz\^\q\^^nA 9 

n being a positive integer. 

Now d'Alembert's ratio (§ 2*36) for the series X \q\'*& nA is | qe? A , 

n=—oo 

which tends to zero as n oo. The series for S- (z, q) is therefore a series of 
analytic functions, uniformly convergent (§ 3*34) in any bounded domain of 
values of z , and so it is an integral function (§§ 5*3, 5*64). 


It is evident that 



S- (z, q) = 1 + 2 2 cos Znz, 

»=i 

and that 

+ = q); 

Eurther 

+ -n-T, q) = I 
n- - qo 


00 

_ q-ig-nz ^ ^ _^n+i q (n+i ) 2 gi! (n+i) iz, 

n=—00 

md so 

^ {* + 7TT, q) = - q~ l (z, q). 


In consequence of these results, ^ (z, q) is called a quasi doubly-periodic 
function of z. The effect of increasing z by ir or n tt is the same as the effect 
>f multiplying 9r (z, q) by 1 or — (p 1 e~ 2iz , and accordingly 1 and — q-'e-* 2 are 
called the multipliers or periodicity factors associated with the periods it and 
tt respectively. 

2111. The four types of Theta-f unctions. 

It is customary to write (z, q) in place of S- (z, 5 ); the other three 
ypes of Theta-functions are then defined as follows: 
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The function %(z, q) is defined by the equation 

V*.?) = '^(*+§ 7r >?) = 1 + 2 Jj ? na cos 2nz - 

Next, \(z, q) is defined in terms of $r 4 (*, q) by the equation 
S, (A ?) = - te“ +iTlV ^4 («+iTTT, q) 

= -i £ (_)” 5 (»+4) 3 e ( 2 »+ 1 )« > 

H = — ao 

and hence* (z, q) = 2 2 (—) n g( n+ i) a sin (2n 4-1) z. 

n=0 

Lastly, (z, 3 ) is defined by the equation 

(*, 2 ) = ^1 ^ ^ ir, q') = 2 £ g( n+ 4) a cos (2a + 1) a 

Writing down the series at length, we have 

%(z, 3 ) = 23 * sin z- 23 * sin 3z4 2 g^sin oz — 

^2 (*> 9) = 23 * cos * + 2 9* cos 3s + cos 5z 4 - ..., 

%(z> q) = 1 4 2q cos 2z 4 - 2q 4 cos 4z 4 2^ 9 cos 6 z 4 ...> 

^4 ( z * 9) * 1 ~ 2g cos 2z 4- 23 * cos 4z — 2q 9 cos 6 z 4-.... 

It is obvious that ^ (z, 3 ) is an odd function of z and that the other 
Theta-functions are even functions of z. 

The notation which has now been introduced is a modified form of 
that employed in the treatise of Tannery and Molk; the only difference 
between it and Jacobi’s notation is that (z, q) is written where Jacobi 
would have written ^ (z, 3 ). There are, unfortunately, several notations in 
use; a scheme, giving the connexions between them, will be found in § 21*9. 

For brevity, the parameter 3 will usually not be specified, so that Sr x (z),... 
will be written for (z, 3 ),.... When it is desired to exhibit the dependence 
of a Theta-function on the parameter r, it will be written S (z [ t). Also 
^a(O), *,( 0 ), ^ 4 ( 0 ) will be replaced by %, ^ Sj % respectively; and will 
denote the result of making z equal to zero in the derivate of Sr 2 (z). 

Example 1. Shew that 

^3 (*> q)—$z (2^, 3 4 ) 4 <$2(22, <? 4 )> 

^ 4 ( 2 , 9 )=$ 3 ( 22 , g 4 ) - $2 (22, 3 4 ). 

Example 2. Obtain the results 

*^i (*)* — *9j (^4^»r) = — (z -f*4 •ixr) — — 1 M &4 (z +^frr), 

$1 ( 2 )= Jf $ 3 (x+£irr) = JfS 4 (z+%ir 4i*rr) — (z+$ir), 

^3 W = = Jf$i (24^rr4iiTT)= J/$ 2 ($4iirr), 

$ 4 (z) = — iMS 1 (z 4 far) =s iM&2 (z 4 far 4 £*r r) * $s(z+ ^w), 

where e* 

Throughout the chapter, the many-valued function is to be interpreted to 
exp (Xxir). 


mean 
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Example 3. Shew that the multipliers of the Theta-functions associated with the 
periods Jr, ttt are given by the scheme 



w 

M*) 

*(») 

4.W 

IT 

-1 

- 1 

1 

1 

irr 

-N , 

N 

N 

-N 


where N^q-'e'**. 

Example 4. If & (z) be any one of the four Theta-functions and $' ( 2 ) its derivate with 
respect to 2 , shew that 

S' (z + rr) & (z) &(z+irr) _ S' (z) 

S(z+ 7 T) S(zY $(z+7TT) $(*)' 


21*12. The zeros of the Theta-functions. 

From the quasi-periodic properties of the Theta-functions it is obvious 
that if ^ (z) be any one of them, and if z 0 be any zero of ^ (z), then 

z 0 + rmr -f uttt 


is also a zero of ^ (z\ for all integral values of m and n % 

It will now be shewn that if G be a cell with comers t, t 4* w, 14 * tt -f 7 rr, 
t + itt, then ^ (z) has one and only one zero inside G. 

Since ^ (z) is analytic throughout the finite part of the s-plane, it follows, 
from § 6*31, that the number of its zeros inside G is 

j_r 

2 ir iJ c S(*) 

Treating the contour after the manner of § 20*12, we see that 

* f 

2 mJc 3r(*) 

_If + '(yw_ yfr+«r) | ,_i_ /*+-jy (z) y( z +*-)i , 

“2 iriJt IM*) ^{z + irr)]™ 2 irij t ^T) ~ % (*J ** 


s ±f t+r . 

2mJt 


2idz, 


by § 21*11, example 4. Therefore 

27ri] c s(z) dz lj 

that is to say, S (z) has one simple zero only inside C \ this is the theorem 
stated. 
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Since one zero of ^ (z) is obviously z — 0, it follows that the 2eros of 
(z), %(z), $-,(*), ^( 2 ) are the points congruent respectively to 0, Iir, 

1 7 r + s 'ttt, J- *ttt. The reader will observe that these four points form the 
2 2 2 

corners of a parallelogram described counter-clockwise. 

21*2. The relations between the squares of the Theta functions. 

It is evident that, if the Theta-functions be regarded as functions of a 
single variable z y this variable can be eliminated from the equations defining 
any pair of Theta-functions, the result being a relation* between the functions 
which might be expected, on general grounds, to be non-algebraic; there 
are, however, extremely simple relations connecting any three of the Theta- 
functions ; these relations will now be obtained. 

Each of the four functions Sy* (z), (z), (z), (z) is analytic for all 
values of z and has periodicity factors 1, q~^ e~ iU associated with the periods 
it, 7 tt ; and each has a double zero (and no other zeros) in any cell. 

From these considerations it is obvious that, if a, 6, a' and b' are suitably 
chosen constants, each of the functions 

aV (z) + ( z) a'V (z) 4- i'V (z) 

WW J vw 

is a doMy-periodic function (with periods 7 r, ttt) having at most only a 
simple pole in each cell. By § 20*13, such a function is merely a constant; 
and obviously we can adjust a, 6, a', V so as to make the constants, in each 
of the cases under consideration, equal to unity. 

There exist, therefore, relations of the form 

V (*) = a&i (?) + 6 V (*), V (z) = (z) + V 9r 4 * (z). 

To determine a, b> a', b\ give z the special values i ttt and 0; since 

= (l 7rT ) “ = 

we have V = = 6^ 4 2 ; —a'V, V = 

Consequently, we have obtained the relations 

V (z) V=V « V - V (*) V, V (*) V -V (*) V - V (#) V 
If we write z + ^ 7r for z> we get the additional relations 

V (z) V = V W V * V (*) V, V (*) V - V (*) V - (z) V. 

By means of these results it is possible to express any Theta-function in 
terms of any other pair of Theta-functions. 

* The analogous relation for the functions sin z and cos z is, of course, (sin z) a +(cos 2 )®= 1. 
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Corollary. Writing z=0 in the last relation, we have 

« + *4W, 

that is to say 

16^(l+ ? 1 * 2 4' ? 2 -3+^- 4 +..0 4 +(l-2^+2^~2 ? ® + ...) 4 =(l + 2^+2 S 4+2^4*...) 4 . 
21*21. The addition-formulae for the Theta-functions . 

The results just obtained are particular cases of formulae containing two 
variables; these formulae are not addition-theorems in the strict sense, as 
they do not express Theta-functions of z + y algebraically in terms of Theta- 
functions of z and y, but all involve Theta-functions of z — y as well as of 
z + y, sandy. 

To obtain one of these formulae, consider (z 4- y) S- 3 (z — y) qua function 
of z. The periodicity factors of this function associated with the periods tt 
and 7tt are 1 and q~~ x e~~* iiz+v) . q~ Y = q~ 2 e~ 4iz . 

But the function a% 2 (z) + (z) has the same periodicity factors, and 

we can obviously choose the ratio a : b so that the doubly-periodic function 

s»(*+y)Ssl*-y) 

has no poles at the zeros of (z — y); it then has, at most, a single simple 
pole in any cell, namely the zero of %(z + y) in that cell, and consequently 
(§ 20*13) it is a constant, i.e. independent of z ; and, as only the ratio a : b is 
so far fixed, we may choose a and b so that the constant is unity. 

We then have to determine a and b from the identity in z , 

(z) + b v (z) = % (z + y) % (z - y). 

To do this, put z in turn equal to 0 and i 7r 4- ^ wr, and we get 

= V (y)> 6^1* (§ «• + 5 »t) = (5 ir + 1 VT + y ) (i ir + i irr - y ) ; 

and so a = V (y)/V. & = V (#s’ 

We have therefore obtained an addition-formula, namely 

(* + y) *3 (Z - y) V « v (y) V (*) + v (y) V (4 
The set of formulae, of which this is typical, will be found in examples 1 
and 2 at the end of this chapter. 

21*22. Jacob# & fundamental formulae *. 

The addition-formulae just obtained are particular cases of a set of identities first given 
by Jacobi, who obtained them by purely algebraical methods; each identity involves as 
many as four independent variables, w, x, y, z . 

Let vf, x\ y', / be defined in terms of w y x, y, z by the set of equations 

2 w'= -w+x +y+ 2 , 

2 #' *» 24;—tf+y+s, 

2/ = w-Hr-y+s, 

2 ?' » w+x+y-z. 

* Ges . JF*r/ce, l p. 505. 



46S -THE TRANSCENDENTAL FUNCTIONS [CHAP. XXI 

The reader will easily verify that the connexion between w y x y y, z and u/ y a- 7 , y 7 , / is a 
reciprocal one*. 

For brevity +, write [r] for S r (w) S r (x) (y) S r (z) and [rj for $ r (V) S r (of) S r (y 7 ) 3 r (/). 

Consider [3], fl J, [2J, [3J, [4j qua functions of z. The effect of increasing z by ir or ttt 
is to transform the functions in the first row of the following table into those in the second 
or third row respectively. 



[3] 

W 

m 

PI 

r ■' - - ■- 

[47 

M 

[3] 

-w 

-tvr 

w 

[37 

(irr) J 


-N[q 





For brevity, has been written in place of q~ l 

Hence both — [lj+[2j+[3j-f[4j and [3] have periodicity factors 1 and N y and so 
their quotient is a doubly-periodic function with, at most, a single simple pole in any cell, 
namely the zero of S3 (z) in that celL 

By § 20*13, this quotient is merely a constant, i.e. independent of z; and considerations 
of symmetry shew that it is also independent of «?, x and y. 

We have thus obtained the result 

A[3]--[1T+[2T+[3J+[4J, 

where A is independent of w, x, y, z ; to determine A put w—x*=y*=z—0, and we get 

-iV-V+V+V; 

and so, by § 21*2 corollary, we see that A =2. 

Therefore 2 [3] = - [1J+[2j + [3J+[4J 7 .(i). 

This is one of Jacobi’s formulae; to obtain another, increase x y y, z (and therefore 
also vf y x\ y', /) by £«•; and we get 

*W-W-PI+W + [4I....(ii). 

Increasing all the variables in (i) and (ii) by £irr, we obtain the further results 

2 [ 2 ] ~ [lj+[ 2 J+[3J ~ [4j .(iii), 

2[l]-[lI+[2T-[3] 7 + [4l .(iv). 

[Note. There are 256 expressions of the form S p (w) $ q (x) S r (y) S, (z) which can be 
obtained from S 3 (w) (x) S 3 (y) Ss (z) by increasing w, x y y, z by suitable half-periods, but 

only those in which the suffixes p, q, r, s are either equal in pairs or all different give rise 
to formulae not containing quarter-periods on the right-hand side.] 

Example 1. Shew that 

M+M-W+CT, [2]+I3]-[2J+[3]', [l]+[4]-[l]'+[4j, [3]+[4]-[3T+[4]', 

[1]+[3] *= [2]'+[4]', M+M-tlJ+OT. 

* In Jacobi's work the signs of tr, x\ y\ z' are changed throughout so that the complete 
symmetry of the relations is destroyed; the symmetrical forms just given are due to H. J. S. Smith, 
Proc. London Math. Soc. 1. (May 21, 1866, pp. 1-12). 

t The idea of this abridged notation is to be traced in H. J. S. Smith’s memoir. It seems, 
however, not to have been used before Kronecker, Journal fUr Math. cir. (1887), pp. 260-272. 
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Example 2. By writing w+£»r, x+\n for to, x (and consequently y ,J r\n, z'+^n 
for y', /), shew that 

[3344] 4* [2211]=[4433J4[1122]', 
where [3344] means S 3 (to) S 3 (x) $ 4 (y) S 4 (z), etc. 

Example 3. Shew that 

2 [1234] =*[3412]' +[2143J - [1234j-h[4321] / . 

Example 4. Shew that 

V(*)+V(*>-W«+V«. 

21*3. Jacobi*8 expressions for the Theta functions as infinite products*. 
We shall now establish the result 

%(z) = G n (1 — 2 g 3n ~ 1 cos 2 s 4 - j 4 *”*), 

n=1 

(where (r is independent of z), and three similar formulae. 

Let f(z) = fi (1- e**) 5 (1 - e **); 

n=l n=l 

each of the two products converges absolutely and uniformly in any bounded 

domain of values of z, by § 3'341, on account of the absolute convergence of 
00 

2 g*" -1 ; hence f(z) is analytic throughout the finite part of the z-plane, 
»=*1 

and so it is an integral function. 

The zeros of f(z) are simple zeros at the points where 

tfiz = 0 fM+*rfr (n = 2, - 1,0,1,2,...) 

..e. where 2 iz = (2 n 4-1) irir 4- 2rmri; so that f(z) and S- 4 (jr) have the same 
seros; consequently the quotient (z)/f(z) has neither zeros nor poles in 
she finite part of the plane. 

Now, obviously f{z 4 - w) = f(z) ; 
ind /(^4 7 tt) = II (1 — g 2 n+ 1 e 2iz ) II (1 — ^ 2n ~* e~ 2iz ) 

n=l n=l 

Vhat is to say f {z) and 9 -. (z) have the same periodicity factors (§ 21*11 
sample 3). Therefore (z)/f (z) is a doubly-periodic function with no 
eros or poles, and so (§ 20*12) it is a constant G, say; consequently 

^4 («)=(? II (1 — 2q m ~ l cos 2 z + q in ~ i ). 

»*=1 

[It will appear in § 21*42 that G = II (1 - j 2 ").] 

n=l 

Write z + ^ir for z in this result, and we get 

a, (z) = G fi (1 + 2 j * n_1 cos 2 z + q^). 

n=l 

* Of. Fundamenta Nova, p. 146. 
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Also S-j (z) — — iql e to & 4 ^ i 7 rr) 

=.-iqi e* G 5 ( 1 - 9 “^) fi (l - q™- 1 e~**) 

n=l »-1 

= 2 Gqi sin ^ n (1 — IT (1 - q m e~^), 

n—l n—l 

and so S- x (z) - 2Gq^ sin^ II (I — 2j an cos 24? + q* n ) 

n=l 

while (z) = ^ ^ ^ 7 r j 


Example. 


m 2 Gqi cos z II (1 + 29 s " cos 2z + q* n ). 

n=l 


Shew that* 

| n (i- 2 «»-’)|: 8 +ie q ^5 ( 1 +j*»)J 8 - jji (i+ ? s»-i)| 8 . 


(Jacobi.) 


21*4. The differential equation satisfied by the Theta-functions. 

We may regard ^ 3 (^|t) as a function of two independent variables z 
and t; and it is permissible to differentiate the series for (z | t) any 
number of times with regard to z or r, on account of the uniformity of 
convergence of the resulting series (§ 4*7 corollary); in particular 

^ T - *» — 4 2 n a exp (n*mr + 2niz) 

uZ 3 n=—oc 

7ri 3 t 


Consequently, the function Sr 3 (z | r) satisfies the partial differential equation 


1 -3*y .By n 


The reader will readily prove that the other three Theta-functions also 
satisfy this equation. 


21*41. A relation between Theta-functions of zero argument 
The remarkable result that 

V(0)«V0)V0)V0) 

will now be established*}*. It is first necessary to obtain some formulae for 
differential coefficients of all the Theta-functions. 

* Jacobi describes this result {Fund. Nova t p. 90) as ‘aequatio identica satis abstruse/ 
t Several proofs of this important proposition have been given, but none are simple. 
Jacobi’s original proof (Gee. Werke , l pp* 515-517), though somewhat more difficult than the 
proof given here, is well worth study. For a different method of proof of the preliminary formula 
given in the text, see p. 490, example 21. 
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Since the resulting series converge uniformly, except near the zeros of 
the respective Theta-functions, we may differentiate the formulae for the 
logarithms of Theta-functions, obtainable from § 21-3, as many timma as we 


Denoting differentiations with regard to z by primes, we thus get 

2 2iq tn ~ l e~* il 1 

* ( ) _ s {) U“i i+ <r~ i 4* i+ <t-' e-**\ • 

= I 1 2 icT2^L \ 

>( ' U=i (1 + q™-' + 3i (1 + * 


Making s -► 0, we get 

V(0)-o, V(0)--8a,(o>j i (1 «^ . 
In like manner, 

q*n-i 


V(0) = 0, V(0) = 8^ 4 (0) S i (] 

V(o>-o, 

and, if we write ^ (z) = sin z . <f> (z), we get 

*'(0) “ 0, +"( 0) = 8*(0)jS (i . 

If, however, we differentiate the equation ^ (z) = sin z . <f> (z) three times, 
ve get 


Therefore 


V (0) = <#> (0), V" (0) = 3 <f>" (0) - <f> (0). 

502 ).24 j g 8 " i- 
V(0) ,^(1-3“)“ Al 


tnd 

, v (Q), V(Q) , y (Q) 

+ *,(0) + *,(0) + V<>) 

= 8 L? <T i ^2 , s 

L »ri (i + <rr a +s’”- 1 ) 3 »- a <i—«“>■ J 

= 8 i —2!—h 5 —2!-2 2?H—1 

L n=i (i+? n ) s »=i (i—3 n ) s n % (i - qrn ’ 

n combining the first two series and writing the third as the difference of 
wo' series. If we add corresponding terms of the first two series in the last 
ne, we get at once 

, , V(0), V(Q), y«»_g, £ <F , V^O) 

(0) + (0) + * 4 (0) n tx(l- <7“) 5 V (0) * 
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Utilising the differential equations of § 21’4, this may be written 
1 d&i (0 j t) 

V(0|t) dr 

1 dVOjr) 1 ^,(01 t) 1 da- 4 (0|r) 

^2 (0 [ t) dr ^j(Ojr) dr S- 4 (01 t) dr 

Integrating with regard to t, we get 

V (0, q ) = GX (0, q) X (0, q ) * 4 (0, q), 

where C is a constant (independent of q). To determine C, make {—>0; since 

limq - ^/= 2, lim q~^X = 2, lim^ s = l, lim^ 4 = l, 
g -*«0 5-*>0 q -*0 q ~*-0 


we see that 0 = 1; and so 
which is the result stated. 


^1 — 


21*42. The value of the constant G . 

From the result just obtained, we can at once deduce the value of the 
constant G which was introduced in § 21*3. 

For, by the formulae of that section, 

X=<t>(0) = 2qlG n ( 1 - 2 “)’, % = 2qlG 5 (l + o“)», 

n=l nml 

% n (i + q™~'Y, ^ 4 =on(i 

**i »=i 

and so, by § 21*41, we have 

n (i -g“)» = e j n(i + f) , n{i+ 2 “ _1 ) J 5 (i - q**-'y. 

n=l »=1 n=1 n =1 

Now all the products converge absolutely, since |ff|<l, and so the 
following rearrangements are permissible: 

n(i-^-i) n (i-ol • f n (i+nn(i + f) 

n=l n=l J ln=l n=l 

= n (1 - q*) n (1 + q») 

>1=1 n=l 

= n(l-2“), 

n=l 

the first step following from the consideration that all positive integers are 
comprised under the forms 2n — 1 and 2 n. 

Hence the equation determining G is 

n (i ~<f»Y=G\ 

»=i 

and so G= ± n (1 — q* 1 ). 

n-l 
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To determine the ambiguity in sign, we observe that 6? is an analytic 
unction of q (and consequently one-valued) throughout the domain |g| < 1; 
-nd from the product for (z), we see that (?—>1 as g—»0. Hence the 
»lus sign must always be taken; and so we have established the result 

5 (1 — g 8 *). 

n=l 

Example I. Shew that Si = 2 qi CP. 

Example 2 . Shew that 

»=1 

Example 3. Shew that 

1+2 i f*- n{(l-q**)(l+q**-i)*}. 


21*43. Connexion of the Sigma-function with the Theta-function*. 

It has been seen (§ 20*421 example 3) that the function <r (z | ©j, © 2 ), formed with 
le periods 2 ©!, 2 © 2 , is expressible in the form 


«r (*)=^ 1 exp (|£) sin (g) 5. {(l-^C 08 ^ + ^) (1 , 

here g=exp (iria^M. 

If we compare this result with the product of § 21*4 for S x (z | r), we see at once that 

(s0 • '^~ 3Sl (SIS- 

To express rj x in terms of Theta-functions, take logarithms and differentiate twice, 
that 

here v—^nz/^ and the function 0 is that defined in § 21*41. 

Expanding in ascending powers of z and equating the terms independent of z in this 
suit, we get 

«! 3 VW 0(0) * 

IT* $T * 


id so 


Ti"- 


12©j S\ 


Consequently or (z | © 1? © 2 ) can be expressed in terms of Theta-functions by the 
miula 


lere v=-W«/©i. 


r( * 1 <B2)= S? exp (■ w)( v |S)’ 


Example . Prove that 


J72 = 


iri\ 


21*5. The expression of elliptic functions hy means of Theta-functions. 

It has just been seen that Theta-functions are substantially equivalent 
Sigma-fimctions, and so, corresponding to the formulae of §§ 20‘5-20’53, 
ere will exist expressions for elliptic functions in terms of Theta-functions. 
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From the theoretical point of view, the formulae of §§ 20*5-20*53 are tin 
more important on account of their symmetry in the periods, but in practio 
the Theta-function formulae have two advantages, (i) that Theta-function 
are more readily computed than Sigma-functions, (ii) that the Theta 
functions have a specially simple behaviour with respect to the real period 
which is generally the significant period in applications of elliptic function 
in Applied Mathematics. 

Let f(z) be an elliptic function with periods 2eo u 2g> 2 ; let a fundaments 
set of zeros (a lt ctg,... a n ) and poles (£ 1 , yS»,... j3 n ) be chosen, so that 


2 0 , 

r=l 

as in § 20*53. 

Then, by the methods of § 20*53, the reader will at once verify that 


ftv (irz-iretr a>,\ 

. Iv /irz-lTpr 

< 

\ 1 V 2 a> x c oj 

• M 2®! 



where A, is a constant; and if 

»lr 

2 A r , m (s-p r y~ 

nt=l 

be the principal part of f(z) at its pole j8 r , then, by the methods of § 20*52, 

A | « f?r d m . flTZ — IT fir I ®*\) 

f(z) -A, + ^ log ^ (- 2wi |JJ. 

where A a is a constant. 

This formula is important in connexion with the integration of elliptic 
functions. An example of an application of the formula to a dynamical 
problem will be found in § 22*741. 

Example. Shew that 

VW„ V d y(«) Vl 

vw Si'dz w 9 


and deduce that 


Jz vw* V *(*) U ) 


w 
* 1 * ■ 


21*51. Jacobis imaginary tramformation. 

If ah elliptic function be constructed with periods 2g> 13 2o> a , such that 

I (e» a /eu a ) > 0, 

it might be convenient to regard the periods as being 2o> a , — 2a> 2 ; for these 
numbers are periods and, if / (6>*/e>i) > 0, then also I (— <o 1 /(o i )>0. In the 
case of the elliptic functions which have been considered up to this point, 
the periods have appeared in a symmetrical manner and nothing is gained 
by this point of view. But in the case of the Theta-functions, which are 
only quasi-periodic, the behaviour of the function with respect to the real 
period tt is quite different from its behaviour with respect to the complex 
period ttt. Consequently, in view of the result of § 21*43, we may expect to 



THE THETA FUNCTIONS 


475 


51*51] 

obtain transformations of Theta-functions in which the period-ratios of the 
wo Theta-functions involved are respectively t and — 1/r. 

The transformations of the four Theta-functions were first obtained by 
facobi*, who obtained them from the theory of elliptic functions; but Poissonf 
tad previously obtained a formula identical with one of the transformations 
,nd the other three transformations can be obtained from this one by ele- 
Qentary algebra. A direct proof of the transformations is due to Landsberg, 
rho used the methods of contour integration^. The investigation of Jacobi’s 
ormulae, which we shall now give, is based on Liouvilles theorem; the precise 
ormula which we shall establish is 

(, | T> - (- <T>~ (A) . (i | - i) , 

rhere (— is to be interpreted by the convention j arg(— it) j < ^ ir. 

For brevity, we shall write — 1 /r = t, q = exp 

The only zeros of S- 3 (z | t) and S\, (tz | r ) are simple zeros at the points 
t which 

z = W7r 4- m tt + \ ir + \ 7rr > tz = mV 4- n'lrr + i tt 4- ~ttt 

sspectively, where m, n, m, ri take all integer values; taking —1, 

' = m, we see that the quotient 

an integral function with no zeros. 

Also y/r(z+ 7Tt) + yjr(z) = exp = 1* 

hile ifr (z — ir)yjr (z) = exp ( ^ x __ ^ 

\ 7TIT J 

Consequently 'jr(z) is a doubly-periodic function with no zeros or poles; 
id so (§ 2012) yjr(z) must be a constant, A (independent of z). 

Thus- -4B, (z\r) = exp (iVV/ir) Sy, (zr' \ r) ; 

id writing z+^rr, z + \ rrr, z + ~7t + ^ttt in turn for z, we easily get 

■4^ 4 (z | r) = exp (irV/w) (zr | t'), 

■4^2 (z | t) = exp (trV/w) ( zr J | r), 
jIS-j (z | t) = — i exp (W/ir) S, (zr' | r). 

* Journal fUr Hath. m. (1828), pp. 408-404 [<?««. TVerke, t. (1881), pp. 264-265]. 
t Mem. de VAcad . dee Sci. vi. (1827), p. 592; the special case of the formula in which z=0 
1 been given earlier by Poisson, Journal de VJ&cole poly technique, xn. (cahier xix), (1823), 
120 . 

t This method is indicated in example 17 of Chapter ti, p. 124. See Landsberg, Journal fllr 
:th. cxi. (1893), pp. 234-253. 
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We still have to prove that A — (— it)* ; to do so, differentiate the las 
equation and then put * = 0; we get 

But V(01 r) - VO | t)( 01 r)^ 4 (01r) 

and V (01 r ) - (01 t') (01 r') (01 r'); 

on dividing these results and substituting, we at once get A~* = — it', and sc 

A*=± (-it)* 

To determine the ambiguity in sign, we observe that 
A%( 0|t)«V0|t), 

both the Theta-functions being analytic functions of r when 7 (r) > 0; 
thus A is analytic and one-valued in the upper half T-plane. Since the 
Theta-functions are both positive when r is a pure imaginary, the plus sign 
must then be taken. Hence, by the theory of analytic continuation, we 
always have 

A = .+ (-ir)i; 

this gives the transformation stated. 

It has thus been shewn that 


£ -1_ 2 

a-OO \/( lY) n= _ CO 


Example 1. Shew that 


when rr'aa — 1. 


*4(0 r) V0 |tQ 
3*<fi r) -&3 (0 | r) 


Example 2. Shew that 

3 2 (0 |t+ 1) jn ^(Olr) 
^(Olr+l) ^ 5T(0T7)- 

Example 3. Shew that 


and shew that the plus sign should he taken. 


J±£L\. 
i+^-y * 


21*52. Landens type of transformation, 

A transformation of elliptic integrals (§ 22*7), which is of historical 
interest, is due to Landen (§ 22*42); this transformation follows at once 
from a transformation connecting Theta-functions with parameters r and 2r, 
namely 

V*|t)* 4 (*1t) M0|t)* 4 (0|t) 

V2*|2t) M0|2t) ’ 

which we shall now prove. 

The zeros of (z \ r) & 4 (z | t) are simple zeros at the points where 
z^^m+^j‘ir+(n +g)wT and where z =*wwr + (n + irr, where m and n 



21 * 52 , 21 - 6 ] 


THE THETA FUNCTIONS 


477 


take all integral values; these are the points where 2 z = mn + {n + i) it . 2 r, 
which are the zeros of S- 4 (2z 12 r). Hence the quotient 

a-, (z | t) (z [ t) 

* 4 (2*|2 t) 

has no zeros or poles. Moreover, associated with the periods n and nr, it 
has multipliers 1 and {q-'e-* 2 ) (- q-'e-**) + (- g-*<r**) = 1; it is therefore 
a doubly-periodic function, and is consequently (§ 2012) a constant, The 
value of this constant may be obtained by putting z = 0 and we then have 
the result stated. 

If we write z+^nr for z, we get a corresponding result for the other 
Theta-functions, namely 

(* I r)% (z|r) _^(01r)* 4 (01r) 

^i(2z|2r) ^ 4 (0|2 t) * 

2T6. The differential equations satisfied by quotients of Theta-functions. 

From § 21-11 example 3, it is obvious that the function 

has periodicity lac tors — 1, +1 associated with the periods n, nr respectively; 
and consequently its derivative 

{V (z) * 4 (z) - V (z) % {z)\ -s- V (z) 
has the same periodicity factors. 

But it is easy to verify that (z) % (z)/%* (z) has periodicity factors -1 , 
+1; and consequently, if <j> (z) be defined as the quotient 

{V (z) Sr 4 (z) - V (z) % (z)} -r {% (z) % (z)}, 
then $ (z) is doubly-periodic with periods n and nr ; and the only possible 
poles of <f> (z) are simple poles at points congruent to i n and | n +1 irr. 

Now consider <f>(z + ^ nrj ; from the relations of § 21-11, namely 
( z + l=iq~ i e~ iz X fy), (m + i tt) = iq~*e~ iz % (z), 

% (z + § = q ~ i e “' u % (z), (z + \ irrj = q~ * e “ “ & a (z), 

we easily see that 

<t> (z + i wr ) -1- v (*) *x (*)+V (*) *4(#)} + {^3 (M) % (#)}. 

Hence <f> (z) is doubly-periodic with periods 7r and i ttt ; and , illative to 
Shese periods, the only possible poles of </> {z) are simple poles at points 
congruent to ~7r. 
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Therefore (§2012), is a constant; and making z—>0, we see that 
the value of this constant is {V -5- = M 

We have therefore established the important result that 

d (Vg)) ,. v ^(i) Mi). 

^IM*)} M*)‘M*)’ 

writing f(«)/S 4 (z) and making use of the results of § 21 2, we see that 

( S ’ “ o'-pw w - rv ). 

This differential equation possesses the solution (z)/% (z\ It is not 
difficult to see that the general solution is ±^i(z + a)/S- 4 (z + a) where a 
is the constant of integration; since this quotient changes sign when a is 
increased by w, the negative sign may be suppressed without affecting the 
generality of the solution. 

Example 1. Shew that 

jML o a giMM? 

1^4 WJ 3 S 4 (*)* 

Example 2 . Shew that 

^ML 
dz kwj 2 a»« 

21*61. The genesis of the Jacobian Elliptic function * snu. 

The differential equation 

(§y =(v - ***•*> (v * ^ s ^ a >* 

which was obtained in § 21*6, may be brought to a canonical form by a slight 
change of variable. 

Writef l^s/^a = V, *V * u ; 

then, if $ be written in place of the equation determining y in terms 

of u is 

(gf-Ci-jW-jy). 

This differential equation has the particular solution 

^3 ^1 ( U ^3~*) 

y %% 4 (u%-*y 

The function of u on the right has multipliers - 1, +1 associated with 
the periods 7rV, it is therefore a doubly-periodic function with 

periods 2wV, tttV- In any cell, it has two simple poles at the points 
congruent to ^ 7 tt^ 8 2 and 7 t^- 3 * 4* J 7rrS- s 3 ; and, on account of the nature of the 
quasi-periodicity of y, the residues at these points are equal and opposite in 
sign; the zeros of the function are the points congruent to 0 and ir%\ 

* Jacobi and other early writers used the notation gin am in place of sn. 
t Notice, from the formulae of § 21*3, that 4 s 0, S 3 +O when \q | < 1 , except when 5 = 0 , in 
which case the Theta-functions degenerate; the substitutions are therefore legitimate. 
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It is customary to regard y as depending on k rather than on q ; and to 
exhibit y as a function of u and k, we write 

y = sn (u, k), 

jr simply y = sn u. 

It is now evident that sn («, k ) is an elliptic function of the second 
>f the types described in § 20-13; when g-»0 (so that k-+ 0), it is easy to see 
;hat sn (u, k)—> sin v. 

The constant k is called the modulus; if k'^ = so that = 1 

is called the complementary modulus. The quasi-periods ir% 3 , are 
isually written 2 K, 2iK', so that sn (u, k ) has periods 4>K, 2iK'. 

From § 21-51, we see that 2K' = ttV (01 r'), so that K' is the same 
unction of t' as K is of r, when tt' = — 1. 

Example 1. Shew that 

d_ $ 2 M _ n ^i(z) 3 3 (z) 
dz^z) ** 3,{z) ^( 2 ) ; 

Qd deduce that, if and u=z3 s *, then 

(D-o-«•)(**+**>. 

Example 2. Shew that 

dz 5, (z) ** S t ( 2 )> 

3 3 (z) 

id deduce that, if an< ^ u=z $ 3 2 , then 

Example 3. Obtain the following results : 

(^) i =5 s =2 ? i (1+y» +ff *+ ? u+y!o + ".), 

( or. J 

—) =«»3=l+2^+2^+2^H-..., 

/2 UK\\ 

( —J =3t=l-2q + 2q4+2q*-... y 
K'=Kn-nog{ljq). 

[These results are convenient for calculating lc y V, K, K' when q is given.] 

21*62. Jacobi’s earlier notation .* TAe Theta-function &(u) and the 

)a f unction H (u). 

The presence of the factors & 8 ~ a in the expression for sn(u, k) renders it 
oaetimes desirable to use the notation which Jacobi employed in the 
indamenta Nova , and subsequently discarded. The function which is of 
unary importance with this notation is 0 (u), defined by the equation 

0(u)-V W V*|r), 

that the periods associated with ® (u) are 2 K and 2iK'. 

* ThiB is the notation employed throughout the Fundamenta Nova. 
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The function ®(u + K) then replaces (z) ; and in place of w 
have the function H (u) defined by the equation 

H (*) = -iq-ie iirul{%K) &(u + iK') = ^ | r), 

and S-jj (z) is replaced by H (u + K). 

The reader will have no difficulty in translating the analysis of thii 
chapter into Jacobi’s earlier notation. 

Example 1. If 6' (tt)==- ^ — , shew that the singularities of are simple pole? 
at the points congruent to iK' (mod 2A, 2 iK '); aud the residue at each singularity is 1. 
Example 2. Shew that 

H' (0)=4*r A-* H (A) 0 (0) © (A). 

21*7. The problem of Inversion . 

Up to the present, the Jacobian elliptic function sn (u, k) has been 
implicitly regarded as depending on the parameter q rather than on the 
modulus Jc ; and it has been shewn that it satisfies the differential equation 

(^Sr) = C 1 — an 2 m) (1 — i 2 sn 2 it), 

where h* = V ( 0 , q )/V ( 0 , 9 ). 

But, in those problems of Applied Mathematics in which elliptic functions 
occur, we have to deal with the solution of the differential equation 

(D’-o-rta-**) 

in which the modulus h is given, and we have no a priori knowledge of the 
value of q; and, to prove the existence of an analytic function sn (u f 1c) 
which satisfies this equation, we have to shew that a number t exists* such 
that 

* 2 = V(0 |t)/V(0|t). 

When this number r has been shewn to exist, the function sn (u, k) can 
be constructed as a quotient of Theta-functions, satisfying the differential 
equation and possessing the properties of being doubly-periodic and analytic 
except at simple poles; and also 

lim sn (u, k)ju = 1. 

That is to say, we can invert the integral 

_ fv _ dt _ 

so as to obtain the equation y =* sn (it, jfc). 

* The existence of a number r, for which I (r) > 0, involves the existence of a number q such 
that | q | < 1. An alternative procedure would be to discuss the differential equation directly, 
after the manner of Chapter x. 
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The difficulty, of course, arises in shewing that the equation 
c = V(0|t)/V(0|t), 

(where c has been written for A' 2 ), has a solution. 

When* 0<c<l, it is easy to shew that a solution exists. From the 
identity given in §21-2 corollary, it is evident that it is sufficient to prove 
the existence of a solution of the equation 

l-c = V(0|r)/V(0|r), 


* /I — Q* nr - 1 \ 8 

which may be written 1 - c = II ^- ] . 

J »=i U + 

Now, as q increases from 0 to 1, the product on the right is continuous 
and steadily decreases from 1 to 0; and so (§ 3*63) it passes through the 
value 1 — c once and only once. Consequently a solution of the equation 
in t exists and the problem of inversion may be regarded as solved. 


21*71. The problem of inversion for complex values of c. The modular functions 
f ( r )> 9 ( r )> A (r). 

The problem of inversion may be regarded as a problem of Integral Calculus, and it 
may be proved, by somewhat lengthy algebraical investigations involving a discussion of 

the behaviour of J (1 - t 2 ) “1(1 - k?t 2 ) ~ 1 dt, when y lies on a ‘Riemann surface,’ that the 

problem of inversion possesses a solution. For an exhaustive discussion of this aspect of 
bhe problem, the reader is referred to Hancock, Elliptic Functions , L (New York, 1910). 

It is, however, more in accordance with the spirit of this work to prove by Cauchy’s 
method (§ 6*31) that the equation (01 r)/$ 3 4 (01 r) has one root lying in a certain 

iomain of the r-plane and that (subject to certain limitations) this root is an analytic 
‘unction of c, when c is regarded as variable. It has been seen that the existence of this 
•oot yields the solution of the inversion problem, so that the existence of the Jacobian 
dliptic function with given modulus 1c will have been demonstrated. 

The method just indicated has the advantage of exhibiting the potentialities of what 
ire known as modular functions. The general theory of these functions (which are of 
rreat importance in connexion with the Theories of Transformation of Elliptic Functions) 
las been considered in a treatise by Klein and Fricket. 

I T ) 


Let 




r)’ 




V(0k) 

'V(0|r)> 


AM- -Ar)lff(r). 

Then, if rr — — 1, the functions just introduced possess the following properties: 

/(t+2)«/(t), g (r+2)«$r(r), /(r)+$r (r)*=l, 

/(r+l)=A (r), /(r')^(r), *(iO-/M. 

y §§ 21*2 corollaiy, 21*51 example 1. 


* This is the case which is of practical importance. 

f F. Klein, Vorlesungen liber die Theorie der elliptischen Modulfunktionen (ausgearbeitet and 
ervollstandigt von B. Fricke). (Leipzig, 1990.) 
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It is easy to see that as /(r)-*-+=o, the functions ■rV®~” I /( T ) =: /i (r) and g (r) tend to 
unity, uniformly with respect to R (r), when -1 < R (r) ^ 1; and the derivates of these two 
functions (with regard to v) tend uniformly to zero* in the same circumstances. 


21*711. The principal solution off(j) —c=0. 

It has been seen in § 6*31 that, if/(r) is analytic inside and on any contour, 2 vi times 
the number of roots of the equation /(r) - c=0 inside the contour is equal to 


f 1 df{r) 
]f{r)-e dr 


dr, 


taken round the contour in question. 


Take the contour ABCDEFE'D'C'B'A shewn in the figure, it being supposed 
temporarily + that/(r)—c has no zero actually on the contour. 



The contour is constructed in the following manner: 

FE is drawn parallel to the real axis, at a large distance from it. 

AB is the inverse of FE with respect to the circle | r | *1. 

BC is the inverse of ED with respect to j r |=1, 2) being chosen so that 2)1 *40. 

By elementary geometry, it follows that, since C and 2) are inverse points and 1 is its 
own inverse, the circle on 2)1 as diameter passes through C; and so the arc CD of this 
circle is the reflexion of the arc AB in the line R (r)*£. 

The left-hand half of the figure is the reflexion of the right-hand half in the line 
R (r)=0. 


* This follows from the expressions for the Theta-functions as power series in q, it being 
observed that | q | -►O m I(r) -»>+ oc. 

t The values of/(r) at points on the contour are discussed in § 21*712. 
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It will now be shewn that, unless* c> 1 or c<0, the equation /(r)-c*0 has one, and 
only one, root inside the contour, provided that FE is sufficiently distant from the real 
axis. This root will be called the principal root of the equation. 

To establish the existence of this root, consider / -tt-t — dr taken along the 

, J fir)-e dr ® 

various portions of the contour. 

Since / (r+2)= f{r\ we have 

If + f l * «g*_a 

UM J &D'[ f(r)-c dr 

Also, as r describes 5(7 and EC', r'( — — 1/r) describes and ED respectively; 

and so 

{Ik* Icr} /(bi ^*" Uk*U,} WPi 

-iU*U^^ 


because (t+ 2)*^(r), and consequently corresponding elements of the integrals cancel. 
Since/(r±l)—A(r), we have 

(f . f ) 1 df(r) j f 1 dh(r)^ 

iJjyer + Jcd) TW-c dr J ^AW-o^T ^ 5 

but, as ¥ describes B’AB, r describes EE', and so the integral round the complete contour 
reduces to 


\BB’ {/(r)- 


■) — c dr ^) 


(r')-c dr 


h *4- 

/(0-« *■ j 


-/■ t 1 1 i 1 <*?(*) ! 

J BB’\f(j)—c dr h(r) {1 — c. A (r)} dr + g(r)—c dr j 

Now as moves off to infinityt, f -c4=0, g{r)-c-*l— c+0, and so the 

limit of the integral is 

-lim f - 1 . j^+^g g/i.W -«| *. 

J 1 - c. A (r) I dr dr ) 

But 1- c. A(r)—l,/,(r)—1, ££^0, 0, and so the limit of the 


integral is 


rridr**2iru 


Now, if we choose EE' to be initially so far from the real axis that /(r)-c, l-c.A(r), 
g(r)-c have no zeros when r is above EE', then the contour will pass over no zeros 
of/(r)-c as EE' moves off to infinity and the radii of the arcs CD, DC', B'AB diminish 
to zero; and then the integral will not change as the contour is modified, and so the 
original contour integral will be 2wi, and the number of zeros of/(r )-c inside the original 
contour will be precisely one. 


* It is shewn in § 21*712 that, if c^l or c^O, then/(r) -c has a zero on the contour, 
f It has been supposed temporarily that c#=0 and c+1. 
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21-712. The values of the modular function f (r) on the contour considered. 

We now have to discuss the point mentioned at the beginning of § 21*711, concerning 
the zeros of /(r)-c on the lines* joining ±1 to ±l + ooi and on the semicircles of 
§BCl y (—1) C B*0. 


As r goes from 1 to 1+co i or from —1 to -1 + oo f(r) goes from -oo to 0 through 
real negative values. So, if c is negative, we make an indentation in DE and a corre-' 
spon din g indentation in D'E'; and the integrals along the indentations cancel in virtue of 
the relation /(r+2)+/(r). 


As r describes the semicircle 05(71, r' goes from -1 •+• oo i to — 1, and/(r) =g(r')=l ~f{r\ 
and goes from 1 to + ® through real values; it would be possible to make indentations in 
BC and BfC* to avoid this difficulty, but we do not do so for the following reason: the 
effect of changing the sign of the imaginary part of the number c is to change the sign of the 
real part of r. Now, if 0 < R (c) < 1 and I (c) be small, this merely makes r cross OF by a 
short path; if 5(c) <0, r goes from DE to U E f (or vice versa) and the value of q alters 
only slightly; but if R (c) > 1, r goes from BC to B ' C\ and so q is not a one-valued function 
of c so far as circuits round c*» +1 are concerned; to make q a one-valued function of c, 
we cut the c-plane from +1 to +oo ; and then for values of c in the cut plane, q is 
determined as a one-valued analytic function of c, say q (c), by the formula q (c)=e Ti,T(c) 
where 


r(c) 


1 f r df(r) 
2ir % ] f(j) — C dr 


dr, 


as may be seen from § 6*3, by using the method of § 5*22. 

If c describes a circuit not surrounding the point c=l, q (c) is one-valued, but r (c) is 
one-valued only if, in addition, the circuit does not surround the point c*=0. 


21*72. The periods, regarded as functions of the modulus. 

Since K=fr$z 2 (0, q) we see from § 21*712 that Ki s a one-valued analytic function of 
c(«=jfc*) when a cut from 1 to +oo is made in the c-plane j but since AT'= - irK, we see 
that K ' is not a one-valued function of c unless an additional cut is made from 0 to - oo; 
it will appear later (§ 22*32) that the cut from 1 to +qo which was necessary so far as 
K is concerned is not necessary as regards K*. 

21*73. The inversion-problem associated with Weierstrassian elliptic functions. 

It will now be shewn that, when invariants g 2 and g 3 are given, such that it 

is possible to construct the Weierstrassian elliptic function with these invariants; that is 
to say, we shall shew that it is possible to construct t periods 2® 1} 2o> a such that the function 
P (* I ®i, «*) has invariants g 2 and g z . 

The problem is solved if we can obtain a solution of the differential equation 
of the form y=P(*|»i, «2). 

We proceed to effect the solution of the equation with the aid of Theta-f un ctions. 

Let v=*Az, where A is a constant to be determined presently. 


* We have seen that EE' can be so chosen that f(f) — c has no zeros either on EE' or on 
the small circular arcs. 

f On the actual calculation of the periods, see B. T. A Innes, Proc. Edinburgh Royal Soc. 
xxvn. (1907), pp. 357-368. 
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By the methods of § 21*6, it is easily seen that 

VM^M-VW^W-W^Wtt 

and hence, using the results of § 21*2, we have 

{I @8H 


Now let e u e^y e$ be the roots of the equation 4^—ygy—y 3 *=0, chosen in such an order 
that («i—« 2 )/fa “$ 3 ) is not* a real number greater than unity or negative. 

In these circumstances the equation 

ei-e 2 _ M W( 0 \t) 

e l~“*S ^3 4 (^| t ) 

possesses a solution (§ 21*712) such that /(r)> 0; this equation determines the parameter 
r of the Theta-functions, which has, up till now, been at our disposal. 

Choosing r in this manner, let A be next chosen so thatt 
Then the function 

y ' # lw^ i5,(0|r)V(0|T)+ei 

satisfies the equation 

(s) =4 (y-«»)(y-«»Hy-«3)- 

The periods of y, qua function of z, are nA y irr/A ; calling these 2<u 1} 2a> 2 we have 

I (a> 2 /«i) > 0. 

The function p(z | a» l9 <» 2 ) may be constructed with these periods, and it is easily 
seen that p($)—S 3 2 (01 r) 3 4 2 (01 r) - e l is an elliptic function with no pole at 
the origin |; it is therefore a constant, (7, say. 

If G 2 , G 3 be the invariants of fp(z | <u ly a> 2 ), we have 

4^(z)^G 2 ip(z)^G 3 ^(z)^4(p(z)^0^e l }{p(z)^C^^ W{z)-G-e z \ 
and so, comparing coefficients of powers of ( z ), we have 

0=12(7, <? 2 =y 2 -12<7 2 , G3=g3-g % C+4C\ 

Hence (7=0, G 2 =g 2 , G 3 =g 3 ; 

and so the function (p(z\» v « 2 ) with the required invariants has been constructed. 


21*8. The numerical computation of elliptic functions . 

The series proceeding in ascending powers of q are convenient for 
calculating Theta-functions generally, even when | q | is as large as 0*9. But 
it usually happens in practice that the modulus k is given and the calculation 


* jf e A7 .- L > i t then 0< ——— < 1; and if e< - 6) < 0, then 1 - ——^> 1, and 

€ i ~ e k e i ~ O' e i ~ e k e i ~ e k 


*3~ e k \ 


1- 


u-*k y 1 


< 1 . 


The values 0, 1, oo of (e { - * 2 )/(*i - ^ 3 ) are excluded since (]<? 4 * 27<7 3 2 . 

f The sign attached to A is a matter of indifference, since we deal exclusively with even 
functions of v and z. 

+ The terms in z~* cancel, and there is no term in z~ l because the function is even. 
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of K, K' and q is necessary. It will be seen later (§§ 22*301, 22*32) that 
K, K' are expressible in terms of hypergeometric functions, by the equations 

K |; i; *), b u #*); 

but these series converge slowly except when | k | and j K | respectively are 
quite small; so that the series are never simultaneously suitable for numerical 
calculations. 

To obtain more convenient series for numerical work, we first calculate q 
as a root of the equation k - & a s (0, q)fo* (0, g), and then obtain K from the 

formula K= iwS,* (0, q) and K' from the formula 

K'^ir-'Klo&il/q). 

The equation k — (0, q)/%* (0, q) 

is equivalent to* \jk' = (0, q)/% (0, q). 

Writing 2e =(so that 0< e< i when 0<&<1), we get 

9 (0, q) - fr* (<>, q ) ^2 (0, g 4 ) 

We have seen (§§ 21*71-21-712) that this equation in q* possesses a 
solution which is an analytic function of e 4 when | e | < i; and so q will be 
expansible in a Maclaurin series in powers of e in this domainf. 

It remains to determine the coefficients in this expansion from the 
equation 

g + g^ + g 3 ^ ... 

6 1.+ 2q t + 2g" + ’ 

which may be written 

g = € -h 2g 4 e— g® + 2g ie e — g 29 + 

the reader will easily verify by continually substituting €H-2g 4 € — + 

for q wherever q occurs on the right that the first two terms J are given by 

g = € -f 2c 8 + lfie 9 -f 150e ls + 0 (f). 

It has just been seen that this series converges when | € | < j. 

[Note. The first two terms of this expansion usually suffice ; thus, even if k be as 
large as V(0*8704)=0*933..., e=|, 2c 5 =0*0000609, 15^=0*0000002.] 

Example. Given £=#=1/^/2, calculate q, K, K' by means of the expansion just 
obtained, and also by observing that r=i, so that <?=e“ ir . 

[g=0*0432139, K= A''=1*854075.] 

* In numerical work 0 < k < 1, and so q is positive and 0 < ^ < 1. 

t The Theta-functions do not vanish when \q | <1 except at <7=0, so this gives the only 
possible branch point. 

X This expansion was given by Weierstrass, Werke , u. (1895), p. 276. 
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21 ' 9 ] 

21*9. The notations employed for the Theta-functions, 

The following scheme indicates the principal systems of notation which have been 
employed by various writers; the symbols in any one column all denote the same 
function. 


A (*■*) 

<$3 («■«) 

$3 («) 

*<«) 

Jacobi 

AW 

AW 

AW 

AW 

Tannery and Molk 

(ci>z) 

d 2 (®«) 

d 3 

d (atf) 

Briot and Bouquet 

AW 

AW 

AW 

AW 

Weierstrass, Halphen, Hancock 

*W 

AW 

^3 W 

AW 

Jordan, Harkness and Morley 

L___ , ■■ —-- 7 - — -— 


The notation employed by Hermite, H. J. S. Smith and some other mathematicians is 
expressed by the equation 

*»»<»)- 1 (_y»qHi* +l # e i*Qn+u)xl«. (ai=0) 1 ; *=G, 1) 

n=-« 

with this notation the results of § 21T1 example 3 take the very concise form 

Au. (*), 0*,(*+ar)-(-) 1 ' ? -i <•-««/« 6^{x). 

Cayley employs Jacobi’s earlier notation (§ 21*62). The advantage of the Weierstrassian 
notation is that unity (instead of n) is the real period of d 3 (z) and 

Jordan’s notation exhibits the analogy between the Theta-functions and the three 
Sigma-fuuctions defined in §20*421. The reader will easily obtain relations, similar 
to that of § 21-43, connecting 6 r (z) with oy (2<o x z) when r=l, 2, 3. 

REFERENCES. 

L. Euler, Opera Omnia, (1), xx. (Leipzig, 1912). 

C. G. J. Jacobi, Fundamenta Nova * (Konigsberg, 1829); Oes. Math. Werke, 1 . 
pp. 497-538. 

C. Hermite, Oeuvres Mathematiques. (Paris, 1905-1917.) 

F. Klein, Vorlesungen fiber die Theorie der elliptischen Modvlfunktionen (Ausgear- 
beitet und vervollstandigt von R. Fricke). (Leipzig, 1890.) 

H. Weber, Elliptische Funktionen und algebraische Zahlen. (Brunswick, 1891.) 

J. Tannery et J. Mole, Fonctions Elliptiques. (Paris, 1893-1902.) 

Miscellaneous Examples. 

I. Obtain the addition-formulae 

4i(y+*)Si(y-*)V=V (y) V (Z) - V (y) V M=V (y) V M - V (y) V M, 
S 2 (y-¥z)B 2 (y-z) (y) d 2 * (*)-V (y) V M ■- V (y) V «■-*a 8 (y) V (*), 

5 s (y+*)^(y-0V-V(y)WW-V(y)V«-V(y)VW-V(y)V«, 

^<y+*)^(y-*)V-V(y)VW-V(y)V«-VWVW-V(y)VW. 

(Jacobi.) 


Reprinted in his Oes. Math. Werke , 1 . (1881), pp. 49-239. 
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2. Obtain the addition-formulae 

s 4 (y+*)S 4 (y-s) W-W (y) v (•) +$3 2 (y) V(*) - V (y) V M+V (y) V M, 
^(y+^)^(y-^)V*V(y)VW+V(y)V(^)=V(y)V«+V(y)VW; 

and, by increasing y by half periods, obtain the corresponding formulae for 

-$ r (y+*) s r (y-s)-V and s r (y+*j <V> 

where r=l, % 3. (Jacobi.) 


3. Obtain the formulae 


■^i (y ± «) -Sa (y+«) «M 4 - (y) (y) (*) s 4 (*) ± $s (y) ^ (y) (*) -3a (4 
$i (y ± <0 *9 3 (y+*) *^ 2 ^4-$i (y) $3 (y) *^2 (*) *^4 0) d: S 2 (y) 5* (y) (z) S 3 (z\ 

-$i(y±z) s 4 (y+z) -Ms^i (y) ^ (y) $2 (*) *53 M ± ^2 (y) £3 (y) W J 4 (*), 

(y ±*) $3 (y+*) ^ 3-^2 (y) (y) $2 (*) ^ (*)+ S t (y) $ 4 (y) S L (z) J 4 ( 3 ), 

J a (y±^^(y+^^4-^Cy)^(y)^W^W+^(y)^(y)^iW^(4 

Js (y i*) ^4 (y+*) *^ 3 *^ 4 = *^3 (y) *^4 (y) ^3 (*) ^4 (*) 4 * $1 (y) $2 (y) ^1 ( z ) $2 (4 

(Jacobi.) 

4. Obtain the duplication-formulae 

^2 ( 2 y) -V (y) V <y) - V (y) V (y), 

J s ( 2 y) W-V (y) V (y) - W (y) V (y), 

5 4 (2y) V =V(y)-J 2 4 (y)-V(y)-V(y). 

(Jacobi) 

5. Obtain the duplication-formula 

* ( 2 y) 4s*4ft-**i (y) S 2 (y) S 3 (y) J 4 (y). 

(Jacobi.) 

6. Obtain duplication-formulae from the results indicated in example 2. 


7. Shew that, with the notation of § 21'22, 

M-M-Wr-PJ. [1]-C3]-[1J-[3J, [1 ]-[4]=[ 2 J—[3J, 
[2]-[3]=[lJ-[4L m-M-Rr—W. [3]-[4]-f2j-[lJ. 

8. Shew that 

2 [1122]=[1122J+[22117 - [44337+[3344J, 

2 [1133]=[1133J+[3311J - [4422J+[2244J, 

2 [1144]=[1144]'+[44117 ~ [33227+[22337, 

2 [2233]=[22337+[33227—[4411]'+[11447, 

2 [2244]=[22447+[44227 - [33117+[11337, 

2 [3344]=[33447+[44337 -[22117 +[11227. 

.9. Obtain the formulae 

Ztr-'Kit-Zql 5 {(1 -$*»)*(l-s*—>)-*}, 

n=l 

5 {(1+}»»)*(1-j*"" 1 )-*}. 

»«1 


(Jacobi.) 


10. Deduce the following results from example 9 : 

S (1 — gr*»-»)«—Ryiir'jfe - i, n (l+j*»->)*-2 2 i(ii0“ i » 

»* 1 11*1 

n (1-}**)» =2 n-'q-tkUK*, 5 (!+?“)* =±9-Up-*, 

*«1 »«1 

n (l-j*)« =4 v-*q-i&V*K*, n (l+3»)» 

*=I *=1 

(Jacobi) 
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/ S * (z) 

e 9 *** dz taken along the contour formed by the parallelogram 
whose corners are Jtt, Jir-f-irr, - Jrr-Hrrr, shew that, when n is a positive integer, 

(i I+jM***~**' 

and deduce that, when | I(z) | <\I(rrr\ 

(z) ® q* sin 2nz 

iTF* 

12. Obtain the following expansions : 

(z) . , . ® o 271 sin 2m 

$ito n=i 1 -$*» 

•Si (*) . , . ® ( — sin 2712 

TO~-‘“•♦♦A - i-<* —■ 

yW , S (-)»g n sin 2 ti 2 
M*) nil l-? 2 * ’ 

iach expansion being valid in the strip of the 2 -plane in which the series involved is 
ibsolutely convergent. 

(Jacobi.) 

13. Shew that, if 1 1 (y) | < 1 (nr) and 1 1 (z) | < I (ttt), then 

t 1 ¥£^ =coty+cotz+4 2 2 q 2 ™* sin (2my -f 2ns). 

*1 W \ z ) m=l n=l 


14. Shew that, if | I(z) | < (ttt), then 

Kki S 4 

~ rM = l fl 0 + 2 a * COS 2712, 
* W n=l 


(Math. Trip. 1908.) 


rhere a H =2 2 (-)w^(«+i)(2n4-m+i)^ 

(Math. Trip. 1903.) 

[Obtain a reduction formula for a* by considering / (S 4 (z)}~ 1 e 2nit dz taken round the 
ontour of example 11.] 

15. Shew that 


V(m) r 


cot 2 +4 2 


2**sin_22_l 


= il- 2q** cos 2z+q**J 
i a doubly-periodic function of z with no singularities, and deduce that it is zero. 


Prove similarly that 


M*) 


— tan 2 - 4 2 

n=l 


q 9 * sin 2 z 

1 + 2g* n cos 2z-h ’ 


s»(*) , “ g»-*sin2* 

3,(?) " uti H-2j** -1 ooa2i+^- 2 ’ 


*«(«) , | g* -1 sin 2a 

3 . («) = n _i 1 — Jig 2 * - 1 COB 2*+g*® -s ‘ 


16. Obtain the values of h, V, K, K' correct to six places of decimals when g=^. 
[*=0-895769, *'=0-444518, 

£■=2-262700, £'=1’658414.] 
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17. Shew that, if t 0 +aM-y+3=0, then, with the notation of § 21*22, 

[3]+[l]=[2]+[4l 

[1234]+[3412]+[2143]+[4321]-0. 

18. Shew that 

yao.VW jjjy+f ),go 

5*(y) + 4«(*) s.(y+*) 23 -J 4 (y).9 4 ( 3 )3 4 (y+*)‘ 

19. By patting x—y=z, uj=3x in Jacobi’s fundamental formulae, obtain the following 
results: 

9,* (x) Sj (3x) +$ 4 3 (x) $ 4 (3x) =S 4 3 (2x) S t , 

S, 3 (x) 5j (3x) -St 3 (x) S 4 (3x)= $t 3 (2x) 3,, 

S, 3 (x)9,(3x)+V (x) S 4 (3x)=Sj 3 (2x) S 3 . 


20 . Deduce from example 19 that 


{V (x)5,(3x)V+V (*) St (3x)V} , +W (*) S 3 (3x) S, 3 -V (x) $ 4 (3x) Aft* 

-{V (x) $i(3x) S/+S, 3 (x)S t (3x)V} 4 ’ 
(Trinity, 1882.) 


21 . Deduce from Liouville’s theorem that 

S 1 (2z)S 2 (0)Ss(0)4<(0) 

is constant, and, bj making 0, that it is equal to 1. 

Hence, by comparing coefficients of 2 s in the expansions of 

log •?*(?*) an< j w M | i og jsjf) « ] oc jiif) 
an<1 1Og ^(0) +1Og 5 3 (0) +1Og 3 4 (0) 

by Maclaurin’s theorem, deduce that 

V'(0) V(0) , V(0) . V(0) 

V(0) ^(0) + ^3(0) + ^(0)‘ 

Hence, after the manner of § 21*41, deduce that 

V(0)*^(0)S 3 (0)5 4 (0). 


[This method of obtaining the preliminary formula of § 21*41 was suggested to the 
authors by Mr C. A. Stewart] 
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THE JACOBIAN ELLIPTIC FUNCTIONS 

22*1. Elliptic functions with two simple poles . 

In the course of proving general theorems concerning elliptic functions 
at the beginning of Chapter xx, it was shewn that two classes of elliptic 
functions were simpler than any others so far as their singularities were 
concerned, namely the elliptic functions of order 2. The first class consists 
of those with a single double pole (with zero residue) in each cell, the second 
consists of those with two simple poles in each cell, the sum of the residues 
it these poles being zero. 

An example of the first class, namely p(z), was discussed at length in 
Chapter xx; in the present chapter we shall discuss various examples of 
;he second class, known as Jacobian elliptic functions *. 

It will be seen (§ 22*122, note) that, in certain circumstances, the Jacobian 
unctions degenerate into the ordinary circular functions; accordingly, a 
rotation (invented by Jacobi and modified by Gudermaim and Glaisher) will 
►e employed which emphasizes an analogy between the Jacobian functions 
nd the circular functions. 

From the theoretical aspect, it is most simple to regard the Jacobian 
ructions as quotients of Theta-functions (§ 21*61). But as many of their 
indamental properties can be obtained by quite elementary methods, 
ithout appealing to the theory of Theta-functions, we shall discuss the 
motions without making use Of Chapter xxi except when it is desirable to 
o so for the sake of brevity or simplicity. 

22*11. The Jacobian elliptic functions , sn u } cn u, dn u. 

It was shewn in § 21*61 that if 

■e Theta-functions being formed with parameter t, then 

(D’-a-soo-m 

lere jfe* = S, (01 r)/&, (01 t). Conversely, if the constant k (called the 
j dulusf) be given, then, unless A 2 > 1 or i 3 ^ 0, a value of r can be found 

* These functions were introduced by Jacobi, but many of their properties were obtained 
iependently by Abel, who used a different notation. See the note on p. 512. 
f If 0<fc<l, and 8 is the acute angle such that sin 0=&, 0 is called the modular angle. 



THE TBANSCENDENTAL FUNCTIONS 


492 


[CHAP. XXI 


(§§ 21*7-21*712) for which % 4 (01 t)/SV (01 t) = A®, so that the soiutioi 
of the differential equation 

-*■><!-*V) 

subject to the condition = 1 is 

\duj u-y-0 

__ 

y %*<{*/*/)' 

the Theta-functions being formed with the parameter r which has been 
determined. 


The differential equation may be written 

u= f y (i-* 2 ) _i (i 
J o 

and, by the methods of § 21*73, it may be shewn that, if y and u are con¬ 
nected by this integral formula, y may be expressed in terms of u as the 
quotient of two Theta-functions, in the form already given. 

Thus, if 

« = F(l-&)-l(l-k*t 3 ridt t 

Jo 


y may be regarded as the function of u defined by the quotient of the Theta- 
functions, so that y is an analytic function of u except at its singularities, 
which are all simple poles; to denote this functional dependence, we write 

y = sn (u, A), 

or simply y » sn u, when it is unnecessary to emphasize the modulus*. 

The function sn u is known as a Jacobian elliptic function of u, and 


sn u — ~ 


(A). 


[Unless the theory of the Theta-functions is assumed, it is exceedingly difficult to shew 
that the integral formula defines y as a function of u which is analytic except at simple 
poles. Cf. Hancock, Elliptic Function i. (New York, 1910).] 


. 

.(B), 

dn< “ i4) . 

.(C). 

Then, from the relation of § 21*6, we have 


d A 

T-snt/ = cn^dnu... 

an 

.(I), 


The modulus will always be inserted when it is not h. 
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jid from the relations of § 21*2, we have 

sn* u + cn* u = 1 .(II), 

k? sn s u + dn J u = 1.(Ill), 

nd, obviously, cn 0 = dn 0 = 1 .(IV). 


We shall now discuss the properties of the functions sn % cn u, dn u as defined by the 
luations (A), (B), (C) by using the four relations (I), (II), (III), (IV); these four relations 
re sufficient to make sn u, cn u, dn u determinate functions of u. It will be assumed, 
hen necessary, that sn u, cn u, dn u are one-valued functions of u, analytic except at their 
3 les; it will also be assumed that they axe one-valued analytic functions of Jc 2 when cuts 
•e made in the plane of the complex variable k 2 from 1 to 4-co and from 0 to -oo. 

22*12. Simple properties of sn u, cn u, dn u. 

From the integral u — j (1 — t 2 ) ” * (1 — A 3 #*) “ i dt, it is evident, on writing 
t for t, that, if the sign of y be changed, the sign of u is also changed. 
Heme sn u is an odd function of u. 

Since sn (- u) = — sn u, it follows from (II) that cn (~ u) = + cn u ; on 
tcount of the one-valuedness of cn u, by the theory of analytic continuation 
follows that either the upper sign, or else the lower sign, must always be 
ken. In the special case u = 0, the upper sign has to be taken, and so it 
is to be taken always; hence cn (- u) = cn u, and cn u is an even function 
' u. In like manner, dn u is an even function of u. 

These results are also obvious from the definitions (A), (B) and (C) of 
52*11. 

Next, let us differentiate the equation sn 3 u + cn 2 u = 1; on using equation 
i, we get 

doxiu , 

— z — =■ — sn u dn u ; 
du 

like manner, from equations (III) and (I) we have 
ddnu 

—= — A 2 sn u cn u. 
du 

22 * 121 . The complementary modulus. 

If A® 4- A' 2 = 1 and A' 4-1 as A 0, A' is known as the complementary 
dulus. On account of the cut in the A®-plane from 1 to 4- oo, A' is a one- 
ued function of A. 

'With the aid of the Theta-functions, we can make k'^ one-valued, by defining it to be 

$4(0|r)/S 3 (0|r).] 

Example. Shew* that, if 
i y=en(w, k). 
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Also, shew that, if u= j (1—<*) ^ — P 2 ) - i dt, 

then y=dn (w, k ). 

[These results are sometimes written in the form 

u-P ( 1(**+*»<*)(1 — Jf*) ~ * ( i *—~ 4 <*-] 

yen* /da* 


22*122. Qlaishers notation* for quotients . 

A short and convenient notation has been invented by Glaisher to express 
reciprocals and quotients of the Jacobian elliptic functions; the reciprocals 
are denoted by reversing the order of the letters which express the function, 
thus 

nsu = l/sn u, ncu=l/cnu, ndu = l/dnu; 

while quotients are denoted by writing in order the first letters of the 
numerator and denominator functions, thus 

sc a = sn u/cn u, sdtt = sn u/dn u, cd u =* cn u/dn u> 
cau = cn ujan u, ds u = dn ujan u, dc u = dn uj cnu. 

[Note. Jacobi’s notation for the functions snit, cn«, dnu was sinam u, cosamw, 
Aam u, the abbreviations now in use being due to Gudermannt) who also wrote tna, 
as an abbreviation for tanamu, in place of what is now written sc u. 


The reason for Jacobi’s notation was that he regarded the inverse of the integral 

aa fundamental, and wrote f (f>=amu; he also wrote A</>—(1 -£* sin a ^ for ^.] 
Example. Obtain the following results: 

JO J CMU 

- p d “ (1 -**<•)“* (1 +**<*)-* dt = r 

Jo J ds* 

-f 1 (l-Q-lQ-Pty-idt - r 

J Cd* J dc* 


22*2. The addition-theorem for the function sn u. 

We shall now shew how to express sn (u 4- v) in terms of the Jacobian 
elliptic functions of u and v ; the result will be the addition-theorem for the 
function sn w; it will be an addition-theorem in the strict sense, as it can 
be written in the form of an algebraic relation connecting sn u, sn v, sn (u + v). 

* Messenger of Mathematics, xx. (1882), p. 86. 

t Journal fiir Math . xvm. (1838), pp. 12, 20. 

X Fundamenta Nova , p. 80. As h— *-0, am 
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[There are numerous methods of establishing the result; the one given is essentially 
to Euler*, who was the first to obtain (in 1756, 1757) the integral of 


=0 

vjrwr u 


he form of an algebraic relation between x and y, when X denotes a quartic function 
? and T is the same quartic function of y. 

rhreet other methods are given as examples, at the end of this section.] 


Suppose that u and v vary while u+v remains constant and equal to a, 
, so that 

du~ l ' 


Now introduce, as new variables, s 1 and s 2 defined by the equations 


Sj = sn u, s 3 = sn v, 

hatj V- (1-0 (1-^A 

a*), since v 2 = 1. 


Differentiating with regard to u and dividing by 2^ and 2^ respectively, 
ind that, for general values§ of u and v, 

* —(l + tf)* + 2ftV, ^ = -(l + i a )s a -f-2* J s 1 *. 

Etence, by some easy algebra, 

tiW - W " (V- tf)(1 -ItSiW) ’ 
so 

(# 1 ** - ^i)" 1 ^ - Mi) = (1 — &W)~ X J~(l-*W); 

itegrating this equation we have 

^ 1*8 "- 4*1 _ p 

1-^V ‘ 

e (7 is the constant of integration. 

leplacing the expressions on the left by their values in terms of u and v 
et 

cnwdnwsnv + cnvdnvsnu^^ 

1 — A*sn*wsn 9 t/ ~ 


icta Petropolitana , vi. (1761), pp. 85-57. Euler had ohtaiued some special oases of this 
a few years earlier. 

mother method is given by Legendre, Fonctions ElUptique *, r. (Paris, 1825), p. 20, and an 
ting geometrical proof was given by Jacobi, Journal f Ur Math, m. (1828), p. 376. 
to brevity, we shall denote differential coefficients with regard to u by dots, thus 

. dv „ cPv 
va tii’ vm d^ t 

e. those values for which cuudnu and cn v dn v do not vanish. 
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That is to say, we have two integrals of the equation du + dv — 0, narnelj 
(i) w + v = a and (ii) 


sn u cnt; dn t; -f sn r cn t* dn u 
1 — &*sn 2 wsn a tf 


0, 


each integral involving an arbitrary constant. By the general theory of 
differential equations of the first order, these integrals cannot be functionally 
independent, and so 

sn u cn v dn v + sn v cn u dn u 
1 — k?sn*u sn 9 t? 

is expressible as a function of u + v; call this function / (u + v). 

On putting v = 0, we see that f(u) =snw; and so the function /is the 
sn function. 

We have thus demonstrated the result that 


sn = 


sn u cn v dn v + sn v cn u dn u 
1 — A?sn*wsn J v 1 


which is the addition-theorem. 


Using an obvious notation*, we may write 


sn (u + v) = 


SiC^dq + 

1 - tes*8f * 


Example 1. Obtain the addition-theorem for Bin u by using the results 
(d sintA* _ . 0 /dsin i ?\ 3 _ . 9 

rasr) \-dr) ='-***' 

Example 2. Prove from first principles that 

fl _ JL\ Wth+Wk o 
\dv du) l-i^V 5 

and deduce the addition-theorem for snw. 

(Abel, Journal fur Math, . n. (1827), p. 105.) 

Example 3. Shew that 

m , u . g v *i 8 ~V __ ^ 

^ 

(Cayley, Elliptic Function s (1876), p. 63.) 
Example 4 Obtain the addition-theorem for sn u from the results 

(y+*)$ 4 (y-*) ^a^3=^i (y) s 4 (y) ^ W (y) ^ (y) ^1 (*) $4 (*)> 

*4 (y+*)^4 (y-*) V=V (y) V W - V (y) V (*), 

given in Chapter xxi, Miscellaneous Examples 1 and 3 (pp. 487, 488). (Jacobi) 

Example 5. Assuming that the coordinates of any point on the curve 

y*~(l-^)(l-**^) 

can be expressed in the form (sn w, cn u dn tt), obtain the addition-theorem for sn 14 by 
Abel's method (§ 20*312). 


This notation is due to Glaisher, Meuenger , x. (1881), pp. 92,124 
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[Consider the intersections of the given curve with the variable curve y=\+mx+nx 2 ; 
one is (0, 1); let the others have parameters u lt u 2 , u 3 , of which u ly may be chosen 
arbitrarily by suitable choice of m and n. Shew that u x + u 2 + u z is constant, by the 
method of § 20*312, and deduce that this constant is zero by taking 

wi—0, 

Observe also that, by reason of the relations 

(&-rF)x x x 2 x 3=2m, (#-n 2 ) (x l +x 2 +x 3 )^2mn, 

we have 

X 3 (1 -&x£x£)=X 3 --f ~ %r/UC 1 X' l -7lXiX' l fa +x 2 +x 3 ) 

= (xi+x 2 +x 2 — n #1 x 2 x 3 ) - (xi 4 * x 2 ) - 2 t 7 w ? i x 2 — nx^x% (x x +x 2 ) 

= -^2-^1-] 


22*21. The addition-theorems for cn u and dn u. 

We shall now establish the results 

cnwcnv-8D«sn»dnttdnt; 


cn (u + v) » 


1 — A 3 sn 2 u sn a t? 


dn (« + ti) = 


dn u dn v — A 3 sn u sn v cn u cn v 
1 — A 9 sn 8 u sn 2 v 5 


the most simple method of obtaining them is from the formula for sn (u -4- v). 

Using the notation introduced at the end of § 22*2, we have 
(1 - T&sfsff cn 2 (u + v) =* (1 - k?s*s*y (1 - sn a (u + v)} 

~ (1 A*"" ($i C 2 d*2 + tfaCidj) 3 
= 1 - 2AV* a 2 + AVV - sy (1 - s 2 *) (1 - fcsf) 

— $<? (1 — Sx 2 ) (1 — A 2 s a *) ~ 2s 1 s 2 c 1 c 2 d 1 d 2 

- (1 - * 1 2 ) (1 - S*) + S,W (1 - test) (1 - h?sf) 

•** 2^i Cji^idg 


~ (cjCj ■“ SjS 2 didtf 


and so 


cn (u 4* v) = ± 


CiC a *“ 8i$ 2 did 2 

T^Wsfs^* 


Bud both of these expressions are one-valued functions of u, analytic 
except at isolated poles and zeros, and it is inconsistent with the theory 
of analytic continuation that their ratio should be -f 1 for some values of u } 
and — 1 for other values, so the ambiguous sign is really definite; putting 
u = 0, we see that the plus sign has to be taken. The first formula is 
consequently proved. 

The formula for dn (u 4- v) follows in like manner from the identity 
(1 — A*^* 2 ) 2 — A* (SiCada + 8 2 c i&vf 

s (1 - AV) (1 - tesf) + AVV (1 - * 1 2 ) (1 ” sf) - 2k?s 1 s 2 c 1 c 2 d l d 2 , 

/he proof of which is left to the reader. 
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Example 1. Shew that 

dn (u+ v) dn («-.) • 

(Jacobi.) 

[A set of 33 formulae of this nature connecting functions of u+v and of u-v is given 
in tie Fundcmenta Nona, pp. 32-34.] 

Example 2. Shew that 

3 cnt4-f cn v 3 cntt-f»cnr 

du mudnv + mpdnu“~ dv sn u dnt?-}-sn v dn u 9 
so that (cn a-fcn «)/(sn u dn v +sn v dn u) is a function of u+v only; and deduce that it is 
equal to {l+cn(«+v)}/sn(«+v). 

Obtain a corresponding result for the function (siC^+s^c^Kdi+d^). 

(Cayley, Messenger, xiv. (1885), pp. 56-61.) 

Example 3. Shew that 

1 - jfe*sn* (u + v) sn 2 (u - v)=(1 - £*sn 4 u) (1 - it* sn 4 v) (1 - ifc*sn a u sn 2 v) ~ J , 

E*+It* on* (u+v) cn 2 (u-v)=(F 1 +l* cn* u) (V*+&Gn*v) (1— jfc*sn 2 tt8n s v)“*. 

(Jacobi and Glaisher.) 

Example 4. Obtain the addition-theorems for cn (u+v\ dn (u+v) by the method of 
§ 22*2 example 4. 

Example 5. Using Glaisher’s abridged notation ( Messenger , x. (1881), p. 105), namely 
«,c, cf*sn«, cnit, dnw, and S t C, i)=sn 2u, cn 2m, dn2«, 

prove that 

e W ^1-2^+ifcM n l-2tfs*+£*«* 

1-***’ 1-JM 1 

, q+9)»-fl-a)* 

(l+*fi)*+(l-£$)!' 

Example 6. With the notation of example 5, shew that 

. 1-C 1 -D L-k'G-li* D-C 

1 +D F(T+C) P(D-C) 

. -0+0 D+&C-V* V*(l+0 

l+D ifc»(l+U) -PiD-O^P+D-PC’ 
Jt _k*+D±»C_D+C IfliX-O) P>(1+D) 

l+D ***1 + 0 D-C -JP+D-JPC' 

(Glaisher.) 

22*3. The constant K. 

We have seen that, if 

Jo 

then y * sn (u, k). 

If we take the upper limit to be unity (the path of integration being 
a straight line), it is customary to denote the value of the integral by the 
symbol K, so that sn (Z, k) = 1. 

[It will be seen in § 22*302 that this definition of K is equivalent to the definition as 

4 ** V in § 21*61.] 
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It is obvious that cn K = 0 and dn K~±kf) to fix the ambiguity in sign, 
suppose 0 < k < 1, and trace the change in (1 as t increases from 0 to 1; 

since this expression is initially unity and as neither of its branch points (at- 

±hr 1 ) is encountered, the final value of the expression is positive, and so 
it is 4- k' ; and therefore, since dn K is a continuous function of k, its value is 
always + k\ 

The elliptic functions of K are thus given by the formulae 
snif*l, cniT— 0, &nK = k\ 

22 * 301 . The expression of K in terms of k 

In the integral defining K \ write t — sin <f>, and we have at once 

ri T . 

K — I (1 — k* sin 2 <f>) “ i dtp. 

J o 

When | k\ < 1, the integrand may be expanded in a series of powers of k, 
the series converging uniformly with regard to <f> (by § 3*34, since sin 2 " ^ 1); 
integrating term-by-term (§ 4*7), we at once get 

*-|**(i. l; 

where c — Jc 1 . By the theory of analytic continuation, this result holds for 
all values of c when a cut is made from 1 to + oo in the c-plane, since 
both the integrand and the hypergeometric function are one-valued and 
analytic in the cut plane. 

Example. Shew that 



(Legendre, Functions EUiptiquei , i. (1825), p. 62.) 
22*302. The equivalence of the definitions of K. 

Taking u^ir$ 3 2 in § 21*61, we see at once that an (irrS 3 2 )=l and so cn (£tt 3 3 2 ) = 0. 
Consequently, 1— sn u has a double zero at £jt 3 3 2 . Therefore, since the number of poles 
of sn u in the cell with corners 0, 2ir$ 3 2 i rr (r+1) -9 3 2 , it (r-1) S 3 2 is two, it follows from 
§ 20*13 that the only zeros of 1 — sn w are at the points t4== In (4m+l+2nr) J 3 2 , where 
m and n are integers. Therefore, with the definition of § 22*3, 

K= In- (4m -4-1+ 2 nr) $ 3 2 . 

Now take r to be a pure imaginary, so that 0<Jc< 1 , and K is real; and we have 
*=0, so that 

(4m +1) 3 a 2 * j ^ (1 - k 2 sin 2 <j>) ~ ^ d<j> , 

vhere m is a positive integer or zero; it is obviously not a negative integer. 

If m is a positive integer, since j (1 - k* sin 2 <t>) i d<j> is a continuous function of a and 

,o passes through all values between 0 and A as a increases from 0 to £tj-, we can find 
, value of a lew than £«r, such that 

A7(4»i+1)=£«■$,*=J* (1 - sin*^) d<j> ; 

sn (iirS 3 2 ) *= sin a < 1, 
sn(Jtr^3 2 ) = l. 


,nd so 

rhich is untrue, since 



500 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XXII 


Therefore m must be zero , that is to say we have 

But both K and jpr$z 2 are analytic functions of h when the c-plane is cut from 1 to 
+ oo, and so, by the theory of analytic continuation, this result, proved when 0<i:<l ) 
persists throughout the cut plane. 

The equivalence of the definitions of K has therefore been established. 

Example 1. By considering the integral 

J p+) a-<»)-* a-**<*>-*<*, 

shew that sn 2JT= 0. 

Example 2. Prove that 

8 niZ=(l+i')-i, cn*£'=*'*(1+F) - *, dn 

[Notice that when cn 2 m=0 . The simplest way of determining the signs to 

be attached to the various radicals is to make ld-+~ 1, and then sn w, cn u, dn u 

degenerate into sin u, cos w, 1.] 

Example 3. Prove, by means of the theory of Theta-functions, that 

C8*ir=dn 


22*31. The periodic properties (associated with K) of the Jacobian 
elliptic functions. 

The intimate connexion of K with periodic properties of the functions 
sn u, cnu, dnu, which may be anticipated from the periodic properties of 

Theta-functions associated with | w, will now be demonstrated directly from 
the addition-theorem. 


By § 22-2, we have 
sn(tH- K) 


sn ttcniTdn IT •+ sniTcn^dn^ 
1 — A 2 sn* u sn 2 K 


cdw. 


In like manner, from § 22-21, 

cn (w + IT) = — k' sd u t dn (u -f K) = Id ndu. 


Hence 


sn 


/ , o ir\ cn ( u + K) * sd u 

(u + 2K ) —r~£F\ ~ y ;-T- = — sn«, 

' dn(tt-biT) kndu 


and, similarly, cn (u 4- 2 K) = — cn u 9 dn (u + 2 K) = dn u. 

Finally, sn(u + 4#) = - sn (w + 2K) = sn u, cn(w +4£') = cnu. 

Thus 4tK is a period of each of the functions sn u, cn u, while dn u has 
the smaller period 2K. 

Example 1. Obtain the results 

sn(v+if)=cdtt, cn(w+JT)= -tfsdtt, dn(i4+if)«-i?'ndtt, 
directly from the definitions of sn u, cn «, dn u as quotients of Theta-functions. 

Example 2. Shew that cs u cs (2T - it)« It. 
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22 32. The constant K'. 

We shall denote the integral 

J\l - f)-i (1 -#*«>)-* dt 

by the symbol K', so that K' is the same function of k‘* (— o') as K is of 
#(= c); and so 


(i> b **). 


when the c-plane is cut from 1 to + oo, i.e. when the c-plane is cut from 
0 to — oo . 

To shew that this definition of K’ is equivalent to the definition of § 21*61, we observe 
that ifrr = — 1, K is the erne-valued function of £*, in the cut plane, defined by the equations 

0 |r), ^=V(0lr)-V(0|r), 
while, with the definition of § 21*51, 

iT'=Ms 8 (0|r), 0|tO+V(0|Oi 

so that fT must be the same function of # a as K is of IP ; and this is consistent with the 
integral definition of K' as 

It will now be shewn that, if the c-plane be cut from 0 to — oo and from 
1 to + oo, then, in the cut plane, K f may be defined by the equation 


K' = jy - l)-l (1 - *»«*)-! ds. 


First suppose that 0 < k < 1, so that 0 < k' < 1, and then the integrals 
concerned are real. In the integral 

[ 1 (l-t°)-i(l-k'>t>)-idt 

Jo 

make the substitution 

s = (l-yfc' J < 3 )-i 

which gives 

(a* - 1)* = k't (1 - k'H>) -i (1 - JfcV)* = V (1 -t’) 4 (1 - **#) ~ 4 , 
ds kfH 
It~ (l-k'*P)*’ 

t b eing understood that the positive value of each radical is to be taken. 
)n substitution, we at once get the result stated, namely that 


K' = J V *(s 2 - 1)“ 4 (1 - fas 1 )~i ds, 


•rovided that 0 < k < 1; the result has next to be extended to complex values 
f k. 
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Consider 


a-**)-* (!-**<*)-**, 


the path of integration passing above the point 1, and not crossing the imaginary axis*. 
The path may be taken to be the straight lines joining 0 to 1 - & and 1+& to k~ l together 

with a semicircle of (small) radius & above the real axis. If (1— and (l-#t*)^ 

reduce to +1 at *=0 the value of the former at 1+$ is «“*** 3^ (2+$)^ == -~ i (t* -1)^, where 
each radical is positive; while the value of the latter at f=1 is +& when k is real, and 
hence by the theory of analytic continuation it is always +#. 

Make and the integral round the semicircle tends to zero like &; and so 
(1 -<*)~ 4 (1 -i 5 * 5 ) “ 4 dt~K+i j^ k (jfl - 1)" * (1 - **<*)“ 4 di. 

Now (i-<*r 4 a-**<*)■ 4 *= 

which t is analytic throughout the cut plane, while K is analytic throughout the cut plane. 
Hence f V *(^-l)“*(l -**<*)“ 4 tfc 

is analytic throughout the cut plane, and as it is equal to the analytic function K' when 
0<k< 1, the equality persists throughout the cut plane; that is to say 

j5T'«= 

when the c-plane is cut from 0 to - ac and from 1 to + oo. 

Since K + iK‘ « (1 - f)~ 4 (1 - k?P) ~ 4 dt, 

we have sn(K + iK') = 1/k, dn (K 4-tiT) = 0; 

while the value of cn (K -f iK') is the value of (1 — when t has followed 
the prescribed path to the point 1/k, and so its value is — ik'jk, not + ikf/k. 
Example 1. Shew that 

l i t* (*~ 1) (^*-1)} “ 4 dt**K, 

Example 2. Shew that K satisfies the same linear differential equation as K (§ 22*301 
example). 

22*33. The periodic properties J (<associated vrith K + iK') of the Jacobian 
elliptic functions . 

If we make use of the three equations 

sn(K + iK') = k~\ cn {K 4- iK') = - ik'/k, dn (K + iK') - 0, 

* I? (1)>0 because jargc|<r. 

t The path of integration passes above the point u= k. 

+ The double periodicity of snu may be inferred from dynamical considerations. See 
Whittaker, Analytical Dynamics (1917), § 44. 



503 


sn i 


22*33—22*341] the jacobian elliptic functions 

we get at once, from the addition-theorems for sn u t cn u, dn u, the following 
results: 6 

(u + K + iK') = 8D ^ cn ( K + . iK ’} <&(%+ iK') -f sn (K 4 iK') cn u dn u 

i -&w*u8n*(irTW) -” 

= ir J dc u, 

and similarly cn (« + K 4 iK') = - nc u, 

dn (u + K - f i£T / ) = %Jc sc u. 

By repeated applications of these formulae we have 


sn (u 4 4K + 4iK l ) — sn u, 
cn (u 4 4K ■+• 4iK') = cn u , 
Idn (u 4 4 K 4 4 iK') = dn u. 


r sn (u 4 2K 4 2iK') = -snw, 
cn (u -f* 2 K 4* 2iK') = cn w, 

dn (w 4 2if 4 2 iK') — — dn _ _ 

Hence the functions sn u and dn u have period iK + UK', while cn u has 
the smaller period 2K 4 2iK\ 

22*34. The periodic properties (associated with iK') of the Jacobian 
elliptic functions. 

By the addition-theorem we have 

sn (u 4 iK') = sn(u-K + K+ iK') 

=k~'dc(u-K) 

= & -1 ns u. 

Similarly we find the equations 

cn (u 4 iK ) = — ik* 1 ds u y 
dn (u 4 iK') = — i cs u. 

By repeated applications of these formulae we have 

sn ( w +2*X / )= sn u, (sn (u + UK’) = sn u, 

■ cn (u + 2iK') = - cn u, 

.dn (u 4 2 iK') = — dn u y 

Hence the functions cn u and dnw have period 4 iK', while sn u has the 
rmaller period 2iK\ 

Example. Obtain the formulae 

sn (u 4 2»i K 4 2 niK '}=(— ) m sn u y 
cn (u -\-%jnK 4 2 niK *)=(— ) m+n cn u y 
dn (?i42??iA427itA , )= (— ) w dn u. 

22341. The behaviour of the Jacobian elliptic functions near the origin 
nd near iK'. 

We have 


cn (u 4 4dK') =a cn u } 
Idn (u 4 4 iK') = dn u. 
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Hence, by Maclaurin s theorem, we have, for small values of | u |, 
sn u = u — g (1 *f k?) v? 4* 0 (u 5 ), 

on using the fact that sn u is an odd function. 

In like manner 

cn t* = 1 — 0 (u*), 

dn u = 1 — 4* 0(u 4 ). 

It follows that 

sn (u + iK') * kr l ns u 


hi 

1 


ku 




- 1 (1 + fe 5 ) + 0 ( it *) 1 

1 + & , ^ 

— j- u + 0(u*); 


— i 2fc — 1 

and similarly cn (u -f iK') = ^ H--f 0 (w*), 

dn (w + iZ') = -^ + iu+0 (u 1 ). 

It follows that at the point iK' the functions sn v, cn v, dn v have simple 
ith residues kr 1 , — ikr\ — i i 


Example. Obtain the residues of sn w, cn w, dn u at iff' by the theory of Theta- 
functions. 


22*35. General description, of the functions sn u, cn u, dn u. 

The foregoing investigations of the functions sn u, cn u and dn u may be 
summarised in the following terms: 

(I) The function snu is a doubly-periodic function of u with periods 
4 K > 2iK f . It is analytic except at the points congruent to iK' or to 2 K 4* iK' 
(mod. 4if, 2iK') ; these points are simple poles, the residues at the first set all 
being Ar 1 and the residues at the second set all being - Ar * 1 ; and the function 
has a simple zero at all points congruent to 0 (mod. 2K, 2iK'). 

It may be observed that sn u is the only function of u satisfying this description; for 
if <f> (u) were another such function, sn u — <j> (u) would have no singularities and would be 
a doubly-periodic function; hence (§ 20*12) it would be a constant, and this constant 
vanishes, as may be seen by putting w—0; so that <f> (u )=sn u. 

When 0 < < 1, it is obvious that K and K' are real, and sn u is real for 

real values of u and is a pure imaginary when a is a pure imaginary. 

(II) The function cn u is a doubly-periodic function of u with periods 
4 K and 2 K -f 2iK' It is analytic except at points congruent to iK' or to 
2K + iK' (mod. 2K *f 2 iK'); these points are simple poles, the residues 
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22*35-22-4] 


at the first set being - ikr\ and the residues at the second set being ikr 1 ; 
and the function has a simple zero at all points congruent to K (mod. 2 K, 2 iK'). 

(Ill) The function dn u is a doubly-periodic function of u with periods 
2K and UK'. It is analytic except at points congruent to iK' or to SiK' 
(mod. 2 K, UK '); these points are simple poles, the residues at the first set 
being — i, and the residues at the second set being i ; and the function has 
a simple zero at all points congruent to K + iK'(mod. 2K y 2iK'). 

[To see that the functions have no zeros or poles other than those just specified, 
recourse must he had to their definitions in terms of Theta-functions.] 

22*351, The connexion between Weierstrassian and Jacobian elliptic function*. 

If £i, eg, 03 be any three distinct numbers whose sum is zero, and if we write 


we have 


y = *3 + 


sn 2 (Xtt, k) ’ 



4 («i - « 3) 8 X 2 ns 2 \u cs 2 \u ds 2 \u 


= 4 (0i - e 3 ) 2 X 2 ns 2 \u (ns 2 \u — 1) (ns 2 \u - It?) 

* 4X 2 («! - 03 ) “ i (y - 6 3 ) (y - 0 i ){y-k 2 (01 - 03 ) - 03 }. 
Hence, if X 2 =ei - 0 3 and k 2 =» (e 2 — e 3 )/(e\ - e 3 ), then y satisfies the equation* 

(Mf" 4 **-**"*’ 

and so e 3 +(e l -e 3 ) na* ju - e 3 )i, ^/^^| = (P(“+a; g t , g 3 ), 

where a is a constant. Making u 0, we see that a is a period, and so 

9 (“; ffi, 9a)=«3 +(«i - «s) ns* {u(e t - ej)*}, 
she Jacobian elliptic function having its modulus given by the equation 

£2-*£2ZLf3 

01-03 


22*4. Jacobis imaginary transformation f. 

The result of §21*51, which gave a transformation from Theta-functions 
vith parameter t to Theta-functions with parameter t'= — 1/t, naturally 
jroduces a transformation of Jacobian elliptic functions; this transformation 
s expressed by the equations 

sn (iu,~Ic ) * i sc (u, k'\ cn (iv y k) = nc (u, k'\ dn (iu, k ) = dc (u, k'). 
Suppose, for simplicity, that 0 < c < 1 and y > 0; let 

[ (1 — t 2 ) ~ * (1 — k?t 2 ) ~^dt = iv } 

Jo 

0 that iy = sn ( iu, k ); 

ake the path of integration to be a straight line, and we have 
cn ( iu, k) = (1 4- y*)K dn (iu, k) — (1 -f 


* The values of g 2 and S 3 are, as usual, - £ 20.203 and £ 0102 * 3 * 

+ Fvndamenta Nova , pp. 34, 35. Abel (Journal filr Math. n. (1827), p. 104) derives the 
>uble periodicity of elliptic functions from this result. Cf. a letter of Jan. 12, 1828, from Jacobi 
. Legendre [Jacobi, Ge$. Werke , i. (1881), p. 402]. 
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Now put y = i?/(l — where 0 < y < 1 , so that the range of values 
of t is from 0 to iy/(l — and hence, if t — it,/(l - the range of 
values of t, is from 0 to y. 

Then dt = i(l-#)-**<&> (1 - *’)* = (1 - tf)"*, 

1 _ = (l _ £'%>)-* (1 - 


and we have in = f (1 — t,’) i (1 — Jc'*t,")~$idt u 

Jo 

so that *7 = sn (v, V) 

and therefore y = sc (v, F). 

We have thus'obtained the result that 
su (in, k) — i8C (u, k'). 

Also cn (tv, k) = (14- = (1 — v') ~ * = nc (u, F), 

and dn(tv, k) = (1 -A? y*)i = ( 1 -FV)*(l-^)“i = dc(v, F). 


Now sn (tv, Ar) and t sc (v, F) are one-valued functions of v and k (in the 
cut c-plane) with isolated poles. Hence by the theory of analytic continuation 
the results proved for real values of u and k hold for general complex values 
of u and k 


22*41. Proof of Jacobis imaginary transformation by the aid of Theta- 
functions. 


The results just obtained may be proved very simply by the aid of 
Theta-functions. Thus, from § 21*61, 


where 

and so, by § 21*51, 


sn (tv, k) 


^(0\r)%(iz\r) 

M0|T)* 4 (t*|r)’ 


z — 

sn(tv, k) = 


«/V (01 T )>. 

^3 (0 I t) -i%(iZT[T) 

Y %(izr'\rr 


— — i sc (v t F), 

where v = tWSr s * (0 | r') = izr . (— it ) S- s 3 (0 | t ) = — v , 

so that, finally, sn (tv, A?) = t sc (v, A?'). 


Example 1. Prove that cn (iu 9 Ar)=nc (it, /P), dn (tit, £)=dc (it, Jet) by the aid of Theta- 
functions. 

Example 2. Shew that 

sn ($%K\ *)=tsc(iAVF)=#“*, 

cn ir)—(1 +*)* AT* dn QiK', *)~(1 +*)* 

[There is great difficulty in determining the signs of sn %iK\ cii^tA', dn \%K\ if any 
method other than Jacobi’s transformation is used.] 
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Example 3. Shew that 

snW+tK) --— 5 cni(A+lJ sr')-^g-, 

dn j (K+iK') - ** K 1 + k)h ~ l - (1 . 

Example 4. If 0<k< 1 and if 8 be the modular angle, shew that 

sn* (JT+tiT')=e i ’ ri ~ i ‘'V(co8ecd), on* (K+iK')= e -** J(cot6), 
dn £ ( K+iK ')-«-*« ^(cog 6 y 

(Glaisher.) 

22*42. Landen’s transformation*. 

We shall now obtain the formula 

J* (1 - Vsin* 4)-*^ = (1+ 1c) j\l - A*sin* 0)** *d0, 

where sin <£ 2 - (1 + A') sin <f> cos <£ (1 — A 2 sin a ^>)~i 

md *! = (! — A')/(l + *'). 

This formula, of which Landen was the discoverer, may be expressed by 
neans of Jacobian elliptic functions in the form 

sn {(1 + A') u, Aj| = (1 4- k') sn (u , k) cd (w, A), 

>n writing <£ = am u, <f> l = am tf x . 

To obtain this result, we make use of the equations of § 21*52, namely 

^3 (* 1 t) (-g 1 r) = Sg (z I r) ^ 01 t) fr, (0 [ t) & 4 (01 t) 

^ (2a | 2t) ^(2j|2t) " & 4 (0|2t) ’ 

Write f Tj = 2r, and let k lt A, A' be the modulus and quarter-periods 
ormed with parameter ; then the equation 

a k (A|T)»,(jr| T ) . > 1 (2>|r 1 ) 

V*|t)& 4 (*|t) & 4 (2«|t 1 ) 

lay obviously be written 

k sn (2Ez/ir y k) cd (2 KzjTr, k) = kf sn ( 4 Az/ 7 r, A x ) .(A). 

To determine k x in terms of A, put s = i 7 r, and we immediately get 

*/(i+*)-*A 

hich gives, on squaring, b = (1 — A')/( 1 + A'), as stated above. 

To determine A, divide equation (A) by z } and then make 0; and 
eget 

2Kk — 4A 2 * A, 

• that A = |(1 + A')if. 


* P/ 11 Z. Tram, of the Royal Soc. lxv. (1775), p. 285. 

f It will be supposed that j R (r) | < £, to avoid difficulties of sign which arise if JR (r 2 ) does 
t lie between ±1. This condition is satisfied when 0 < k < 1, for r is then & pure imaginary. 
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Hence, writing u in place of 2Kzjnr t we at once get from (A) 

(1 4- k ') sn (u, k )cd (u, k) » sn {(1 + M)u y A^}, 
since 4A^/7r = 2 A ujK * (1 + k f ) u; 

so that Landens result has been completely proved. 

Example 1 . Shew that a'/A— 22^7^, and thence that A'=(l +F) IT'. 

Example 2 . Shew that 

cn{(1 +V) w, i&i}*={l -(14 -if) sn 2 (u, £)} nd (u, £), 
dn{(l+i0tt, ^} = {F4-(l-^)cn 2 (tt, A)}nd(u, A). 

Example 3. Shew that 

dn (u, A)a=(l-F) cn {(14-*9 *, *iR(l 4-#) dn {(1+AQ u, AJ, 
where £=2£ i i/( 14- £i)- 

22*421, TransformatUms of elliptic functions. 

The formula of Landen is a particular case of what is known as a transformation 
of elliptic functions; a transformation consists in the expression of elliptic functions with 
parameter r in terms of those with parameter (a+br)l(c+dr\ where a, b y c, d are integers. 
We have had another transformation in which a*» — 1 , 6=0, 0, d— 1 , namely Jacobi’s 

imaginary transformation. For the general theory of transformations, which is out¬ 
side the range of this book, the reader is referred to Jacobi, Fundamenta Nova, to Klein, 
Vorlesungen fiber die Theorie der elliptischen Modvlfunktionen (edited by Fricke), and to 
Cayley, Elliptic Functions (London, 1895). 

Example. By considering the transformation r 2 * e =r± 1 , shew, by the method of 
§ 22*42, that 

sn (Fw, sd (u, k), 

where Jc 2 ~ ±t£/F, and the upper or lower sign is taken according as 22 (r) < 0 or (t) > 0 ; 
and obtain formulae for cn (Pw, A 2 ) and dn {Eu, A 2 ). 


22'5. Infinite products for the Jacobian elliptic functions *. 

The products for the Theta-functions r obtained in § 21 ’3, at once yield 

products for the Jacobian elliptic functions; writing u = 2 Kxjir, we obviously 

have, from § 22*11, formulae (A), (B) and (C), 

~ x.-i • *nr f 1 — 2<f n cos2x + q* n ) 
snu — 2q*k * ^ H, 

„ i, ,i. _ x £ f 1 + 2cr n cos 2x + r n 1 

*"«■*»**“ 

**! (1 — 2£ 5m ~ 1 cos 2x 4- q ) 


**! (1 — 2^ 5m ~ 1 cos 2x 4- q ) 

From these results the products for the nine reciprocals and quotients can 
be written down. 

There are twenty-four other formulae which may be obtained in the following manner: 

From the duplication-formulae (§ 22*21 example 5) we have 

1—cnu 1,1 14-dnu ,1 1 dnu+cnu 1 , 1 

- -- - — --- = cn - m as - 

sn u 2 2 


1—cnu 1,1 

-- sn - u dc - u, 

snu 2 2 


t , 1 1 

-«ds|unc^u, 


Fundamenta Nova, pp, 84-115. 



22*421, 22*5] the jacobian elliptic functions 


509 


Take the first of these, and use the products for sn^u, cn dn^u; we get 
1 — cn # _ 1 — cos x ^ fl — 2 ( — q) n cos ff 2 * ) 

sn u sin x »=i (T+2 (—q) n co&x+q u } 9 
on combining the various products. 


Write u+K for u, x+£rr for x, and we have 

dn u+U snt4 _ 1 + sin x £ fl+ 2 (-g)» sin #+$*» ) 
cn« cos x n «! |l —2(— ^sinx+^j ’ 

Writing u+iK* for u in these formulae we have 


, a-j • Z fl+2i(-ro 1, “ J sin^-o 2w " 1 l 
#sntt-Hdntt=i n -L ^ — * - > —4, 

»=i u - 2i (-)» q*-i sin x - q^n-ij > 

ind the expression for h cd u+W nd u is obtained by writing cos# for sin x in this product. 

From the identities (l-cntt)(l+cnw)ssn*tt, (£ sn w 4-%dn u) (£ sn w - i dn u) == 1, etc., 
ve at once get four other formulae, making eight in all; the other sixteen follow in the 
tame way from the expressions for ds^t*nc}it and cn^ds^w. The reader may obtain 
hese as ah example, noting specially the following: 

sn W -M*cn«- t e-* n 

Example 1. Shew that 

dn $(K+iK')=t'i 5 

‘ »=1 l(l-»J 2 ' , -i)(l + i 2 2 B -J)J 

=pi n 


n=0 u+(-)*%>•+*/' 

Example 2. Deduce from example 1 and from § 22*41 example 4 , that, if 6 be the 
modular angle, then 

« n+ *i 




n=0 ll+(-) n z 


ll +{-) n iq n+ *. 
nd thence, by taking logarithms, obtain Jacobi’s result 


:)• 


arc tan £ w+ *=arc tan Jq -arc tan ^ 4-arc tan Jq 5 -..., 

It=0 

piae inter formulas elegantissimaa censeri debet. 5 . (Fund. Nova, p. 108.) 

Example 3. By expanding each term in the equation 
log sn w=log (2g^)—^ log£+log sin #4* I {log (1 

»=i 

+log (1 - 2 s * «-«*) - log (1 - J 2 "- 1 e»*) - log (1 - j2»-1 e -“*)} 
powers of e ±2ix , and rearranging the resulting double series, shew that 

log sn w«log (iqi )—^ log £+log sin #+ 2 

»|/(.)|<W» “ (+,) 

Obtain similar series for log cn u, log dn u. 

(Jacobi, Fundamenta Nova, p. 99.) 

Example 4. Deduce from example 3 that 

j log sn % du = - log k. 

(Glaisher, Proc . Royal Soc . xxix.) 
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22 * 6 . Fourier series for the Jacobian elliptic functions*. 

If u s ZKxjir, sn u is an odd periodic function of x (with period 2 tt), whic 
obviously satisfies Dirichlet's conditions (§ 9*2) for real values of x; an 
therefore (§9*22) we may expand snu as a Fourier sine-series in sines c 
multiples of x, thus 

sn«= 2 b n smnx 9 
i 

the expansion being valid for all real values of x. It is easily seen that feh< 
coefficients b n are given by the formula 

irib n = j snu. exp (nix)dx. 

To evaluate this integral, consider J snu. exp (nix) dx taken round the 
parallelogram whose comers are — tt, w, n rr, —2w + ttt. 

From the periodic properties of sn u and exp (nix), we see that J cancels 

; and so, since — tt + ^ ttt and ^ irr are the only poles of the integrand 
{qua function of x) inside the contour, with residues f 

— Jr 1 ^ n’/Kj exp niir 4- i mrirj 

and hr 1 rrjK^j exp ^ nirir^ 

respectively, we have 

sn “ • ex P ("**)<&= J^g 4 " {1 ~(-)*)• 

Writing a? — w + rr for x in the second integral, we get 

{1 + (—)"?“} J_" sn u. exp (nix) dx = ^qi n {l- (-)»}. 

Hence, when n. is even, 6 n = 0; but when n is odd 


i _ ***• 


2 tt g 4 " 


Kkl-q •* 

Consequently 

2w {<ftsxnx g*sin3# sin oar ) 

3BE i + W" + W- + -} ’ 

when x is real; but the right-hand side of this equation is analytic when 
<fi n exp {nix) and q^ n exp (— nix) both tend to zero as n—*oo, and the left- 
hand side is analytic except at the poles of sn tu 


* These results are substantially due to Jacobi, Fundamenta Nova , p. 101. 
t The factor Jt/A has to be inserted because we are dealing with sn (2KxJtt). 
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Hence both sides are analytic in the strip (in the plane of the complex 

variable x) which is defined by the inequality \I(x)\<\irl (t). 

And so, by the theory of analytic continuation, we have the result 

= gf** s m(2n+l^ 

Kk n Z o 

(where u—2Kx/v), valid throughout the strip 1 1 (x) j < ^ irl (r). 

Example 1. Shew that, if u=%Kxfn, then 

2w “ j" + *C08(2»+X)« j tr . Sir Z <7*cos2n* 

Io da ”=2f + T n ! l 2 T+^» 

am«=fdn*<a-*+ i 

jo «=i »(l+j 2 ») 

these results being valid when | / (a:) | < £ ir / (r). 

Example 2. By writing ar+Jw for x in results already obtained, shew that, if 

u=2Kxjn and | /(*) | < £ jr/ (r), 

„ , 2ir “ ( — )*? w+ *cos(2n+l )x , 2w J (-)"?" + *sin(2»+l)* 

then cd«= S J o - 1-^*1 n l - l +g »+i 

j «r 2 tt * (— ) n o n cos 2nx 
nd tt-gjp + ^ 

22*61. Fourier series for reciprocals of Jacobian elliptic functions. 

In the result of § 22 - 6, write u + iK‘ for u and consequently x +1 mr for x; 
then we see that, if 0 > I(x) > - irl (t), 

/ . -tt.x 2ir * <? n+ isin(2n+l)(* + iwT) 

and so (§ 22-34) 

ns« = (— ir/K) 2 g r n +l{ 2 “+i e (»+‘)*» - q~ n ~i e -P*+»<*}/(l 

% 71=0 

= (-in/K) 1 {2t g an+l sin (2» +1) a; + (1 — g - ** -1 ) $-<*»+« **}/(l — J®** 1 ) 
»»o 

2w S g ”+ 1 sin(2w + l)g tw | (m+1|<J! 

“X n t 0 l-^ 1 iT n to 


That is to say 


7r 2tr 2 o 1B+l sin(2» +1)® 

»- a • + x J, s —• 


But, apart from isolated poles at the points a = w, each side of this 
iquation is an analytic function of a: in the strip in which 

it I (t) > I (x)> — irl (r): 

tt strip double the width of that in which the equation has been proved to 
>e true; and so, by the theory of analytic continuation, this expansion for 
is a is valid throughout the wider strip, except at the points x = nir. 
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Eaam.fi*. Obtain the following expansions, valid throughout the strip \ I(x)\'<irI (r) 
except at the poles of the first term on the right-hand sides of the respective expansions * 
t ir 2ir 00 o 2a + 1 sin(2«+l)x 

d *“"2? 00680 *~k.Io ——’ 

jr 2<r * o 2 * sin 2 tu: 

c 8 «=^ootx -yjl-SjE-. 

, ir 2*r • (- )* ^s» + i cos (2n-f 1) ,r 

**"»""* + x»!o --■ 

*• ^ „ 2» ; (-j-gfc+icosCSn+l)* 

2 AF AF.fo l+2»* +1 

w x_ . “ (-)» ? «»sin2«x 

•os-^tanx +3^^ i+pi • 

22*7- Elliptic integrals. 

An integral of the form j 72 («/, #) (far, where R denotes a rational function 

of w and *, and tv 3 is a qUartic \ or CUBIC function of x (without repeated 
factors), is called an elliptic integral *. 

[Not*. Elliptic integrals are of considerable historical importance, owing to the fact 
that a very large number of important properties of such integrals were discovered by 
Eukr and Legendre before it was realised that the inverses of certain standard types of 
such integrals, rather than the integrals themselves, should be regarded as fundamental 
function* of analysis. 

The first mathematician to deal with elliptic functions as opposed to elliptic integrals 
«*« Game (§ 22 8), bat the first results published were by Abelt and Jacobi+. 

The results obtained by Abel were brought to the notice of Legendre by Jacobi 
immediately after the publication by Legendre of the Traits des functions elUptiques. In 
the supplement (tome in. (1828), p. 1), Legendre comments on their discoveries in the 
following terras: “A peine mon ouvrage avait-il vu le jour, h peine son titre pouvait-il gtre 
eonnu des aarans (Strangers, que j’appris, avec autant d’etonnement que de satisfaction, 
que deuxjeunes g^om^tres, MM. Jacobi (C.-G.-J.) de Koenigsberg et Abel de Christiania, 
a/awot rtoaa, par kurs travaux particulars, a perfectionner consid&ablement la thdorie 
oes fooctoons elliptiques dans see points les plus dlev&j.” 

betWe “ Legendre and Jaoobi was « Journal fur 

Uatk. lxxx. (18/6), pp. 206-279; ln one of the letters Legendre refers to tbe claim of 
Gum to haw made m 1809 many of the discoveries published by Jacobi and Abel The 
IS f Lf “ T esUbUshed Bering (see Gauss, Work*, in. (1876), pp 493 

after kis'deith!]* researcbe8 °f ^sn 88 ( Werke, in. pp. 404-460) remained «U2w«2 

*ll,w e 8i T il T * brief ontUne of the important theorem that every 
elliptic integral can be evaluated by the aid of Theta-functions, combing 

ST* “ ^ ***** wh “ « eaouot be integrated by 
integral* introdneed faj 22-71^ ’ * ° 0n “ qQentl3 ' lnToIves ° ne of the three kinds of elUptie 

t Journal fir Matk. n. (1827), pp. 101-196. 

the mouth in which Abel’s memoir appeared. * (N °* 123) “ 1827— 
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with the elementary functions of analysis; it has already been seen (§ 20*6) 

that this process can be carried out in the special case of jw^dx, since 

the Weierstrassian elliptic functions can easily be expressed in terms of 
Theta-functions and their derivates (§ 21*73). 


[The most important case practically is that in which R is a real function of x and w, 
which are themselves real on the path of integration; it will be shewn how, in such 
circumstances, the integral may be expressed in a real form.] 

Since R (w, x) is a rational function of w and x we may write 

R (w, x) = P (w, x)/Q (w, x\ 

where P and Q denote polynomials in w and x ; then we have 

T ) _ wP (w, x) Q (- w, x) 
wQ (w, x) Q (— w, x) 9 

Now Q (w t x) Q (— w, a?) is a rational fumtion of tu 2 and x , since it is 
unaffected by changing the sign of w\ it is therefore expressible as a 
rational function of x. 


If now we multiply out wP (w, x) Q (- w, x) and substitute for v? in terms 
}f x wherever it occurs in the expression, we ultimately reduce it to a poly- 
lomial in x and w, the polynomial being linear in w. We thus have an 
dentity of the form 

R (w, x) = {JB* (x) 4- wR 2 (x)}/w, 

>y reason of the expression for v? as a quartic in x; where R i and R* denote 
ational functions of x. 


Now Jr 2 (x) dx can be evaluated by means of elementary functions only*; 

o the problem is reduced to that of evaluating Jur^ (x) dx. To carry out 

his process it is necessary to obtain a canonical expression for tv 2 , which we 
ow proceed to do. 


22 * 71 . The expression of a quartic as the product of sums of squares. 

It will now be shewn that any quartic (or cubicf) in x (with no repeated 
ictors) can be expressed in the form 

[A\ (x — a) a 4* Bi (x •— /S) 1 } [A 2 (x — a) % + B 2 (x — $) a }, 

here, if the coefficients in the quartic are real, A u B 1} A i} B 2> a, /3 are all 

ol. 

* The integration of rational functions of one variable is discussed in text-books on Integral 
lenlus. 

f In the following analysis, a cubic may be regarded as a quartic in which the coefficient of 
vanishes. 
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To obtain this result, we observe that any quartic can be expressed ii 
the form where 8 U are quadratic in x } say* 

/Si s.o^ + 2 b x x + c li /Sg = 0 * 0 ? + 2btX + Cg. 

Now, X being a constant, S 1 — XS 9 will be a perfect square in x if 

(°i “ Xoa) (^i **“ XCf) ( b\ Xia)* = 0. 

Let the roots of this equation be X l9 X*; then, by hypothesis, numbers 
a, {3 exist such that 

S 1 — XjfiCg ss (dj Xifla) (# — tt) 4 , Xg/Sg s ((Li Xg<ij) ; 

on solving these as equations in S l9 St, we obviously get results of the form 
S 1 = Aj (x — a)* 4-1?! (# — £)*, $ 2 = A 2 (x — a)* + S 2 ” $)*> 
and the required reduction of the quartic has been effected. 

[Note. If the quartic is real and has two or four complex factors, let S 1 have com¬ 
plex factors; then \ and X 8 are real and distinct since 

(®i—Xog) (<?i — Xca)—(&!—X& 2) 2 
is positive when X=0 and negative t when X=a l /a 2 . 

When Si and St have real factors, say (x —&) (#—£ 3 ) (#—&')> the condition 

that Xj and X* should be real is easily found to be 

(&'-&> 

a condition which is satisfied when the zeros of /Si and those of 5 2 do not interlace; this 
was, of course, the reason for choosing the factors Si and S 2 of the quartic in such a way 
that their zeros do not interlace.] 


22*72. The three kinds of elliptic integrals . 

Let a, fi be determined by the rule just obtained in § 22*71, and, in the 
integral Jttr 1 B 1 (x) dx, take a new variable t defined by the equation]: 

t=(x-a)/(x-@); 

(a-13 y x dt 


we then have 


dx __ + 




* If the coefficients in the quartic are real, the factorisation can be carried out so that the 
coefficients in S l and S 2 are real. In the special case of the quartic having four real linear 
factors, these factors should be associated in pairs (to give S 1 and St) in such a way that the 
roots of one pair do not interlace the roots of the other pair; the reason for this wiU be seen in 
the note at the end of the section. 

t Unless a x 1 a 2 =b 1 ; bt, in which case 

(ar —o) 2 -hFi f (x — o) 2 + B 8 . 

X It is rather remarkable that Jacobi did not realise the existence of this homographic 
substitution; in his reduction he employed a quadratic substitution, equivalent to the result of 
applying a Landen transformation to the elliptic functions which we shall introduce. 
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If we write (x ) in the form ± (a — 0) It, (t), where 22, is rational, we get 

CRi ( x ) Ac r_ -R, (t) dt _ 

J w ~ J {(ri,Z* + 50 (4 a <*+£,)}* ' 

Now + iZ,(0-iZ,(-Z) = 2*fZ,(**), 

where JB 4 and jR 8 are rational functions of P, and so 

R*(t) = R 4 (P) + tR,(P). 

But J{(^P + Ri) (A*P + -®a)l ~~ (?) dt 

can be evaluated in terms of elementary functions by taking P as a new 
variable*; so that, if we put R 4 (P) into partial fractions, the problem of 

integrating Jr(w, x) dx has been reduced to the integration of integrals of 

the following types: 

fl** {(AS + 30 (A't* + 30} - *dt, 
j( 1 +NP)- m [(AS + Bo (AS + -B«)} ” *dt; 

in the former of these m is an integer, in the latter m is a positive integer 
and 

By differentiating expressions of the form 

£2m—i {(A? 4 Bi) (A 2 P 4 t (1 4 {(-d.it 3 4 B\) (A 2 P 4* 

it is easy to obtain reduction formulae by means of which the above 
integrals can be expressed in terms of one of the three canonical forms: 

(i) J{(4? + Bi) (A? 4* 5 2 )} i dt, 

(h) JP {(A? 4 Bi) ( A 2 t 2 4 J? 2 )} ^ dt , 

(iii) J(1 4 NP)~ l {(A^P 4 i?i) (A 2 P 4 S a )} ~ ^dt. 

These integrals were called by Legendre f elliptic integrals of the first, 
second and third kinds, respectively. 

The elliptic integral of the first kind presents no difficulty, as it can be 
ntegrated at once by a substitution based on the integral formulae of 
§22-121, 22-122; thus, if A u B u A 2 , B 2 are all positive and A 3 B 1 >A 1 B 2 , 
re write 

Aft=Bf cs (u, k). [Af*= (A.BO/iA.BO-] 

* See, e.g., Hardy, Integration of Functions of a single Variable (Caznb. Math. Tracts, No. 2). 
f JExercices de Calcul Integral, i. (Paris, 1811), p. 19. 
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Example 1. Verify that, in the case of real integrals, the following scheme gives 
all possible essentially different arrangements of sign, and determine the appropriate 
substitutions n ecessar y to evaluate the corresponding integrals. 


A 

+ 

1 + 

- 

+ 

+ 

- 

Jk 

+ 


+ 


~ 

+ 


+ 

+ 

+ 

, 

+ 

~ 

~ 

B* 

+ 

+ 

+ 

~ 

+ 



Example 2. Shew that 


Janu du=~ log *^ - ^ , Jen u du^k" 1 arc tan (*sd u\ 
Jdnudu=amu, jac u du=^log^^t^, 

fdsudu—^log^- 0 —, [dc udu=l log 

J 2 6 1+cn v J 2 ® 1 — sn M * 

and obtain six similar formulae by writing u+K for u. 


(Glaisher.) 

Example 3. Prove, by differentiation, the equivalence of the following twelve 
expressions: 

k^u+k* fcn 2 udu, 
u-dnuc8u-jnB?u du. 

It? sn u cd u +# s Jnd 2 u du, 
k' 2 u+JP sn u cd u 4- J?E* j sd 2 u du, 

- dn u cs ?6—Jcs 2 u du, 

u+dnuscu—fdc 2 udu. 


u — I? jsn 2 udu, 

J dn* u du, 

P* ti+dn u sc tf-P* Jnc* u du, 
dn u sc u —P* J sc* u du, 
u + 1? sn u cd u - It? j cd 2 u du, 
P*u—dn u cs m—J ds 2 wc?w, 
Example 4. Shew that 
d * sn* u 


> sn" u 

——-*71 (n-1) sn*“ 2 u-n 2 (1+#) sn* u+n (rc-fl) X? sn w+a fe, 

and obtain eleven similar formulae for the second differential coefficients of cn» « 
du»«, ... nd*u. What is the connexion between these formulae and the reduction 
formula for Jf {(A 1 r*+^ 1 ) (4^+Sj)}-* dt ? 

(Jacobi; and Glaisher, Messenger, xi.) 
Examples. By means of § 20-6 shew that, if „ and 0 are positive, 

f_J( a *-* S )(* 2 +0 ! )}~ i d*~ j* (4 

where e x is the real root of the cubic and 

&=&93 -(« s -0») {(a»-0»)»+36a*0*}/216; 

“d P rcve that * if ^=°- t^en o and 0 are given by the equations 
a*-£*« -3 (2g s )i, b*+0*=2 */3. | 
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Example 6. Deduce from example 5, combined with the integral formula for cn 
that, if g 9 is positive, 

j~ (c?+(?)-*£:, (4<»+ S r s )-**=2 (a* +?)-*£', 

where o Sa »(V 3 - f) (^ 3 )* ^ 2 =(\/3+f) ( 2 y 3 )*, and the modulus is a(o*+£*)“*- 


22 73. The elliptic integral of the second kind . 2%e function* E(u). 

To reduce an integral of the type 

j'«• {(A<* + 5,) (4,<*+s a )}' 

we employ the same elliptic function substitution as in the case of that 
elliptic integral of the first kind which has the same expression under the 
radical We are thus led to one of the twelve integrals 

fsn*ttdtt, (cn *udu, ... [nd*udit. 


By § 22*72 example 3, these are all expressible in terms of u , elliptic 
functions of u and fdn 2 udu ; it is convenient to regard 



dn*udu 


as the fundamental elliptic integral of the second kind, in terms of which all 
others can be expressed; when the modulus has to be emphasized, we write 
E(u, k) in place of E( u). 

We observe that 


Further, since dn a u is an even function with double poles at the points 
2mK+ (2n -f 1) %K, the residue at each pole being zero, it is easy to see that 
E(u) is an odd one-valued f function of u with simple poles at the poles 
of dn u. 


It will now be shewn that E(u) may be expressed in terms of Theta- 
functions ; the most convenient type to employ is the function 0 (u). 


Consider 


d_ [ Q 7 (a) ] . 
du {©(w )) 9 


it is a doubly-periodic function of u with double poles at the zeros of 0 (u), 
ie. at the poles of dntt, and so, if A be a suitably chosen constant. 


dtfu-A^- 


_d 10 >)) 

du I0(ii)j 


* This notation was introduced by Jacobi, Journal fiir Math . iv. (1829), p. 373 [Ges. Werke, 
x. (1881), p. 299]. In the Fundamenta Nova , he wrote E (am u) where we write E (u). 

t Since the residues of dn*it are zero, the integral defining E (u) is independent of the path 
chosen (§ 6*1). 
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is a doubly-periodic function of u, with periods 2 K, 2iK' } with only a single 
simple pole in any cell. It is therefore a constant; this constant is usually 
written in the form EjK, To determine the constant A, we observe that 
the principal part of dn* u at iE' is —(u~ by § 22*341; and the 

residue of 0'(u)/0(tt) at this pole is unity, so the principal part of 




Hence .4 =1, so 

,, d term. 

aster 


E 
K ■ 


Integrating and observing that 0'(O) = 0, we get 
E (u) * ©' (u)/0 (u) + uE/K . 

Since 0' (. K ) = 0, we have E (K) = E ; hence 

= | dn*udu = J (I — sin 9 = 1; 


It is usual (c£ § 22*3) to call K and E the complete elliptic integrals of the 
first and second kinds. Tables of them qua functions of the modular angle 
are given by Legendre, Fonctions ElliptiqueSy II. 

Example 1. Shew that E(u+Zn,K)=E (u)+2nE, where n is any integer. 

Example 2. By expressing 0 (tt) in terms of the function {^rruf K\ and expanding 
about the point v—iK\ shew that 

i)}*- 


22*731. The Zeta-function Z (u). 

The function E(u) is not periodic in either 2K or in 2 iK\ but, associated 
with these periods, it has additive constants 2 E, {2iK'E — m}/K ; it is 
convenient to have a function of the same general type as E(u) which is 
singly-periodic, and such a function is 

Z(u)s0'(u)/0(tt); 
from this definition, we have* 

Z(u) = E («) - uE)K, e (u) - e (0) exp { f" Z (<) dt \. 


22*732. The addition-formulae for E (u) and Z (u). 
Consider the expression 


Q'(u + v) 0» &'(v) 
0 (u+v) 0 (u) 0 (v) 


+ A*sn u sn v m(u + v) 


* The integral in the expression for 0 (it) is not one-valued as Z (t) has residue I at its poles; 
but the difference of the integrals taken along any two paths with the same end points is 2nri 
where n is the number of poles enclosed, and the exponential of the integral is therefore one- 
valued, as it should be, since 0(it) is one-valued. 
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qua function of u. It is doubly-periodic * (periods 2K and 2 iK') with simple 
poles congruent to iK* and to iK' — v ; the residue of the first two terms at 
iK 1 is — 1 , and the residue of snusntr sn(tt + v) is hr 1 sn v sn (iK* 4- v) = Ar* 

Hence the function is doubly-periodic and has no poles at points 
congruent to iK' or (similarly) at points congruent to iK' — v. By 

Liouville’s theorem, it is therefore a constant, and, putting u — 0, we see 

that the constant is zero. 

Hence we have the addition-formulae 

Z (tt) + Z ( v ) — Z (u 4* v) — sn u sn v sn (u + v), 

E ( u ) + E (v) — E(u -h v) = sn w sn v sn (u -h v). 

[Note.- Since Z(w) and A 1 (u) are not doubly-periodic, it is possible to prove that no 
algebraic relation can exist connecting them with snt*, cnw and dnw, so these are not 
'iddition-th.eoreme in the strict sense t.] 


22*733. Jacob!8 imaginary transformation% of Z (u). 

From § 21*51 it is fairly evident that there must be a transformation of 
Facobis type for the function Z (u). To obtain it, we translate the formula 
S* 9 (iff | t) = (- tV)4 exp (- ir a? J nr) . (ixr | r') 
nto Jacobi’s earlier notation, when it becomes 


nd hence 


H (iu + K,k)~ (- tV)4 exp @ („, tf), 

cn (iu k) . (- ir)i exu ( — ^ *<<°I T > ®( u ’ *0 


Taking the logarithmic differential of each side, we get, on making use of 
22*4 

Z (iu, k) = i dn (u, k') sc (w, k') - iZ (w, A') - mu/(2KK r ). 


22*734. Jacobi 8 imaginary tramsformaMon of E(u). 

It is convenient to obtain the transformation of E (u) directly from the 
Ltegral definition; we have 

E (iu, k)=J dn 2 (t, k)dt = j dn a ( iif , k) idt ' 

= i[* te(t',k')dt\ 

Jo 

l writing t = ilf and making use of § 22*4. 

* 2iK' is a period since the additive constants for the first two terms cancel, 
f A theorem due to Weierstrass states that an analytic function,/ (z), possessing an addition- 
toxem in the strict sense must be either 

(i) an algebraic function of z, 

(ii) an algebraic function of exp (t«/w), 

(iii) an algebraic function of g) (z | , wj); 

ere are suitably chosen constants. See Forsyth, Theory of Functions (1918), Oh. xxxi. 

X Fundamental Nova, p. 161. 
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Hence, from § 22*72 example 3, we have 

E (iu, k) = i -b dn (u, H) sc (u, k') — j dn 3 (£', , 

and so E(iu, k) = iu + i dn (u, k') sc (u, k’) — iE (u, JcT). 

This is the transformation stated. 

It is convenient to write E' to denote the same function of k r as E is of k 
ie. E' = E(K', k '), so that 

E(2iK\ k) = 2i(K'-E'). 


22*735. Legendre's relation*. 

From the transformations of E(u) and Z(u) just obtained, it is possible 
to derive a remarkable relation connecting the two kinds of complete elliptic 
integrals, namely 

EK' + E'K-KK‘^\ir. 

For we have, by the transformations of §§ 22*733, 22*734, 

E ( iu, k) — Z (iu, k) = iu — i [E (u, k') — Z (u, k')j + 7riu/(2KK l ), 

and on making use of the connexion between the functions E (u, k) and 
Z (u, k) y this gives 

iuE/K =» iu — i {uE'/K'} -+* muj(2KK t ). 

Since we may take w =(= 0, the result stated follows at once from this 
equation; it is the analogue of the relation — rj^cox = i iri which arose in 
the Weierstrassian theory (§ 20*411). 

Example 1. Shew that 

E(u+K)—E(u)=E—k*an ucdu. 

Example 2. Shew that 

E(2v,+ZiK')=E(Zu)+2i (K f - E'). 

Example 3. Deduce from example 2 that 

E(u+iK')=$E (2u 4- 2iE')+^ sn 2 (u+iK') sn (2u+2iK') 

= E (u) +cnu ds u +i (K' - E'). 

Example 4. Shew that 


E (u +A+ iK' )= E ( u) - sn u dc u + E+ i (2T— E '). 
Example 5. Obtain the expansions, valid when | I(x) [<£*■/(r), 


{kK)Hn*u=K*-KE~W 2 M'cosZnx 
n=l l-q 2 * 


KZ{u) = 2ir 2 


q n sin 2nx 


n =i 1-f* 


(Jacobi.) 

* Exercicee de Calcul Integral , i. (1811), p. 61. For a geometrical proof see Glaiaher, 
Meuenger , iv. (1874), pp. 95-96. 
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22*736. Properties of the complete elliptic integrals , regarded as functions 
of the modulus. 

My 

If, in the formulae E — I (1 —sin 3 <f>)^ d<f> } we differentiate under the 
J o 

sign of integration (§ 4*2), we have 

^ = -J** A sin* <f> (1 - fc*sin*£)-icty = . 

Treating the formula for K in the same manner, we have 
— Jo &sin 2 <£(l — sd 2 udu 

= w* {/ 0 dn ‘ udu - [ fc,,M ] # j > 

by § 22*72 example 3; so that 

dK^E__K 
dk kkf 2 k ' 

If we write k* = c, A' 2 — d, these results assume the forms 
2 dE_ E-K ^dK E-Kd 
dc c 3 do cd 
Example 1. Shew that 

a dE’ K'-E' a dK f cK' — E' 
dc~ <f 9 1 dc “ cd * 

Example 2. Shew, by differentiation with regard to c, that EK’ +E'K-KK' is 
constant. 

Example 3. Shew that K and K ' are solutions of 

3t{ afi Tkf =ku ’ 

and that E and E - K 7 are solutions of 

** Tk (* S) +i “ =a (Legendre.) 

22*737. The values of the complete elliptic integrals for small values of k . 
From the integral definitions of E and K it is easy to see, by expanding 
in powers of k, that 

lim K « lim E = i v, lim (K - E)/k i = ^-rr. 

k-~0 *-»0 3 *- M > 4 

In like manner, lim E' = I cos <bd<f> * 1. 

*-►0 Jo 

It is not possible to determine lim if / in the same way because 

(1 — k' 2 sin 2 <f >)" ^ is discontinuous at <f> = 0, 4 = 0; but it follows from 
example 21 of Chapter XIV (p. 299) that, when | arg&| < 7 r, 

lim {jBr' — log (4/4)} = 0. 
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This result is also deducible from the formulae 2iE'=irT$£, by making 

or it may be proved for real values of h by the following elementary method: 

By § 22*32, iT'= j* now, when k<t<s/k, (1-f 2 ) lies between 

1 and 1 ~i; and, when *]h<t< 1, (f*-* 2 )/* 2 lies between 1 and 1 Therefore K* lies 
between 


and 

and therefore 


where 

Now 


/; 

(1 -t )-ij ~idt <-» (1 - fl) ~ 

= (1 - «ir) - 4 [2 log {1+^(1 - i)} - log *1 


lim[2 (1- Afe)~ilog {1+^(1 --&)} -log4]=0, 
i-M) 

lim {1 - (1 - 6k) “ 4} log £=0, 

*-►0 

and therefore 

which is the required result. 

Example . Deduce Legendre’s relation from § 22*736 example 2, by making £-*-0. 


lim {K* - log (4/jfe)} =0, 
*-•■0 


22*74. 2%e elliptic integral of the third hind*. 

To evaluate an integral of the type 

r> {(^!<*+ b x ) (^+- 80 } 


J( l+NP)- 


in terms of known functions, we make the substitution made in the corre¬ 
sponding integrals of the first and second kinds (§§ 22*72, 22*73). The 
integral is thereby reduced to 

ra + 8sn^ M= f 

J l + vm*v. ' '] 1 + vsn 2 u 

where a, /8, v are constants; if i/ = 0, —1, oo or — i 8 the integral can be 
expressed in terms of integrals of the first and second kinds; for other values 
of v we determine the parameter a by the equation v =* — sn 2 a, and then it 
is evidently permissible to take as the fundamental integral of the third kind 


n (u, a) = 


“^•snacnadnasn 2 ^ , 

i—;- 7 -av. 

o 1 — sn 2 a sn* u 


To express this in terms of Theta-functions, we observe that the inte¬ 
grand may be written in the form 

^ h*snusna{sn(u + a) + sn (tt — a)} = 1 [Z (u — a) - Z (u 4* a) 4* 2Z(a)}, 


* Legendre, Ezercices de Calcul Integral, x. (1811), p. 17; Fonctiotu EUiptiques , i. (1825), 
pp. 14-18, 74, 75$ Jacobi, Fundamenta Nova. (1829), pp. 137-172; we employ Jacobi’s notation, 
not Legendre’s. 
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by the addition-theorem for the Zeta-function; making use of the formula 
Z (u) = ®' (u)/& (u), we at once get 

n i 1o k Ifrif) + “ z < a) ' 

a result which shews that II (u, a) is a many-valued function of u with 
logarithmic singularities at the zeros of 0 (u ± a). 


Example 1. Obtain tbe addition-formula* 


n(u,a)+U(v, a)=Jlog 


=ilog 


e (u+v+a) e ( u-a)Q(v-a) 

0 (u+v—a) © (u+a) 0 (»4*a) 
l -JFsna&nusnvanCu+v—a) 

1+£* sn a sn u sn v sn («+ v+a) m 

(Legendre.) 


(Take x :y :z :w=u: v :±a : u+v±a in Jacobi’s fundamental formula 


Example 2. Shew that 


w+m-w+Pio 

n(u, q)-n(o, u) =«Z(a)-aZ(«). 


(Legendre and Jacobi) 


[This is known as the formula for interchange of axgument and parameter.] 
Example 3. Shew that 

„, \ , __# y^ ii 1— #snasn&snwsn(a4-6-tt) 

n («5 a) + n(w, 5)-n(w, a+6)=41og-—„---- —-—{ 

v 2 6 l+jfc*snasn 6sn^sn(a+5-f u) 

+u& sn a sn b sn ( a+b ). 

(Jacobi.) 

[This is known as the formula for addition of parameters.] 

Example 4. Shew that 

H(w, ia+ K, k)=IL(u, a + K\ ld\ (Jacobi.) 


Example 5. Shew that 

II (u+v 9 a+b) +n(u-v, a~b)-2H{Uy a)~2n(v, b) 

— -A*sn«8nJ. {(u+v) sn (a+b)-(u-v) sn (a-b)}+i log 
nd obtain special forms of this result by putting v or b equal to zero. (Jacobi) 


22*741. A dynamical application of the elliptic integral of the third hind. 

It is evident from the expression for n (w, a) in terms of Theta-functions that if a, h 
re real, the average rate of increase of n {u, a) as u increases is Z (a), since 0 (u±a) is 
sriodic with respect to the real period 2K. 

This result determines the mean precession about the invariable line in the motion of 
rigid body relative to its centre of gravity under forces whose resultant passes through 
s centre of gravity. It is evident that, for purposes of computation, a result of this nature 
preferable to the corresponding result in terms of Sigma-functions and Weierstrassian 
sta-functions, for the reasons that the Theta-functions have a specially simple behaviour 
ith respect to their real period—the period which is of importance in Applied Mathe- 
atics—and that the ^-series are much better adapted for computation than the product 
r which the Sigma-function is most simply defined. 


* No fewer than 96 forms have been obtained for the expression on the right. See Glaisher, 
usenger , x. (1881), p. 124. 
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228. The lemniscate functions. 

The integral j (1 — V)~^dt occurs in the problem of rectifying the arc oi 

the lemniscate*; if the integral be denoted by <f >, we shall express the 
relation between <f> and x by writing + x = sin lemn 

In like manner, if 

*i»£(i -vyidt, l*=j\i-r)-*dt, 

we write 


x = cos lemn <f> u 

and we have the relation 

sin lemn <f> — cos lemn ^ m — <f> j . 


These lemniscate functions , which were the first functions^ defined by the 
inversion of an integral, can easily be expressed in terms of elliptic functions 
with modulus 1/V2; for, from the formula (§ 22122 example) 

rad it 

tt = {(1 - V'y') (1 + *V)} “ * dy, 

J 0 

it is easy to see (on writing y — t that 

sin lemn <f> = 2~^sd(^ V2, 1/V2); 
similarly, cos lemn <f> = cn (<£ V2,1 /\/2). 

Further, is the smallest positive value of (f> for which 
cn(<£ V2, 1/V2) = 0, 

so that cr = a/2J5T 0 , 

the suffix attached to the complete elliptic integral denoting that it is 
formed with the particular modulus 1 /a/2. 

This result renders it possible to express K t in terms of Gramma-functions, 
thus 

iCo* 2* f X (l-*«)"4 f 1 u ~*(1 -w)“4 du 
J o Jo 

- s-» r 0) r (i)/r <» - {r a)}*, 

a result first obtained by Legendre§. 

Since when k = l/\/2, it follows that jST 0 = KJ, and so q 0 ** 


* The equation of the lemnieeate being r^a 8 cos 20, it is easy to derive the equation 

froa the ,ormoU (§)*= 1+ (ir) a - 

t Gauss wrote si and cl for sin lemn and 00 s lemn, Werht, ra. (1876), p. 493. 

$ Gauss, Werke, m. (1876), p. 404. The idea of investigating the functions occurred to Gauss 
on January 8. 1797. 

i Exercieet dt Calcul Integral, i. (Paris, 1811), p. 209. The value of 2T 0 is 1*85407468..., 
where 2*62205756.... 
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Example 1. Express K 0 in terms of Gamma-functions 
see Chapter xiv, example 12, p. 298). 


by using Kummeris formula 


Example 2. By writing t**( 1 -w 2 )* in the formula 


hew that 


*U-/ # (1 - » 4 ) “ ^du +J^ «* (l - u *) ~ldu, 


nd deduce that 2£ 0 -JT 0 =2*-i {r (£)}-*. 

ExayU 3 Deduce Legendre’s relation (§ 22-735) from example 2 combined with 
22*736 example 2. 


Example 4. Shew that 

sin W^- i-gglemn^ 

1+cos lemn*<£' 

22*81. The values of K and K' for special values of k. 

D has been seen that, when k.=\j<J2, K can be evaluated in terms of Gamma-functions, 
id K~K ; this is a special case of a general theorem* that, whenever 

Kp ^ a+bjn 
K c+d>Jn' 

h«e «, 5, c,d,n are integers, t is a root of an algebraic equation with integral 
efficients. ° 


This theorem is based on the theory of the transformation of elliptic functions and is 
yond the scope of this book; but there are three distinct cases in which k K K' all 
,ve fairly simple values, namely 1 ’ 

(I) W 2-1, K'=K^ 

(II) *=s in^Tr, K'^KJ 3, 

(III) ^=tan 2 Jtt, K'=2K. 

Of these we shall give a brief investigation+. 

(I) The quarter-periods mth the modulus J2 -1. 

Landen’s transformation gives a relation between elliptic functions with any modulus k 
I those with modulus i*-(l-*)/(!+*); and the quarter-periods A, A' associated with 
* modulus k x satisfy the relation A f /A*=2K'/K. 

If we choose k so that k x =h\ then A =K' and k{=lc so that M=K\ and the relation 
\=2K'/K gives A' 2 —2 A 2 . 

Therefore the quarter-periods A, A' associated with the modulus k x given by the 
Lation *■ (1 — ^i)/(l4*^i) are such that A'=±aV 2; i.e. if *,=^2-1, then A'=a % !2 
tee A, A' obviously are both positive). % 

(II) The quarter-periods associated vrith the modulus sin ^rr. 

The case of ^sin^W was discussed by Legendre +; he obtained the remarkable 
lit that, with this value of k, 

K'=Ks/Z. 

*■ Abel, Journal fiir Math. in. p. 184 [Oeuvres, i. (1881), p. 377]. 

h For some similar formulae of a less simple nature, see Kronecker, Iiei-lmer Sitzungsberichte 

r, 1862. 

: Exercices de Calcul Integral, i. (1811), pp. 59, 210; Fonctions Elliptiqucs, i. (1825) 
59, 60. 
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This result follows from the relation between definite integrals 
j 1 (1 (x*-l)~l<lx. 

To obtain this relation, consider j(l-a?)~^dz taken round the contour formed by tb 

part of the real axis (indented at z*=l by an arc of radius R~ l ) joining the points 0 an 
By the line joining Re*** to 0 and the arc of radius R joining the points R and Re***; a 
i£-*-ao, the integral round the arc tends to zero, as does the integral round the indentation 
and so, by Cauchy's theorem, 

j 1 (x^-l)'~^dx+e^ ri j (l+oP)~bdx=*Oy 

on writing x and x£** respectively for z on the two straight lines. 

Writing 

J\l-a?)-±dx=l u J*(1+^)-4<Lc= j° (1 

we have I x +£/*=i (1 -f»V 3 ) h \ 

so, equating real and imaginary parts, 

^a a *i^sV 3 » 

and therefore ix+/ 3 - I 2 >/3 * J/ s +/ 3 - f/ 3 « 0, 

which is the relation stated*. 

Now, by § 22*72 example 6, 

/,=4(o«+|3»)-iX ) I 1 +I i =*4(,<t+p)-iK', 

where the modulus is a(a s +|3*)~^ and 

o*=2,/3-3, /9*-2V3+3, 

so that if*=i(2-i S /3)=sin , ^«'. 

We therefore have 

3'i. 2ff=3“ i. 2X'*/,-»3i/ l 

-3-i/V* ( l-0-^=^ r( J )/r( S ) , 

when the modulus k is sin ^ ?r. 

(Ill) The quarter-periods with the modulus tan* £ir. 

If; in Landen’s transformation (§ 22*42), we take £=1/V2, we have A7A=2iT/A r =2; 
now this value of k gives 

^ “^ 2+1 * tan2 ; 

and the corresponding quarter-periods A, A' are £(1+2“*) AT 0 and (l+2“*)A<,. 

Example 1. Discuss the quarter-periods when k has the values (2^2-2)*, sin^ir, 
and 2^(V2-1). 

* Another method of obtaining the relation is to express I lt I 2 , J 3 in terms of Gamma- 

functions by writing <*,*“*,(*“ 1 -1)* respectively for x in the integrals by which I u Z 2 , h are 
defined. 
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Example 2. Shew that 


2i e -* T = n (I+e-( 2n + 1 > lr ), zke-JrrJS^ J _ .-2nr/V3v 

rt=0 nssl v '* 

(Glaisher, Messenger, v.) 

Example 3. Express the coordinates of any point on the curve 1 in the form 

"QP y) ^ t _2.3^sn u dn u 


1+c nu 9 * (1+cnu) 2 


r here the modulus of the elliptic functions is sin fjyr, and shew that 3 ~iy. 

By considering y~ *<&=3 ~i Jf du, evaluate K in terms of Gamma-functions when 

sssin^ir. 


Example 4. Shew that, when ~ 1, 


fl »-*(*- -+ 

id thence, by using example 3 and expressing the last integral in terms of Qamma- 

mctions by the substitution x=i~l, obtain the formula of Legendre (Calcul Integral, 
60) connecting the first and second complete elliptic integrals with modulus sinf**: 

Example 5. By expressing the coordinates of any point on the curve F 2 = 1-X 3 in 
ie form 

1 - ^ 0- ~ cn v ) Y bs . 8n ^dngy 

1 + cn v 5 (14- cn v) 2 * 

which the modulus of the elliptic functions is sin ^jr, and evaluating 

Mr-.,™ 


terms of Gamma-functions, obtain Legendre’s result that* when £=*sin ^ir, 





22*82. A geometrical illustration of the functions sn u, cn u, dn u. 

A geometrical representation of Jacobian elliptic functions with £=l/</2 is afforded by 
e arc of the lemniscate, as has been seen in § 22*8; to represent the Jacobian functions 
th any modulus k (0 1), we may make use of a curve described on a sphere , known 

Seifert?s spherical spirals. 

Take a sphere of radius unity with centre at the origin, and let the cylindrical polar 
>rdinates of any point on it be (p, <j>, z\ so that the arc of a curve traced on the sphere 
jiven by the formula J 

(Cfo) 2 =p 2 (^) 2 + (l-p 2 )-l(rfp)2 

* It is interesting to observe that, when Legendre had proved by differentiation that 
? + E'K- KK' is constant, he used the results of examples 4 and 5 to determine the constant, 
ore using the methods of § 22*8 example 3 and of § 22*737. 

f Seiffert, Ueber eine neue geometrische Ein/Uhrung in die Theorie der elliptischen Funktionen 
larlottenburg, 1896). 

t This is an obvious transformation of the formula {dsy-(dp) 2 + p 2 (d0) 3 + (d*) 2 when p and z 
connected by the relation ^+^=1. 
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Seiffert’s spiral is defined by the equation 

where t is the arc measured from the pole of the sphere (i.e. the point where the axis of z 
meets the sphere)-and £ is a positive constant, less than unity*. 

For this curve we have 
and so, since t and p vanish together, 

p-sn (», £). 

The cylindrical polar coordinates of any point on the curve expressed in terms of the 
arc measured from the pole are therefore 

(p, <f>, *)-(sn «, it, cat); 

and dn* is easily seen to be the cosine of the angle at which the curve cuts the meridian. 
Hence it may be seen that, if K be the arc of the curve from the pole to the equator, then 
sn * and cn« have period 42T, while dns has period 2 K. 
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Miscellaneous Examples. 

1.. Shew that one of the values of 

r /dni4+cntt \^ /dntt-cntA^ JY 1-sntt / 1+snw \h 

t\ 1+cnu / + \ 1-cna / J tVdntt-jPsnwy + \dnw+£'snw / / J 
is 2 (1 +F). (Math. Trip. 1904.) 

2. If J?+iy=sn 3 (u +w) and ty=sn 3 (u—iv) f shew that 

{(a?- dn 2iH-cn 2w. 

(Math. Trip. 1911.) 


3. Shew that 


4. Shew that 


{I (.+.)}{! ±« 

IT^SSS-.- 


* If Js>I, the curve is imaginary. 


(Jacobi.) 
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„ _ 1+cn (u+v) cn (v-v) . . 

5. Eipreea 1+dn ( w+p)dn ( M -4 88 a functaon of sn * “+*»**- 


6. Shew that 


an(u—v) dn (w+v): 


(Math. Trip. 1900.) 
an it dn u cn v — sn v dn v cn u 


1 — jfe 8 an 51 u sn 2 v 

(Jacobi.) 

7. Shew that 

{1 - (L+#) snit sn (it+ K )} {1 — (1 - V) sn it sn (it+A)}={an (u+K) - sn it} 2 . 

(Math. Trip. 1914.) 

8. Shew that 


9. Shew that 


, ir\_/, . i A -i£'snu+c®ttdn u 
in( u+-£a)—( 1+r) 

! | ( 1+ *) an «±£ on « dn « 

* 1-Hfcsn 2 it 


10. Shew that 
rod hence express 


. f x , / vv 2snitcnitdnr 

sm {am («+»)+«n 

# . v , v . cn 2 r —sn a t>dn a it 

coa {am <*+*)-am (* - „)}= TrF _ ? —-j-. 


. ds s «ds , r+i , iE* 

dn (»+») dn (u- *)=—r- - 

ns’ttns**—jfc* ’ 

n? («+»)-«, 

Ljf> (it+v) - es * jf> (it - v) - 


(Jacobi) 


us a rational function of (it) and $> (r). 


(Trinity, 1903.) 


11. From the formulae for en(2A— it) and dn (2K ~tt) combined with the formulae 
or 1+cn 2it and 1 +dn 2v, shew that 


(1-cnfA) (l+dn*A)-l. 

12. With notation similar to that of § 22 a 2, shew that 

Cxdi-Cjdi cn (i*i-Hta)~dn (iti+itg) 
*i-*2 * sn (i^-fna) * 

nd deduce that, if «i+it 2 +it 3 +ut a B2A, then 

(Cidz-CtdJ M 4 «C 4 ^)«P J (*3-*i)- 


(Trinity, 1906.) 


(Trinity, 1906.) 


13. Shew that, if it+r-f ir=*0, then 

1 - dn 2 it - dn 2 v - dn a w -h 2 dn u dn v dn w ■■ k* sn a it sn 2 v sn a w. 

(Math. Trip. 1907.) 

14. By Liouville’s theorem or otherwise, shew that 

dnitdn (it-f*w)-dnr dn (v+tt^-slPfsnucnitsn^-MtOcn (u+v>) 

—sn it cn v sn (it+io) cn (e+ 10 )}. 

(Math. Trip. 1910.) 

16. Shew that 

2 cn sj cn K S sn (i£a -its) dn +sn («2 - «s) Bn (**- *h) Bn (itj -it*) dn u t dn itjdn w*-*0, 
tie summation applying to the suffices 1, 2, 3. (Math. Trip. 1894.) 
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16. Obtain the formulae 

sn 3u = AID, cn 3u=B/D, dn 3u—C/D, 
tere 4 « 8 #- 4 (l+i«) 

5 = c {1 - 4 a* 4 - 6£*s* - 4 ^ 3 ® 4 - its*}, 

C=d {1 -4****+ eits* - 4 
2)-1 -at** 4 + 4fc* (1 +£>) s* - 3 ^ 38 , 
d issnu, c=cn u, d=dnu. 

17. Shew that 

1 -dn 3u /I - dn u\ / "14-fli dn u + <*2 dn 2 u+a z dn 3 u 4 -a 4 dn 4 u \ 2 
14*dn Zu “ \14-dn w/ \1 - <h dn u 4* a 2 dn 2 u-a 3 dn 3 u 4 -a 4 dn 4 u) * 
lere «!, a*, 0 $, o 4 are constants to be determined. (Trinity, 1912.) 


shew that 


where a u a*, a%, a 4 are constants to be determined. (Trinity, 1912.) 

»» 

J...,,..* P(u)+P(u+ 2iX') an 2 m cn u 

tW W-f(*+Xr) = -cnOuanu- 

Determine the poles and zeros of P(u) and the first term in the expansion of the 
function about each pole and zero. 

(Math. Trip. 1908.) 

19. Sheer that 

sn(uj+*j +*3 )=A/D, cn (u 1 +u i +u 3 )=B/D, dn («i+w s +a 3 )=C , /.D, 


A=*i* J « 3 {-l-l*+2l 2 2V-(it»+**) 2 *jV+2 JPtfiiW} 

+S {<iC2<%<fzcfs(l + 2£ 2 Z2 2 *a* — ^ s 2*s s *s 1 )}) 

B—e^etCi {1 - lPltf 

+2 {c^dtds (-l+2h 3 i 2 1 s 3 2 +2Ps 1 :l -Pss./s 3 % 

C-thdtds {1 - 

+P 2 {ditiHCtC (- l+atVV+^-^S^V)}. 

D-1-2 VinW+W+t 1 ) 

and the summations refer to the suffices 1, 2, 3. (Glaisher, Messenger. xi.) 

20. Shew that 

sn (u 1 +u i +u 3 )=A'/jy, cn(« 1 +tt s +« 3 )=5'/2)' 1 dn (%+« 2 +m 9 )=C"/2)', 
where A'=2»iC,<y4di-* 1 « i * i (l+i*-F2* l s+ l H* 1 Vs g 8 ), 

^'=c 1 c 2 c 3 (l - —di djdgltsizC! d 1 , 

C' =d l d i d s (l 

J ^= 1 - A 8 2es 8 ^*+(i s +i 4 ) *l**j 8 *s 8 — £* Zj *j $3 SSj CJ Cfc (fj djj • 

(Cayley, Journal filr Math, yt.t. ) 

21. By applying Abel’s method (| 20-312) to the intersections of the twisted curve 
**+3'*= 1. *’+i***-l with the variable plane lx+my+nzm-1, shew that, if 

u i 4- «2 4-«3 4- w 4 —0, 
then «i Cx a?, 1 =0. 

Sg <?2 1 

*3 dg 1 

<4 0 4 fl? 4 1 

Obtain this result also from the equation 

(*% — *l) ( C 3^4“ «4<4) 4* (* 4 — S 3 ) (C x C? 2 - C2<3?|) =0, 
which may be proved by the method of example 12. 


(Cayley, Messenger , xrv.) 
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22 . Shew that 

(***-*3 2 ) Wdf-ctdfl-W-if) (cfdf-cfdf), 

by expressing each side in terms of s u * 3 , * 4 ; and deduce from example 21 that, if 

then S 4 C 1 d i +ssc 2 di -\-s^c z d^+ 9 iC^d^= 0 i 

*4 c %d\+ 8 Z c\d 2 +i%cid$ +^^4»0. 

(Forsyth, Mettenger, xrv.) 

23. Deduce from Jacobi’s fundamental Theta-function formulae that, if 

then V*-&&* 8 1 t i 8 3 s i +k*c 1 c< i c 3 c i -d 1 dtd 3 di= 0 . 

(Gudermann, Journal jftir Math, xviii.) 

24. Deduce from Jacobi’s fundamental Theta-function formulae that, if 

Wi-ft^+us-h^O, 

then 

V* (*i*2- *3**) +d 1 d t c % c^cxc^dsdi *0, 

Si Sudzdi — <4*3*4+^ — Cl Cg = 0. 

(H. J. S. Smith, iVoc. London Math . /She. ( 1 ), x.) 

25. If Wi+Wa-f =0, shew that the cross-ratio of sn u ly sn u 2i sn %, sn u 4 is equal 
to the cross-ratio of Bn (u x +K\ sn (ut+K), sn ( 2 * 3 + K\ sn (w 4 + K), 

(Math. Trip. 1905.) 

26. Shew that 


sn 2 (u+v) sn (u+v) sn (u-v) sn 2 (u - v) 
cn 2 ( u 4 v) on ( u+v) cn ( u — v) cn 2 (u - v) 
dn 2 (u 4- v) dn'(w 4 - v) dn (u - v) dn 2 (u — v) 


S^s^cic^did^ 

(Math. Trip. 1913.) 


27. Find all systems of values of u and v for which sn 3 (u+iv) is real when u and v 
are real and 0 < k 2 < 1. (Math. Trip. 1901.) 


28. If F=£(a“ 1 -a) 2 , where 0<a< 1, shew that 


4a 3 


sn ! i^ ( 1+a a)( 1 + 2a _a») 


and that sn 3 }A is obtained by writing - a" 1 for a in this expression. 

(Math. Trip. 1902.) 

29. If the values of cn 2 , which are such that cn3s=a, are c u c 2 ,... eg, shew that 


0 0 

3A 4 n c r + P 4 2 c r =0. 

(Math. Trip. 1899.) 

q+sn (u+v) b -fen (m-r) o+dn(^-Hy) 

q+sn(w- 2 ;) ft+cn^-vj^c+dn^—v)’ 


and if none of sn v, cn u, dn u, 1 -^an^ua^v vanishes, shew that u is given by the 
equation 

k* (# 2 a 2 4 ^ - c 2 ) sn 2 -M^-c 2 . 


(King’s, 1900.) 
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31. Shew that 

^Sissssgti}. 

(Math. Trip. 1912.) 

32. Shew that 

1 — 8n (%KxJv) * fl 

{dn(2X*/x)-Pm(SJ&r/x)}*“ »-i U+ 29 “ _l «n*+s»-*r 

(Math. Trip. 1904.) 

33. Shew that if k be so small that fr may be neglected, then 

sn a—sin u —cos u . (u — sin u cos m), 


for small values of u. 

34. Shew that, if j I (x) | < fal (r), then 

i /«*r / v i « 4o*sin 3 ?w? 

log cn (2Xx/w)=log cos*-^ ^ • 


(Trinity, 1904.) 


[Integrate the Fourier series for sn (2Kx/w)dc (2Kx/w).] 
33. Shew that 

Jo cn 3 »dn 3 u y " 


[Express the integrand in terms of functions of 2m.] 


(Math. Trip. 1907.) 


(Math. Trip. 1906.) 


36. Shew that 


[ 011 gjg , ji V(y+^irr) 
Jmv-sau 08 It* - ty) (i^ -iy - * wr) (*+$**)’ 

where SAi=«r«, 2iy *=«•». (Math. Trip. 1912.) 


37. Shew that 


38. Shew that 




ttcitt 


m) dn* u 


t f‘ +<, 8 n«^=log^±4^^|. 

;*-* * l-ifcsnasn0 


(Math. Trip. 1903.) 


(St John’s, 1914.) 


39. By integrating f&dnucsudz round a rectangle whose corners are ±Jtt, 
± jt v +oo i (where 2 ttm) and then integrating by parts, shew that, if 0 < it 8 < 1, then 

cos (ira/iT) log sn udu=*±K tanh (J irir). 

(Math. Trip. 1902.) 

40. Shew that K and a 1 satisfy the equation 




whm <?«#; and deduce that they satisfy Legendre’s equation for functions of degree 
— ^ with argument 1—Sit 3 . 
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41. Express the coordinates of any point on the curve aP+y 5 ^: 1 in the form 
x 2 .3^ sn u dn u - (1 - cn u) 2 y^ g^cos^w-’G ~ cn jf) { 1 +tan cn u\ 
2.3*sn wdnw+G - cn u) % * 2.3* sn u dn u+(l — cn u)* 

the modulus of the elliptic functions being sin ^tr; and shew that 


j\ (1 - a?)~ i dx-J* (1 -yS)'“irfy«2~». 3* u. 


Shew further that the sum of the parameters of three collinear points on the cubic is a 
period. 

[See Richelot, Journal f Ur Math . IX. (1832), pp. 407-408 and Cayley, Proc. Canib. Phil. 
Soc. iv. (1883), pp. 106-109. A uniformising variable for the general cubic in the canonical 
form Y Zj rZr>+§mXYZ~Q has been obtained by Bobek, Einleitung in die Theorie der 
elliptischen Funhtionen (Leipzig, 1884), p. 251. Dixon {Quarterly Journal^ xxiv. (1890), 
pp. 167-233) has developed the theory of elliptic functions by taking the equivalent curve 
3ary=l as fundamental, instead of the curve 

y*-(l-*2) (!-***•).] 


42. Express j^ {{2x-x 2 ) (4^4-9)} ^dx in terms of a complete elliptic integral of the 

first kind with a real modulus. (Math. Trip. 1911.) 

43. If {(t+l)(t*+t+l)}-idt, 

express x in terms of Jacobian elliptic functions of u with a real modulus. 

(Math. Trip. 1899.) 


44. If. 




express x in terms of u by means of either Jacobian or Weierstrassian elliptic functions. 

(Math. Trip. 1914.) 

45. Shew that 

a —«- +e —9* +g —25r + 

2^,1 

(Trinity, 1881.) 

48. When a>x>$>y, reduce the integrals 


jl {(«-<) («-»(*-r» '*«*> f*{(*-*)(<-« (<-?)}-*dt 

by the substitutions 

x ~ y*(«~ y) dn 2 u, x— y=(j 8 — y) nd 2 v 
respectively, where k* *= (a — 0)/(a - 7 ). 

Deduce that, if u+v—K^ then 

1 - sn 2 u - sn 2 v 4 - 1* 2 sn 2 u sn 2 v * 0 . 


By the substitution y=(a—t) (*—£)/(*—y) applied to the above integral taken between 
jhe limits /3 and a, obtain the Gaussian form of Landen’s transformation, 

fa 

Jo (aj 2 cos 2 6 +bj sin 2 6 ) “ ^ dB = j ^ (a 2 cos 2 B 4- b 2 sin 2 B) “ ^ dB , 

rhere a u b x are the arithmetic and geometric means between a and b. 

(Gauss, Werke, in. p. 352; Math. Trip. 1895.) 
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47. Shew that 

ae (u-K)-£{u-K- 2iX') - ((2 iK% 

where the Zeta-functions are formed with periods 2«j, 2 ^—2^ 4iK\ 

(Math. Trip. 1903.) 

48. Shew that E—iPK satisfies the equation 

A *& U 
4CC *?=“’ 

where c=F, and obtain the primitive of this equation. (Math. Trip. 1911.) 


49. Shew that 


60. If 


shew that 


n ^k*K'dk={n-\) 

(»+2) j^E'dj fc = (»+l) 

w= i /*{*(*-*) a 

*-*S*o-« >S+M$ia*- 


51. Shew that the primitive of 


(Trinity, 1906.) 


(Trinity, 1896.) 


du u* , k 

s£ + T + r=p =0 

A{B-K)+A'& 
AE+A' {E'-K'Y 


(Math. Trip. .1910.) 


E@v)-Z£(u)=- 


where A, A' are constants. (Math. Trip. 1906.) 

52. Deduce from the addition-formula for E (it) that, if 

U I +®8 + +**4=0, 

then (sn sn «j—sn it 3 sn it 4 ) sn (it s +itj) 

is unaltered by any permutation of suffices. (Math. Trip. .1910.) 

53. Shew that 

64. Shew that (M.ttu Trip. 1913.) 

( 2 K 

3** / ttcd 4 u<fe=2£'{(2+**) A-2(1+#)#}. 

[Write «=£■+».] (Math. Trip. 1904.) 

55. By considering the curves (1 - x) (1 -k 2 x), y=l+mx+ruc*, shew that, i 
then 

E(ui)+E(u 2 ) + E(u z )+E(u A )=k | 2^ « r 2 -f 2c 1 c 2 c 3 c 4 

(Math. Trip. 1908.) 

66. By the method of example 21, obtain the following seven expressions fc 
E fa)+ E fa)+ £( 113 )+ £( 1 * 4 ) when ^+^2 +?<3 + « 4 =0: 

4 „ ^ , Pd^tdtdi 4 * a c,c 2 c 3 c 4 i , , 

1 + JVt W. rl Crdr/ *" W+dMd, r l ^d T , r S i 'rdriC T , 

* ■ r - -Pcictcac&dtdjdi * „ 

rh r/( r ^ ) ’ d^M + Vc^CMrli*' 1 ^' 

^S 1 S 2 S Z 8 i + CiC 2 C 3 C A * 

c 1 c 2 c 3 o 4 +^ 1 «^#; tfr/( * rCr} > 

“ & {(^*,*3*4)~ 1 + fa c*c z c ^" 1 + (d x d 2 d d d i )'~ 1 2 l/(s r e r d r ). 

r=l 

(Forsyth, Messenger, xv.) 
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57. Shew that 


\ 7T / \ rr J 7T 2 n=1 1 - 2 s * ’ 

when 1 1 (x) | <irl(r ); and, by differentiation, deduce that 

6 0F) ns4 (^^) =6cOSec4a+4 [ ( ' 1+ ^ (“~)*~ *J cosec 5 x 
+64(1+ff) — (?£)* 

Shew also that, when | I{x) | < 

f**t\ - % JI±* ( 2 ” + 1 ) ! ( » \*1 2«- 9 »+isin (2n + l) * 

Ui »=otat» 2 # V2«7 J £ (i 

(Jacobi.) 

58. Shew that, if a be the semi-major axis of an ellipse whose eccentricity is sin JW, 
the perimeter of the ellipse is 

a (^) i {( 1 + ^) T § + T ^ > }- 

(Ramanujan, Quarterly Journal , xlv.) 

59. Deduce from example 19 of Chapter xxi that 

Fcn»2tt= ^+ d ° 3mdn j-“, d^ 2 u=^±p r p^^.. 

l*fAHsn J Msn3w 1 4- & sn 3 u sn 3« 

(Trinity, 1882.) 

60. From the formula sd (iu, 1c)*=i sd (u, if) deduce that 

1 - <-)V +i /(*+*) w«\_ 1 - (-)" ?1 n+ * ./(«+*) w«\ 

Knio 1+i** 1 V K ) - A" Jo'l+S^ \ £' ) ’ 

where $=exp (~irK'l K), ^=exp (—irK/K'), 

ind u lies inside the parallelogram whose vertices are 

±i K±K\ 

By integrating from u to K\ from 0 to u and again from u to K\ prove that 

*f. (K**—K 2 —u 2 )+ K 2 2 Iz_Li£ _ C03 h ff? A 

64 (A A U) + A w lo(2n + l)3(l + ^) cosh V K ) 

™ : (-)"?”+» cos /(»+i) 

~ K nfo^+lHl + Sr”* 1 )** V K' )• 


[A formula which may be derived from this by writing m=£+z» 7 , where £ and rj are 
eal, and equating imaginary parts on either side of the equation was obtained by Thomson 
,nd Tait, Natural Philosophic n. (1883), p. 249, but they failed to observe that their formula 
/as nothing but a consequence of Jacobi’s imaginary transformation. The formula was 
uggested to Thomson and Tait by the solution of a problem in the theory of Elasticity.] 



CHAPTER XXIII 

ELLIPSOIDAL HARMONICS AND LAM&S EQUATION 


23*1. The definition of ellipsoidal harmonics . 

It has been seen earlier in this work (§ 18*4) that solutions of Laplaces 
equation, which are analytic near the origin and which are appropriate for 
the discussion of physical problems connected with a sphere, may be con¬ 
veniently expressed as linear combinations of functions of the type 

cos 

r»P» (cos 6), r n P n m (cos 6) . m<f>, 

sin 

where n and m are positive integers (zero included). 

When P n (cos 6) is resolved into a product of factors which are linear in 
cos* 6 (multiplied by cos 6 when n is odd), we see that, if cos 6 is replaced by 
zjr, then the zonal harmonic r*P» (cos 6) is expressible as a product of factors 
which are linear in y* and z*, the whole being multiplied by z when n is 
odd. The tesseral harmonics are similarly resoluble into factors which are 
linear in «*, y* and z* multiplied by one of the eight products 1, x , y, z y yz , zx, 
xy, xyz . 

The surfaces on which any given zonal or tesseral harmonic vanishes are 
surfaces on which either 6 or <f> has some constant value, so that they are 
circular cones or planes, the coordinate planes being included in certain cases. 

When we deal with physical problems connected with ellipsoids, the 
structure of spheres, cones and planes associated with polar coordinates is 
replaced by a structure of confocal quadrics. The property of spherical 
harmonics which has just been explained suggests the construction of a set 
of harmonics which shall vanish on certain members of the confocal system. 

Such harmonics are known as ellipsoidal harmonics; they were studied by 
Lam£* in the early part of the nineteenth century by means of confocal 
coordinates. The expressions for ellipsoidal harmonics in terms of Cartesian 
coordinates were obtained many years later by W. D. Niven *f, and the 
following account of their construction is based on his researches. 

The fundamental ellipsoid is taken to be 



and any confocal quadric is 

a? | y 2 ^ z* n 

aT+0 + V+ d+w+j- 1 ’ 

* Journal de Math. iv. (1839), pp. 100-123,126-163. 
t Phil. Trout. 182 a (1892), pp. 231-279. 
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where 6 is a constant. It will be necessary to consider sets of such quadrics, 
and it conduces to brevity to write 

^ i y* . ** . i ^ q £l_ 4 y* . z * — jr 

+ + c ! + 0 p “ *’ + 

The equation of any member of the set is then 

«s 0. 

The analysis is made more definite by taking the a-axis as the longest axis 
of the fundamental ellipsoid and the £-axis as the shortest, so that a >b> c. 


23*2. The four species of ellipsoidal harmonics. 

A consideration of the expressions for spherical harmonics in factors 
ndicates that there are four possible species of ellipsoidal harmonics to be 
nvestigated. These are included in the scheme 





rhere one or other of the expressions in { } is to multiply the product 
If we write for brevity 

0 wl = n(@), 


ay harmonic of the form II (@) will be called an ellipsoidal harmonic of the 
rst species . A harmonic of any of the three forms* rll (0), yll (0), 2 II (0) 
ill be called an ellipsoidal harmonic of the second species. A harmonic of 
iy of the three forms* yzW (0), zxTl (0), xyll (0) will be called an ellipsoidal 
trmonic of the third species. And a harmonic of the form xyzTl (0) will be 
,lled an ellipsoidal harmonic of the fourth species. 

The terms of highest degree in these species of harmonics are of degrees 
a, 2m +1, 2m + 2, 2m + 3 respectively. It will appear subsequently (§ 23*26) 
at 2n 4 -1 linearly independent harmonics of degree n can be constructed, 
d hence that the terms of degree n in these harmonics form a fundamental 
stem (§ 18*3) of harmonics of degree n . 

We now proceed to explain in detail how to construct harmonics of the 
3 t species and to give a general account of the construction of harmonics of 
1 other three species. The reader should have no difficulty in filling up 
»lacunae in this account with the aid of the corresponding analysis given 
the case of functions of the first species. 


The three forms wiU be distinguished by being described as different types of the species. 
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23*21. The construction of ellipsoidal harmonics of the first species. 

As a simple ease let us first consider the harmonics of the first specie 
which are of the second degree. Such a harmonic must be simply of thi 
form 0*. 

Now the effect of applying Laplace’s operator, namely 

z 


v a* a* . 


is 


a? 

y' . 

d? 4 * 0 \ 


2 4 

2 

b' + 6 i 

cr + 0 ,’ 


c* + 0\ 


-1 


a a 4-0! 

and so 0j is a harmonic if 6 * is a root of the quadratic equation 

(0 + ft*)(0 + c 2 ) + (0-f c*) (0 + a*) + (0 + a 2 )(0 + ft 2 )== 0. 

This quadratic has one root between — c* and - ft* and another between 
— ft* and — a*. Its roots are therefore unequal, and, by giving the value ol 
each root in turn, we obtain two* ellipsoidal harmonics of the first species 
of the second degree. 

Next consider the general product 0,@ 2 ... @ m ; this product will be denoted 
by II (0) and it will be supposed that it has no repeated factors—a supposi¬ 
tion which will be justified later (§ 23*43). 

If we temporarily regard 0 lt 0 S , ... 0 TO as a set of auxiliary variables, the 
ordinary formula of partial differentiation gives 

an (0) __ * an (0) m p _^ g an (©) 2* 


dx 


p=i d& p dx p ~i 80J, a 2 + 0 P 9 


8a? 


and, if we differentiate again, 

a*n(0) ^ance) 2 v .a*n( 0 ) 

da? p Zi dS p ' a*+6 P + d& p d% ’ (a? 4 - 6 P ) {a? 4 - 6 q ) ’ 

where the last summation extends over all unequal pairs of the integers 
1, 2, ... m. The terms for which p — q may be omitted because none of the 
expressions 0,, 0 2 ,... @ m enters into n (0) to a degree higher than the first. 

It follows that the-result of applying Laplace’s operator to II (0) is 

g an (0> f 2 2 

pt 1 d% \a* + 0p*&+e p 

, v 3*n (0) ( 8a* 


2 


C 3 + (? I 


l(a* + 6 P ) (a 3 + 0„) + (6 5 + 0 p ) (b* + 6 q ) (c» + 0„) (c> + 0 4 . 

a? 


8/ 


8** 


Now 


3" 


/x, y, *\ (U* + 0j>) (a* + 0^) 
\< t , 6 , c) 


0„ - ®* 
" e q -e p • 


* The complete set of 5 ellipsoidal harmonics of the second degree is composed of these two 
together with the three harmonics i/z y zx, xy, which are of the third species. 
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23 - 21 ] 

and an (0)/9@ p consists of the product n (0) with the factor 0 y omitted, 
while a*ri (0)/a@ p 3@ ? consists of the product n (0) with the factors % p and 
0 g omitted. That is to say 

ft a s n(8) an(e) * 3 * 11 ( 0 ) an( 0 ) 
p m p dB q ~ ae ? * 9 d% p m q ~~b^~- 

If we make these substitutions, we see that 

[a^ + | + £] n < e > 

may be writteu in the form 

g 911(0) f 2 2 2 » 8 

P Zi m p \a* + 0 p ^b* + 0 p c* + e p ^ g z 1 e p -0 q ]• 

the prime indicating that the term for which y = p has to be omitted from 
the summation. 

If II (©) is to be a harmonic it is annihilated by Laplace's operator; and 
it will certainly be so annihilated if it is possible to choose 0 2 , ... 0 m qq 
that each of the equations 

1 , 1 , 1 *_ 0 

a> + d p + b' + e p + d> + 6 p + 2, 6 p -0 g ~ 

:s satisfied, where p takes the values 1, 2, ... m. 

Now let 0 be a variable and let A 1 (0) denote the polynomial of degree 
n in 6 

n(e- 0 q ). 

q=l 

If A/ (6) denotes dA 1 (0)/d0; then, by direct differentiation, it is seen that 
Y x ' (6) is equal to the sum of all products of 0 — 0 U 0 — 0 2 , ...0 — 0 m , m — 1 at 
t time, and A x " ( 0 ) is twice the sum of all products of the same expressions, 
n — 2 at a time. 

Hence, if 0 be given the special value 0 P , the quotient A/' (6 P )/A 1 ' (0 P ) 
becomes equal to twice the sum of the reciprocals of 
the expression 0 P — 0 P being omitted). 

Consequently the set of equations derived from the hypothesis that 

[I (0 p ) is a harmonic shews that the expression 

1 11 2A£_(0) 

a* + 0+ fr+0* <?+0 Ai (0) 

anishes whenever 0 has any of the special values 0 l9 0 2i ••• 0 m • 

Hence the expression 

(a* + 6) (b* + 6) (c 3 + 6) A/' (0) + ^ { 2 (5* + 0) (c 2 + 0)1 A,' (6) 

* (a, 6, c ) 
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is a polynomial in 0 which vanishes when 8 has any of the values 0 U 0»,8 f 
and so it has 8 — 0\ y 6 — 0$, 0 — 0 m as factors. Now this polynomial is < 

degree m + 1 in 0 and the coefficient of 8 m+ ' is m(m-f J). Since m of th 
factors are known, the remaining factor must be of the form 

m(m + k)8 + {O, 

where C is a constant which will be determined subsequently. 

We have therefore shewn that 

<y + 6) (ft* + 6) (c* + 6) A" (0) + ! { 2 (J>* + 6)(<? + 6)\a /(0) 

-{m(m + l)0 + lC}A 1 (*)- 

That is to say, any ellipsoidal harmonic of the first species of (even] 
degree n is expressible in the form 

n L*— +-£—+-*- -il 

-pssl -f^jp 6* + 0p & + 8p J 

where 0 U 0^ n are the zeros of a polynomial A : (^) of degree \n ; and 

this polynomial must be a solution of a differential equation of the type 

4 V{(a> + 0)(6* + 0)( C *+6)} JV{(«* + *) (6* + *)(<? + 0)} 

= {n (n + 1) 0 4- C] Aj (0). 

This equation is known as Lamp's differential equation . It will be in¬ 
vestigated in considerable detail in §§ 23 # 4-23*81, and in the course of the 
investigation it will be shewn that (I) there are precisely 4-1 different 
real values of G for which the equation has a solution which is a polynomial 
in 0 of degree £n, and (II) these polynomials have no repeated factors. 

The analysis of this section may then be reversed step by step to establish 
the existence of \n +1 ellipsoidal harmonics of the first species of (even) 
degree n, and the elementary theory of the harmonics of the first species will 
then be complete. 

The corresponding results for harmonics of the second, third and fourth 
species will now be indicated briefly, the notation already introduced being 
adhered to so far as possible. 

23*22. Ellipsoidal harmonics of the second species . 


We take a? II (0 P ) as a typical harmonic of the second species of degree 
2m +1. The result of applying Laplace’s operator to it is 
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and this has to vanish. Consequently, if 

M0)= n (d-e.i 

9=1 

we find, by the reasoning of § 23*21, that A t (0) is a solution of the differential 
equation 

(a 2 + $)(&* + 6) (<? + 6) A s " (6) 

+ H3 (6 s + 0) (d* +6)+ (* + 0 ) (a* + 0) + (a* + d) (6» + 0)} A s ' (<?) 

= {m(m + %)0 + \C 2 ) A a (6), 

where C 2 is a constant to be determined. 

If now we write A a (0) = A (0)/V(a 2 + 0)> we find that A (0) is a solution 
of the differential equation 

4 V{(a J + 0)(b > + 0) (c 2 +0)} ^ ^V((a s + (9) (6* + 5) (o* + 0)} j 

= {(2m + 1) (2m + 2) 0 + C) A ( 0 ), 
where C=C, + b i + c\ 

It will be observed that the last differential equation is of the same type 
as the equation derived in § 23*21, the constant n being still equal to the 
degree of the harmonic, which, in the case now under consideration, is 2m + 1. 

Hence the discussion of harmonics of the second species is reduced to 
the discussion of solutions of Lamp’s differential equation. In the case of 
harmonics of the first type the solutions are required to be poly nomial, in 
0 multiplied by >J(a? + 0); the corresponding factors for harmonics of the 
second and third types are V(^ + 0) and V(c J + 0) respectively. It will be 
shewn subsequently that precisely m +1 values of C can be associated with 
each of the three types, so that, in all, 3m •+• 3 harmonics of the second species 
of degree 2m +1 are obtained. 

23*23. Ellipsoidal harmonics of the third species. 

m 

We take yz n^(0 p ) as a typical harmonic of the third species of degree 
2m + 2. The result of applying Laplace’s operator to it is 

f* an ( 0 ) [ 2 , 6 6 ) 

y L„-1 \a 3 + 0p + b* + e p + <? + 0 P ] 



and this has to vanish. Consequently, if 
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we find, by the reasoning of § 23*21, that A a {6) is a solution of the differential 
equation 

(a* + 0) (5* + 6) (<? + 6) V W 

4- i {(6* 4* 0 ) (c* 4- 0) 4* 3 (c 9 + 0 ) (a* + 0 ) 4* 3 (a* 4* 5) (6 s + 0)\ A/ (0) 

»{m (m + f) 0 4- iC 3 } A a (0), 

where (7, is a constant to be determined. 

If now we write A* (0) s A (0)/V{(&“ + 0) (d* 4- 0)}, 
we find that A (0) is a solution of the differential equation 

4 +0) (*+fl) (c* ■+ »)} Ye [vK«’+ *)(&’+*) (c*+ei 

a* {(2m 4* 2) (2m 4- 3) 6 4- C] A (0), 
where C — C z 4- 4a* 4- £>* 4- c*. 

It will be observed that the last equation is of the same type as .the 
equation derived in § 23‘21, the constant n being still equal to the degree 
of the harmonic, which, in the case now under consideration, is 2m 4- 2. 

Hence the discussion of harmonics of the third species is reduced to 
the discussion of solutions of Lame’s differential equation. In the case of 
harmonics of the first type, the solutions are required to be polynomials in 6 
multiplied by V{(&* 4* 0) (c* 4- 6 )\; the corresponding factors for harmonics of 
the second and third types are */{(<? 4- 0) (a* + 0)) and V{(« 2 4- 0) (6* 4- 0)) 
respectively. It will be shewn subsequently that precisely m + 1 values of C 
can be associated with each of the three types, so that, in all, 3m 4- 3 harmonics 
of the third species of degree 2m 4* 2 are obtained. 

23*24 Ellipsoidal harmonics of the fourth species . 

The harmonic of the fourth species of degree 2m 4- 3 is expressible in the 
« 

form xyz II (0 P ). The result of applying Laplace’s operator to it is 
p=i 

an(0)( 6 

90„ {a* + 6 P 

_ wi(e)f a* , sy* , s* n 

3e,ae } y*+e p ) (»«+ e q ) + (^+ e p ) (6* + e q ) + (c*+ e p ) (c* +d,)}J 1 

and this has to vanish. Consequently, if 

A t (6)=n(e-e q ), 

9=1 

we find by the reasoning of § 23*21 that A, {6) is a solution of the equation 
(a* + d)(6*+0)(ci» + 0)A/'(0) + ?{ 2 (&» + <?)(c* + d)l AJ (6) 

* U, b,c ) 

= \m (m +e + joy a 4 (d), 

where C 4 is a constant to be determined. 


6 


6 


b* + 6 P <? + 6 p 


xyz |^2 
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If now we write 

A 4 (6) = A (0)l</{(a> + &)(& + 6) (c» + &)), 
we find that A ( 6 ) is a solution of the differential equation 

4 V{(« s + m& 5 + 0 ) (c 2 + *)} Jg [v{(a 3 + 0) (5* + 5) (c a + *)} 

- {(2m 4 - 3) (2m 4- 4) 0 + £7} A (0), 
where £7 ~ (7 4 4- 4 (a 2 4- i 2 4- c s ). 

It will be observed that the last equation is of the same type as the 
equation derived in §23*21, the constant n being still equal to the degree 
of the harmonic which, in the case now under consideration, is 2m -f 3. 

Hence the discussion of harmonics of the fourth species is reduced to the 
discussion of solutions of Lamp’s differential equation. The solutions are 
required to be polynomials in 8 multiplied by V{(a 2 + 8) (6* 4- 8) (c 2 4- 0)}. It 
will be shewn subsequently that precisely m 4-1 values of 0 can be associated 
with solutions of this type, so that m 4-1 harmonics of the fourth species of 
degree 2m 4 3 are obtained. 


23*25. Niven's expressions for ellipsoidal harmonics in terms of homo¬ 
geneous harmonics. 

If £?„ (x, y, z) denotes any of the harmonics of degree n which have just 
been tentatively constructed, then G n (r, y, z) consists of a finite number of 
terms of degrees n, n - 2, n - 4, ... in x, y, z. If H n (x, y, z) denotes the 
aggregate of terms of degree w, it follows from the homogeneity of Laplace’s 
operator that 27* (x, y, z) is itself a solution of Laplace’s equation, and it may 
obviously be obtained from G n (x, y, z) by replacing the factors © p , which 
occur in the expression of G n (x, y, z) as a product, by the factors K p . 


It has been shewn by Niven (loc. cit L, pp. 243-245) that G n (#, y> z) may 
be derived from 2Z» (x , y, z) by applying to the latter function the differential 
operator 

2)* 2> D 6 

1 - 2(2n-i) + 2.4.(2n-l)(2n-3j 2.4.6(2n-l)^2w-3)(2w-5) + ’ 


where D* stands for 


,3* z. 3 3 
a da? + **dtf + 



ind terms containing powers of D higher than the nth may be omitted from 
he operator. 

We shall now give a proof of this result for any harmonic of the first species*. 


* The proofs for harmonies of the other three species are left to the reader as examples, 
proof applicable to functions of all four species has been given by Hobson, Proc . London 
lath. Soc. xxiv. (189S), pp. 60-64. In constructing the proof given in the text, several modifl- 
itions have been made in Niven’s proof. 
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For such harmonics the degree is even and we write 
O n (x, y, 2 ) = II 0, = h (K P - 1) 

J7=*l P = l 

« S n Sn—z + $n—4 — ••• j 

where S n , #*_*, 8 n ... are homogeneous functions of degrees n, n—%n -4,..., 
respectively, and 

&» * H n (. x , y, *) = £f JTy. 

The function is evidently the sum of the products of K u K %x ... K^ n 
taken — r at a time. 

If K x , K 2i ... JST^ be regarded as an auxiliary system of variables, then, by 
the ordinary formula of partial differentiation 

d^Sfi—gr —ftr 0«£p 

0a? dJ£p dx 

_ & 2a; 

p=i 0iTp 4* 0p * 

and, if we differentiate again, 

g aaUr 2 8a? 

0a? pti 0jfiTp a* + 0* ^ 0Zp 3iT g (a 3 + 6 p ) (a* + 0«) ‘ 

The terms in ^Sn^jdK^ can be omitted because each of the functions 
K p does not occur in Sn^. to a degree higher than the first. 

It follows that 

rao fr aflUr f ** , & , ^ 1 

Is&n-tr — A nir L« « u * is . ^ . /i r 


cPSn—gr ( 8a*a? Hby Seta* ) 

+ t («*+*,) (« a +*«) (&* + e p) &+ e i) (c*+*,) (c* + e t )} • 

It will now be shewn that the expression on the right is a constant multiple 


We first observe that 

2 


dpKp — 8qKq 


(*, j/, Z^ ( a * + 0J>) (&* 4* dg) — 8q 

and that, by the differential equation of § 23*21, 


a 8 + 0 p 


«3-0„ 2 


i a? + 0® 


= 3 + 0 , %'j^-g-, 

q~l Op — 
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iWL*r-6 H ^ir + ss { r -jJL 

p*l p=l v&p 1 9= 1 Up — I 


, q v d 2 $n—2r 6pKp — BqKq 

+ *Z,dKfZ'' e p -e ~‘ 


Now dSn-trjdKp is the sum of the products of the expressions K u K 2 , 
- - • K\n (Kp being omitted) taken £n - r -1 at a time; and Kq&S^IdKpdKq 
consists of those terms of this sum which contain K q as a factor. 


Hence 


q dK p dK q 


is equal to the sum of the products of the expressions K l$ K it ... (K p and 
K q both being omitted) taken \n~ r— 1 at a time; and therefore, by sym¬ 
metry, we have 


so that 


• _ jr 2r _ dSn^-sr ^ 0 2 $n~2»* 

9 dK p dK g dK q **d KpdK q ’ 

^n—_ f^$n—2r 2r) / / ir XT' \ 

" fa§7 “ / ( 9 ~ J>) ’ 


On substituting by this formula for the second differential coefficients, it 
is found that 


i>£n-2r= 2 


cl 6+8 \?;v 


-8 - 1 

‘ ^9 2=1 (^p (*®p "" -®g)J 


P-1 0*“*p L 9=1 -t*-p 

= (4n — 2) S&!-8 2 |jrJ§£ 

p=l dA P P+9 l 




Now we may write in the form 

$n —ar + Kp^n-tor—a "1" J£q&n^tr—2 d“ KpK q S n . — 2 /*— 4 > 
where £><»* denotes the sum of the products of the expressions 2^, iT a , ... 2f| n 
'Kp and K q both being omitted) taken m at a time; and we then see that 


Hence 


XT’ oa n-&r IT OOn—2r _ / XT’ XT \ Cf 

***-p 0^r 0^ V^p ^n-2r-2* 

D*5 n _ r = (4n-2)^^‘-8 2 S B _* r _ 2 . 

P = l ^P P+9 


Now it is clear that the expression on the right is a homogeneous sym- 
netric function of K u K 2 , ... K^ n of degree £n-r —1, and it contains no 
>ower of any of the expressions K lt K 2t ... K^ n to a degree higher than the 
irst. It is therefore a multiple of jSV-sr-a- To determine the multiple we 
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observe that when is written out at length it contains ^O r+1 terms 

while the number of terms in 

(4a-2) 2 

p=i 0JL p p*q 

is \n (4n — 2). ^ x C r - 8. ^ C 2 . j rt _ 2 Cy-i. 

The multiple is consequently 

\n (4n — 2). C r — 8. ^C a . ^_ 2 C r -i 

inpr+i 

and this is equal to (2 r + 2) (2 n — 2r — 1). 

It has consequently been proved that 

D*S n „*r = (2r -f 2) (2n — 2r -1) S n ^__ 2 . 

It follows at once by induction that 

cr _ ____ 

*“*■ 2.4 ... 2r. (2n — I) (2n — 3) ... (2n — 2r +1) * 
and the formula 

Gn<X ’ y '** = [Jo2.4... 2r.(2n—1 )7^-3)...(2n-2r +1)] Sn(x ’ y ’^ 
is now obvious when G n (x, y, z) is an ellipsoidal harmonic of the first species. 

Example 1. Prove Niven’s formula when G % (x, y, *).is an ellipsoidal harmonic of the 
second, third or fourth species. 

Example 2. Obtain the symbolic formula 

<?„(*, y, 2 )=r(i-»).(iD) B+ ij n _ 4 (D).F B (^ y, *). 

2326. Ellipsoidal harmonics of degree n. 

The results obtained and stated in §§ 23*21-23*24 shew that when n is 
even, there are +1 harmonics of the first species and f n harmonics of the 
third species; when n is odd there are 1(71 + 1) harmonics of the second 
species and \ (n — 1) harmonics of the fourth species, so that, in either case, 
there are 2n + 1 harmonics in alL It follows from § 18*3 that, if the terms of 
degree n in these harmonics are linearly independent, they form a funda¬ 
mental system of harmonics of degree n ; and any homogeneous harmonic of 
degree n is expressible as a linear combination of the homogeneous harmonics 
which are obtained by selecting the terms of degree n from the 27i 4-1 ellip¬ 
soidal harmonics. 

In order to prove the results concerning the number of harmonics of 
degree n and to establish their linear independence, it is necessary to make 
an intensive study of Lamp's equation; but before we pursue this investigation 
we shall study the construction of ellipsoidal harmonics in terms of confocal 
coordinates. 
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These expressions for ellipsoidal harmonics are of historical importance in view of 
Lame’s investigations, but the expressions which have just been obtained by Niven’s 
method are, in some respects, more suitable for physical applications. 

For applications of ellipsoidal harmonics to the investigation of the Figure of the Earth, 
and for the reduction of the harmonics to forms adapted for numerical computation, the 
reader is referred to the memoir by G. H. Darwin, Phil. Tram. 197 a (1901), pp. 461-537. 


23*3. Gonfoccd coordinates. 

If (X, Y, Z) denote current coordinates in three-dimensional space, and if 
a, b, c are positive (a>b> c), the equation 

X 2 Y 2 Z 2 


represents an ellipsoid; the equation of any confocal quadric is 

X 2 7* Z' 
a* + 0 + b* + 0 + cP + d” 1 ’ 


and 8 is called the parameter of this quadric. 

The quadric passes through a particular point (a?, y, z) if 6 is chosen 
so that 


a* 

a* + 0 


b*+0^<? + 0 


«1. 


Whether 8 satisfies this equation or not, it is convenient to write 

1_ ft _ t _* a - /(*) 

- a? + 0 b* + 0 c? + 0~ {a 2 + 8) (b 2 + 8){c? + 0)’ 

and, since f (6) is a cubic function of 0 , it is clear that, in general, three 
quadrics of the confocal system pass through any particular point (x, y, z). 

To determine the species of these three quadrics, we construct the following 
Table: 


6 

m 

— 00 

— 00 

— a 2 

-#2(a 2 -& 2 ) (a 2 - c 2 ) 

-6 2 

y 2 (a 2 - b 2 ) (6 2 - c 2 ) 

-c 2 

— z % (a 2 —c 2 ) (6 s — c 2 ) 

■foo 

4*oo 


It is evident from this Table that the equation f(0) — 0 has three real 
roots X, ft, v , and if they are arranged so that X > fi > v, then 
\> — c 2 > ft > — b 2 >v> — a 2 ; 
and also f(0) = (0 - X) (0 — ft) (8 - v). 

From the values of X, ft, v it is clear that the surfaces, on which 8 has 
She respective values X, ft, v, are an ellipsoid, an hyperboloid of one sheet and 
an hyperboloid of two sheets. 
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Now take the identity in 6, 

1 a? y* z* _ ( 0-\)(0 — p )( 0 j - v ± 

a*+0 fr+0 d‘ + 0~{a t + 0)(V‘ + 0)(<j‘ + 0)’ 


and multiply it, in turn, by a* + 0, 6* + 0, c* + 0 ; and after so doing, replace 
0 by — a?, — 6 s , — & respectively. It is thus found that 
, (a? + A) (a s + tx) (a? + v) 

a? ~ (a* — 6 l ) (a 3 — c 1 ) ’ 

. (b'+\)(b‘+ fi )(V+ v ) 

r ~ (a*-&)(&-<?) 

(c* + A) (c 3 + m) (c ! + v) 

(a*-<?){&-&) 

From these equations it is clear that, if (x, y, z) be any point of space and 
if A, p, v denote the parameters of the quadrics confocal with 


Z> F* Zf 

a t+ b > + (f 


1 


which pass through the point, then ( a s*, y a , z*) are uniquely determinate in 
terms of (A, /x, v) and vice versa. 

The parameters (A, p, v) are called the confocal coordinates of the point 
(x, y, z) relative to the fundamental ellipsoid 


X* , 7* Z* 
a 1 + > + c* 


= 1 . 


It is easy to shew that confocal coordinates form an orthogonal system; 
for consider the direction cosines of the tangent to the -curve of intersection 
of the surfaces (y) and (v); these direction cosines are proportional to 



and since 


dxdx dy dy dz dz __ 
dX dy, 0X dy. dX dy, 


it is evident that the directions 


i V a* + v _ 


0, 


(dx dy dz\ idx dy dz\ 

\dx 9 dx 9 dx) 9 \dji’ Ty, 9 d h i) 

are perpendicular; and, similarly, each of these directions is perpendicular to 

(dx dy dz\ 

\dv 9 dv 9 dp) ' 

It has therefore been shewn that the three systems of surfaces, on which 
X, y, v respectively are constant, form a triply orthogonal system. 

Hence the square of the line-element, namely 
(&r) a +(Sy)* + (S^, 

is expressible in the form 

+ (J? a S/i)* + (£f 3 8i/) 2 , 




23 * 31 ] 


ELLIPSOIDAL HARMONICS 


549 


where 



with similar expressions in p and v for H 2 * and H s \ 


To evaluate Hi in terms of (X, /x, v), observe that 

o 2== JL /yy, JL (WY 

1 4^ lax; + v lax; + 4^ lax; 


i 2 


(a 2 -f fj) (a 2 4- v) 


But, if we express 


6, c (a 2 + X) (a 2 — b % ) (a 8 — c*) * 

(X — fi) (X — y) 

(a* + X) (6* + X) (c 2 4* X) * 


jtea function of X, as a sum of partial fractions, we see that it is precisely 
equal to 

^ (a 2 4- fj) ( a * + v)__ 

«.I c (a 2 4- X) (a* - 6 8 ) (a 2 — c 2 ) ’ 

and consequently Hi 8 = -■ — 

4 J 1 4 (a 2 4- X) (6* 4- X) (c 2 4- X) 

The values of H? and H s % are obtained from this expression by cyclical 
interchanges of (X, /x, v). 

Formulae equivalent to those of this section were obtained by Lame, Journal de Math . 
II. (1837), pp. 147-183. 

Example 1. With the notation of this section, shew that 
# 2 +y 2 4s 2 =a 2 4& 2 4c 2 4-X4/i+v. 

Example 2. Shew that 

4_—_+_ y~~ 4- - —_ 

1 (a 2 4- X) 2 + (fr 2 4X) 2 + (c 2 +X) 2 * 


23*31. Uniformising variables associated with confocal coordinates . 

It has been seen in § 23*3 that when the Cartesian coordinates (, x , y } z) 
are expressed in terms of the confocal coordinates (X, /x, v), the expressions so 
obtained are not one-valued functions of (X, jx, v). To avoid the inconvenience 
thereby produced, we express (X, p, v) in terms of three new variables (u, v, w) 
respectively by writing 

jjp(tt) — X -h ^ (a 8 + 6 s 4* c 2 ), 
fp(v) H a8 + ^ 2 + (j2 )» 
jp(w) = v +H a * + ^* + c 2 ), 

the invariants g 2 and g z of the Weierstrassian elliptic functions being defined 
by the identity 

4 (a 2 + X) (6 2 + X) (c 8 4- X) = 4 jp* (u)-g 2 p (u)-g z . 
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The discriminant associated with the elliptic functions (cf. § 20*33, 
example 3) is 

16 (a* - by (b* - c 3 ) 3 (c 2 - a 3 ) 3 , 

and so it is positive; and, therefore*, of the periods 2©!, 2© 2 and 2© s , 2©j is 
positive while 2© s is a pure imaginary; and 2co 2 has its real part negative, 
since ©* 4- © 2 4- © 2 = 0; the imaginary part of ©a is positive since I (© 2 /«>i) > 0. 
In these circumstances e x > e*> e s , and so we have 

Qe x * a? + 6* — 2c 9 , 3c 2 * c s + a? — 26 s , 3c 3 * b 2 + c 9 — 2a 9 . 

Next we express (©, y, -z) in terms of (u, v , tc); we have 
(a 9 4- X) (a 2 4- (o 2 4- v) 

(a 2 — 6*) (a* — (?) 

f f 00 - *} Ip («) - jg M - *1 

(«i - e,) (e, - e») 


a?=: 


<r 3 3 (tt) o -, 3 (it) o - 3 3 Q) ^(ah) o ' 8 (&) 8 ) 
~ cr 3 (ii) cr 3 (®)<7 3 (w) V, 3 ^) 


by § 20*53, example 4. Therefore, by § 20*421, we have 

(«) «•> (g)<r»(tP) 


a: = + e -’h-cr 5 (&>,)- 


■ («) <r (tf) <r (w) ’ 


and similarly 


y v cr(u) a (v) a (w) 


z= ±e <r*(cOi) 


<r J (u)(r J (v)<r 1 (w) 


’ (u) cr (v) cr(w) ' 

The effect of increasing each of u, v, w by 2© s is to change the sign of the 
expression given for x while the expressions for y and z remain unaltered; 
and similar statements hold for increases by 2© 2 and 2© x ; and again each of 
the three expressions is changed in sign by changing the signs of u, v, w. 

Hence, if the upper signs be taken in the ambiguities, there is a unique 
correspondence between all sets of values of (x } y , z), real or complex, and all 
the sets of values of (u, v, w) whose three representative points lie in any 
given cell. 

The uniformisation is consequently effected by taking 

<r n (u) <r 8 (v) <r 8 (w) 


x =s (© s ): 


o* (u) <r ( v ) cr (w) 9 


J __ . /.. n »•« («) <r* (®) 

\y-e 

z - «r*-. <r 3 M ZLWflivlSiM' 

^ c{u) c r(y)a {w) 

Formulae which differ from these only by the interchange of the suffixes 

1 and 3 were given by Halphen, Fovctions Elliptiques , n. (1888), p. 459. 

* Cf. § 20*32, example 1. 
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23*32. Laplace's equation referred to cmfocal coordinates. 

It has been shewn by Lame and by W. Thomson* that Laplace's equation 
when referred to any system of orthogonal coordinates (A, p, v) assumes the 
form 


3 

H t H t 3F) 

d_ 

(•Mi 

an , 3. 

H t H, 37] 

3X 

’ 3'- j + 

3/4 

l ^ ' 

’ 3/i J 

if 3 ’ 


— 0, 

where (H ly H 2 , H s ) are to be determined from the consideration that 

is to be the square of the line-element. Although W. Thomson’s proof of this 
result; based on arguments of a physical character, is extremely simple, all 
the analytical proofs are either very long or else severely compressed. 

It has, however, been shewn by Lam£f that, in the special case in which 
(X, p, v) represent, confocal coordinates, Laplace’s equation assumes a simple 
form obtainable without elaborate analysis; when the uniformising variables 
(u, v, w )t of § 23*31 are adopted as coordinates, the form of Laplace’s equation 
becomes still simpler. 

By straightforward differentiation it may be proved that, when any three 
independent functions (X, p } v ) of (x, y, z) are taken as independent variables, 
then 


transforms into 


dfV d*V 
da? + df + dz? 


[® + © + £)]w 

x , Mi v \_dx- dx 3 y 3 y dz d'z] dfidv 


2 

A, v 


t 

K Mi 


i < 

v L 


a*x ffx a*x] dV 
da? + ay * 02 s J ax* 


In order to reduce this expression, we observe that X satisfies the equation 
a? y 2 z 2 _ - 

« 5 T\ + F+\ + c 2 + x - ’ 

and so, by differentiation with x, y, z as independent variables, 


2x 

a? H- X 


; + 


y* 


4^=o 


(a 2 + X) 2 (6 2 + X) 2 (c 2 + X) 2 J dx 


2 

a 2 4- X 


4x 


\o r " 


(a 2 + X) 2 3 x 


a? 


.(a 2 + X) 3 
a? 


r 


i 


(b* + X) ! 


r» + 


aav 


(c 2 + xyj V3*/ 


T.+ 


(a 2 + X) 2 ~ r (6 s + X) 2 + (c 2 + X) 2 j da? 


,i£-0. 


* Cf. the footnote on p. 401. 
t Journal de Math. iv. (1839), pp. 133-136. 
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Hence 


2a? 


_^_ =4 H> d ± 
a*+ X 'das’ 

& 


& 


0 3 X 


a s + X (a* + xy Hy + 2 Hf (a 3 4- \f ^ Xl | ^ (a 2 + Xf da? ' 

with similar equations in fi t v and y> z. 

d?V 

From equations of the first type it is seen that the coefficient of is 
1 d*V 

g- 2 and the coefficient of is zero; and if we add up equations of the 

second type obtained by interchanging x, y, z cyclically, it is found that 

2 




+x’ 


with similar equations in fi and v. 

If, for brevity, we write 

V{(«’ + x) (6 s + x) {<? + X)} = Ax, 

with similar meanings for A„ and A„, we see that 

2 2 


0*x 3*X yx Ax a 
da? dy* dz? (X - /i) (X — v) 

4A X 


CL 1J r X b 3 4* X (? 4* XJ 
dAx 


(X — /j.) (X — v) dX ’ 

and so Laplace’s equation assumes the form 


-*)[ £ 


.w 


+ Aj 


dAx d 


£]-»• 


A^r(X-f*)(X-v)L 0X* T dx 

that is to say 


The equivalent equation with (u, v, w) as independent variables is simply 

{*? (»>—&> 
or, more briefly. 


{«? (®) - 9 ( w )l {*> («) - 9 («)} U + {p (w) - p («)} |^=0, 


*F 3*F 0*F 

( M _ V )^ +(J ,_A>^ +( X- M )|^ = 0. 

The last three equations will be regarded as canonical forms of Laplace’s 
equation in the subsequent analysis. 

23‘33. Ellipsoidal harmonics referred to confocal coordinates. 

When Niven’s function & p , defined as 


g i £ 


o? 4* Op i? + 8p c* •+• A 


-1, 
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is expressed in terms of the confocal coordinates (X, /i, v) of the point (x, y, z), 
it assumes the form 

(\ - 6 P ) (jx - 8 P ) (v - Op) 

(a* + 6 p ){b’ + d p ) (cr + 6 P ) ’ 
and consequently, when constant factors of the form 

- (a* + d p ) (6 s + e p ) (c s + e,) 
are omitted, ellipsoidal harmonics assume the form 
x, yz 

■ i, y, ex, xyz ■ n<>- e p ) n ( p-d p ) n o —d p ). 

p = l pxs 1 P=1 

xy 

If now we replace x , y, z by their values in terms of X, fa v, we see that 
any ellipsoidal harmonic is expressible in the form of a constant multiple of 
AMN, where A is a function of X only, and M and N are the same functions 
of p and v respectively as A is of X. Further A is a polynomial of degree m 
in X multiplied, in the case of harmonics of the second, third or fourth 
species, by one, two or three of the expressions \J(a? + X), d(b 3 + X), + X). 

m 

Since the polynomial involved in A is II (X — 6 p ), it follows from a con- 

_p=i 

sideration of §§ 23*21-23*24 that A is a solution of Lamp’s differential equation 
4 V{(a* + X) (6= + X)(c* + X)} ^ |V{<a* + X) (6* + X) (c* + X)} 

— {ft (n + 1)X + 0} A, 

where n is the degree of the harmonic in (x, y, z). 

This result may also be attained from a consideration of solutions of 
Laplace’s equation which are of the type* 

T-AMN, 

where A, M, N are functions only of X, p, v respectively. 

For if we substitute this expression in Laplace's equation, as transformed 
in § 23*32, on division by F, we find that 

p(v) — p(w) d 2 A jp(w)-p(u) d *M p(u) — p(v) 

A ~ du* + M dv> + N did 3 ‘ 

The last two terms, qua functions of u, are linear functions of p ( u ), and 

■I Jj A 

so A , must be a linear function of p (u); since it is independent of the 
A die 2 

coordinates v and w, we have 
where K and B are constants. 

* A harmonic which is the product of three functions, each of which depends on one coordi¬ 
nate only, is sometimes called a normal solution of Laplace’s equation. Thus normal solutions 
with polar coordinates are (§ 18*31) 

cos 

r* P„ m (cos 9) . mip. 
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If we make this substitution in the differential equation, we get a linear 
function of $ (?i) equated (identically) to zero, and so the coefficients in this 
linear function must vanish; that is to say 


£1 P(v )- P ( w )}+£W*m 


£ (v) d*N _ . 
N dv?~’ 


and on solving these with the observation that p (v) — p (w) is not identically 
zero, we obtain the three equations 


d?A 
du .* 


= {Kp(u)+B] A, 


<PM 


= {Kp (v) +B}M, 


-= { K V ( W ) + B] N. 

When X, is taken as independent variable, the first equation becomes 

4A* = {K\ + B + iK (a’ + + o>)} A, 

and this is the equation already obtained for A, the degree n of the harmonic 
being given by the formula 

n (n -f 1) = K . 

We have now progressed so far with the study of ellipsoidal harmonics as 
is convenient without making use of properties of Lamp’s equation. 

We now proceed to the detailed consideration of this equation. 


23*4. Various forms of Lame’s differential equation . 

We have already encountered two forms of Lame’s equation, namely 

4 ^{ Ax ^H n(w+i)x+c,}A> 

and this may also be written 

cPA i \ £ liA {n(n + l)\ + C} A 

+ (a 2 + A + + c*-f d\ 4(a 2 4- \)(6 2 4-X)(c 2 4* X) ’ 

which may be termed the algebraic form; and 

^ = {n(n +1) $>(«) + 5} A, 

which, since it contains the Weierstrassian elliptic function jp(u), may be 
termed the Weierstrassian form; the constants B and C are connected by the 
relation 


B -f \n{n + 1) (a* + fc* + c 2 ) = G. 
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If we take p (u) as a new variable, which will be called f, we obtain the 
slightly modified algebraic form (c£ § 10*6) 

d*A f t i 1 )dA_ {n(n + l)? + B}A 

Z-eJZ-ejdl; 4 (£ - ei ) (£ - e*) (£ - e z )' 

This differential equation has singularities at e l , e t at which the 
exponents are 0, \ in each case; and a singularity at infinity, at which the 
exponents are — $n, \ (n -f 1). 

The Weierstrassian form of the equation has been studied by Halpben, Fonctions 
JSUiptiques , II. (Paris, 1888), pp. 457-531. 

The algebraic forms have been studied by Stieltjes, Acta Math . vr. (1885), pp. 321-326, 
Klein, VoHesungen fiber lineare Diferentielgleichungen (lithographed, Gottingen, 1894), and 
Bocher, liber die Reihenentwickelungen. der Potentialtheorie (Leipzig, 1894). 

The more general differential equation with four arbitrary singularities at which the 
exponents are arbitrary (save that the sum of all the exponents at all the singularities is 2) 
has been discussed by Heun, Math. Ann . xxxm. (1889), pp. 161-179 ; the gain in generality 
by taking the singularities arbitrary is only apparent, because by a homographic change 
of the independent variable one of them can be transferred to the point at infinity, and 
then a change of origin is sufficient to make the sum of the complex coordinates of the 
three finite singularities equal to zero. 

Another important form of Lamp’s equation is obtained by using the 
notation of Jacobian elliptic functions; if we write 

z 1 = u 

the Weierstrassian form becomes 

+ ^1 A ' 

and putting z 1 = a — iK f , where 2 \K* is the imaginary period of sn^, we 
obtain the simple form 

= {n (n + 1) # an*a + A J A, 

where A is a constant connected with B by the relation 

B + e 3 n (n -f 1) = A (e 1 — e*). 

The Jacobian form has been studied by Hermite, Sur quelques applications des fonctions 
eUiptiques ,, Comptes Rendus y lxxxv. (1877), published separately, Paris, 1885. 

In studying the properties of Lamp’s equation, it is best not to use one 
form only, but to take the form best fitted for the purpose in hand. For 
practical applications the Jacobian form, leading to the Theta functions, is 
the most suitable. For obtaining the properties of the solutions of tike 
equation, the best form to use is, in general, the second algebraic form, 
though in some problems analysis is simpler with the Weierstrassian form. 
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23'41. Solutions in series of Lame’s equation. 

Let us now assume a solution of Lame’s equation, which may be written 

4 (f - «0(S- «)(*-*) ap + (6r— ift) jg-{n(n + l)t+B}A = 0, 
in the form 

A- i M£-e*) in_r . 

r=0 

The series on the right, if it is a solution, will converge (§ 10-31) for 
sufficiently small values of j f ^ j; but our object will be not the discussion 
of the convergence but the choice of B in such a way that the series may 
terminate, so that considerations of convergence will be superfluous. 

The result of substituting this series for A on the left-hand side of the 
differential equation and arranging the result in powers of fis minus the 
series 

4 £ (f-« j )i’ , - r+1 [r(»-r + i)6 r -{3«i(in-r + l)*-i7i(n+l)c s -i£}6 r . a 

r *=0 

+ fa - e t ) - e*) (in - r + 2) (£n - r + $) 6 M ], 
in which the coefficients b f with negative suffixes are to be taken to be zero. 

Hence, if the series is to be a solution, the relation connecting successive 
coefficients is 

r (n - r 4- £) b r = {3^ (\n - r -h iy - \n (n + 1) e 2 - \B) 

- (*i - *a) - *s) (in - r + 2) (£n - r + $) ft,-*, 

and (n - J) fcj = }f n 8 ^ - Jn (n -f 1) ^ & 0 . 

If we take 6 0 = 1, as we may do without loss of generality, the coefficients 
b r are seen to be functions of B with the following properties: 

(i) b r is a polynomial in B of degree r. 

(ii) The sign of the coefficient of B r in b r is that of (—) r , provided that 
r<n; the actual coefficient of B* is 

_ _<=r__ 

2.4 ... 2r (2n — l)(2n- 3)... (2n —2r + lj’ 

(iii) If e x , e 2 , e 3 and 5 are real and £ x > e a > e 8 , then, if b^ x = 0, the values 
of b r and are opposite in sign, provided that r < i (n + 3) and r < n. 

Now suppose that n is even and that we choose B in such a way that 

If this choice is made, the recurrence formula shews that 

^+ 2 sas °» 
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by putting r = Jn + 2 in the formula in question; and if both 6j n+1 and 
2>j n+ 2 are zero the subsequent recurrence formulae are satisfied by taking 

&J»+8~&Ji» + 4 s *"- a "0- 

Hence the condition that Lamp’s equation should have a solution which 
is a polynomial in £ is that B should be a root of a certain algebraic equation 
of degree \n 4* 1, when n is even. 

When n is odd, we take to vanish and then b^ also vanishes, 

and so do the subsequent coefficients; so that the condition, when n is odd, is 
that B should be a root of a certain algebraic equation of degree \ (n 4-1). 

It is easy to shew that, when e l >e 1 >e 9 , these algebraic equations have 
all their roots real. For the properties (ii) and (iii) shew that, qua functions 
of By the expressions b 0 , b ly b 2 , ... b r form a set of Sturm’s functions* when 
r< J(n4-3), and so the equation 

&4b+i = 0 or &i(«+i) = 0 
has all its roots realf and unequal. 

Hence, when the constants e ly e 2i e z are real (which is the case of practical 
importance, as was seen in § 2331), there are \n 4* 1 real and distinct values 
of B for which Lamp’s equation has a solution of the type 

r =0 

when n is even; and there are ^(^4-1) real and distinct values of B for 
which Lamp’s equation has a solution of the type 

*<»-D 

2 brV:-e$ n - r 

r-0 

when n is odd. 

When the constants e ly e 2 , e 3 are not all real, it is possible for the equation satisfied 
by B to have equal roots ; the solutions of Lam#s equation in such cases have been 
discussed by Cohn in a Konigsberg dissertation (1888). 

Example 1. Discuss solutions of Lamp’s equation of the types 

(i) (I-*,) 4 5 

r=0 

(ii) (|-e 3 ) 4 i V'tf-**) 4 *^" 4 . 

r=0 

(iii) <£-«i) 4 (£-«3) 4 2 b r "'(S-e 2 )*- r -\ 

r-0 

* M6m. pr&entis par lei Savam Grangers, vi. (1835), pp. 271-318. 

■j- This procedure is due to Liouville, Journal de Math . xi. (1846), p. 221. 
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obtaining the recurrence relations 

(i) r(n-r+i)V ={36 2 (in-r+i) s +(e2-«3)(4»-» , +|)-i^(7H-l)e2-i-S}& / r-i 

(jra-r+f) (£w-r + l)&' r -*, 

(ii) r (a - r +£) V' - {&* (i'» - r+£)* - fa -«*) (i» - r + }) - (« +1) e 2 - £5}&Vi 

— («i-« 2 ) («*—*s) (J»-r+f)(J»—r+l)6" r -** 

(hi) 

- («i ~ «2) fa ~ «s) (i » “ r +1) (}«-- r+i) ^ f -|. 
Example 2. With the notation of example 1 shew that the numbers of real distinct 

values of B for which Lamp’s equation is satisfied by terminating series of the several 
species are 

(i) i(«-l) or i(»-2); (ii) i(»-l) or £(n-2); (in) £fa-2) or £(tt-3). 
23*42. The definition of Lame functions . 

When we collect the results which have been obtained in § 23*41, it is 
clear that, given the equation 

^-[n(n + l)jp(«)+J]A, 

n being a positive integer, there are 2n + 1 values of B for which the equation 
has a solution of one or other of the four species described in §§ 23*21-23*24. 

If, when such a solution is expanded in descending powers of £, the 
coefficient of the leading term £** is taken to be unity, as was done in § 23*41, 
the function so obtained is called a Lame function of degree n, of the first 
hind , of the first (second, third or fourth) species. The 2n -f-1 functions so 
obtained are denoted by the symbol 

(m = l, 2, ...271 + 1). 

and, when we have to deal with only one such function, it may be denoted by 
the symbol 

^n(f). 

Tables of the expressions representing Lam^ functions for ti= 1, 2, ... 10 have been 
compiled by Guerritore, Giomale di Mat . (2) xvi. (1909), pp. 164-172. 

Example 1. Obtain the five Lam4 functions of degree 2, namely 
X+j2a*±5V{2« 4 -2W}, 

v'(X + 6*) </(X+c*), +C 2 ) V(X + a*), V(X+a*) */(X+&*). 

Example 2. Obtain the seven Lame functions of degree 3, namely 
V{(X+a*)(X+6*)(X+c*)}, 

and six functions obtained by interchanges of a, b , c in the expressions 

V(X+«*) • [X+$ (a 8 +26 2 +2c*)±4 V{a*+4^+4c 4 -76 2 c 2 - cV-o^}]. 

23*43. The non-repetition of factors in Lame functions* 

It will now be shewn that all the rational linear factors of J@ n m (£) are 
unequal . This result follows most simply from the differential equation which 
E n m (£) satisfies; for, if £ - & be any factor of E n m (f), where ft is not one of 
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the numbers e u % or e,, then f, is a regular point of the equation (§ 10-3), 
and any solution of the equation which, when expanded in powers of f — £„ 
does not begin with a term in (f — &)° or (f—&) 1 must be identically zero. 

Again, if were one of the numbers e,, e 2 or e„ the indicial equation 
appropriate to £, would have the roots 0 and and so the expansion of 
E n m (£) in ascending powers of f, would begin with a term in (£— or 

(f-&- 

Hence, in no circumstances has E n m (£), qua function of £ a repeated 
factor. 

The determination of the numbers 0 l3 0 2i ... 0 m introduced in §§ 23*21- 
23*24 may now be regarded as complete; for it has been seen that solutions 
of Lamp's equation can be constructed with non-repeated factors, and the 
values of 0 ly 0 2 , ... which correspond to the roots of E n m (£) = 0 satisfy the 
equations which are requisite to ensure that Niven’s products are solutions of 
Laplace's equation. 

It still remains to be shewn that the 2n +1 ellipsoidal harmonics con¬ 
structed in this way form a fundamental system of solutions of degree n of 
Laplace's equation. 

23*44. The linear independence of Lame functions . 

It will now be shewn that the 2n + 1 Lam6 functions E n m (%) which are 
of degree n are linearly independent, that is to say that no linear relation can 
exist which connects them identically for general values of f. 

In the first place, if such a linear relation existed in which functions of 
different species were involved, it is obvious that by suitable changes of signs 
of the radicals — $i)> V(ff — %)* — 3») we could obtain other relations 

which, on being combined by addition or subtraction with the original relation, 
would give rise to two (or more) linear relations each of which involved 
functions restricted not merely to be of the same species but also of the same 
type. 

Let one of these latter relations, if it exists, be 

2a m #* m (£> = 0 0) 

and let this relation involve r of the functions. 

Operate on this identity r — 1 times with the operator 

JI— *(» + l)* 

The results of the successive operations are 

ta m (B n ™y E™ (£) = 0 (s = 1, 2, ... r - 1), 

where B n m is the particular value of B which is associated with (£:). 
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Eliminate Oj, a*,... a r from the r equations now obtained; and it is found 
that 

1 , 1 , 1 , 1 = 0 . 

Bn 1 > B^ , B n \ ... Bj 


<B n 'y~\ (B n *)r-\ . (B n r)r~' \ 

Now the only factors of the determinant on the left are differences of the 
numbers jff n w , and these differences cannot vanish, by § 23*41. Hence the 
determinant cannot vanish and so the postulated relation does not exist. 

The linear independence of the 2n -h 1 Lame functions of degree n is 
therefore established. 

23*45. The linear independence of ellipsoidal harmonics . 

Let G n m (x, y, z) be the ellipsoidal harmonic of degree n associated with 
E n m (f), and let H n m (x, y, z) be the corresponding homogeneous harmonic. 

It is now easy to shew that not only are the 2?i + 1 harmonics of the type 
G n m (x } y, z) linearly independent, but also the 2 n +1 harmonics of the type 
H n m (Xy y, z) are linearly independent. 

In the first place, if a linear relation existed between harmonics of the 
type G n m (x, y, z), then, when we expressed these harmonics in terms of con- 
focal coordinates (X, fi, v), we should obtain a linear relation between Lame 
functions of the type E n m (f) where f = X + J (a 2 + b 2 + c 2 ), and it has been 
seen that no such relation exists. 

Again, if a linear relation existed between homogeneous harmonics of the 
type H n m (x y y } z\ by operating on the relation with Niven’s operator 

D 2 D* 

2 (2n — 1) + 2.4 (2n — 1) (2n — 3) 

we should obtain a linear relation connecting functions of the type G n m (x , y, z\ 
and since it has just been seen that no such relation exists, it follows that the 
homogeneous harmonics of degree n are linearly independent. 

23*46. Stieltjes' theorem on the zeros of Lame functions . 

It has been seen that any Lam6 function of degree n is expressible in the 
form 

(0 + a’)M0 +Wtf + c 8 )*. n (0-O P ), 

p -1 

ivhere k u k z are equal to 0 or £ and the numbers 0 lt 0 2j ... 6 m are real and 
unequal both to each other and to — a 2 , — b 2 , — c 2 ; and \n = m + k x + ^ + *%• 
When k u tc 2 , k z are given the number of Lam^ functions of this degree and 
type is m + 1. 


(§23*25), 

1- 
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The remarkable result has been proved by Stieltjes* that these vn + 1 
functions can be arranged in order in such a way that the rth function of the 
set has r — 1 of its zeros f between — a s and — 6 s and the remaining m — r+1 
of its zeros between — 6 s and — c 2 , and, incidentally, that, for all the m + 1 
functions, 8 U 0 2 , ... 6 m lie between — a 2 and — cr. 

To prove this result, let fa, fa, ... fa be any real variables such that 

(—a*^fa^—fr, (p=l, 2, ...r-1) 

1 -fr^fa^-c?, (p = r,r+l,...m) 

and consider the product 

n - S [|(fa +a s )|“ + i•|(^ + 6 a )|- + i.| (fa + c*)|**+i] n | (fa-fa )|. 

p=l pjpq 

This product is zero when all the variables <f> p have their least values and 
also when all have their greatest values; when the variables <f> p are unequal 
both to each other and to — a a , - fc 2 , - c 2 , then II is positive and it is obviously 
a continuous bounded function of the variables. 


Hence there is a set of values of the variables for which II attains its 
upper bound, which is positive and not zero (cf. § 3*62). 


For this set of values of the variables the 


that is to say 


d log II _ d log II 
90i 90 4 


conditions for a maximum 
•• = 0 , 


give 


, 1 1 1 
0p + a 2 <f> p + b 2 <f> p + C 2 q= i <j> p — <f> q 

where p assumes in turn the values 1, 2, ... m. 

Now this system of equations is precisely the system by which 0 U 0 t> ... 6 P 
are determined (cf. §§ 23*21-23'24); and so the system of equations determining 
0i, 02, ... 6 m has a solution for which 


J— a 2 < < — b*, (p= 1, 2, ...r-1) 

1—& 2 < c 2 (p = r, r+1, ...m) 


Hence, if r has any of the values 1, 2, ... m +1, a Lam6 function exists 
with r — 1 of its zeros between — a 2 and — 6 s and the remaining m — r + 1 
zeros between — ¥ and — c a . 


Since there are m + 1 Lam^ functions of the specified type, they are all 
obtained when r is given in turn the values 1, 2. ... m + 1; and this is the 
theorem due to Stieltjes. 


* Acta Mathematica , yi. (1885), pp. 321-326. 

f The zeros -a 2 , -6 2 , - c 2 are to be omitted from this enumeration, 0 lt 0 a ,... $ m only being 
taken into account. 
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An interesting statical interpretation of the theorem was given by Stieltjes, 'namely 
that if m+3 particles which attract one another according to the law of the inverse distance 

are placed on a line, and three of these particles, whose masses are k 2 +£ 1 «$+£? *** 

fixed at points with coordinates — a 2 , - ft 2 , - c* the remainder being of unit mass and free 
to move on the line, then log n is the gravitational potential of the system; and the 
positions of equilibrium of the system are those in which the coordinates of the moveable 
particles are 01,0$, ... d m , i.e. the values of 0 for which a certain one of the Lamd functions 
of degree 2 (wi+kj+^+ks) vanishes. 


Example, Discuss the positions of the zeros of polynomials which satisfy an equation 
of the type 

I T l“ a »^ A . $r-2 ( 0 ) , n 

W + T l x J^,Te + ~ - A 0 > 


n (0-a t ) 

where W is a polynomial of degree r—2 in 0 in which the coefficient of d 1 * -2 is 


r 

— m{m+r-1— 2 a,}, 

*=1 

m being a positive integer, and the remaining coefficients in <p r _ 2 (0) are determined from 
the consideration that the equation has a polynomial solution. 

(Stieltjes.) 

23*47. Lami functions of the second kind . 

The functions E n m (f), hitherto discussed, are known as Lam6 functions 
of the first kind . It is easy to verify that an independent solution of Lamp’s 
equation 

^ = { n (n + l)? + J B„»}A 
is the function F n m (f) defined by the equation* 


(?) (2* +1) E n m (?) J o ^ , 

and F n m (f) is termed a Lam6 function of the second kind. 


From this formula it is clear that, near u = 0, 

^V*(?) — (2n +1) u~ n {1 + 0 (u)} | u m {1 + 0 (w)} du = u n+l {1 + 0 (w)}, 
and we obviously have 

^(^^^{l + O^)}. 

It is clear from these results that F n m (f) can never be a Lam4 function of 
the first kind, and so there is no value of J5 n m for which Lame's equation is 
satisfied by two Lam 6 functions of the first kind of different species or types . 

It is possible to obtain an expression for F n m (?) which is free from 
quadratures, analogous to Christoffers formula for Q n {z), given on p. 333, 
example 29. We shall give the analysis in the case when E n m (£) is of the 
first species. The only irreducible poles of 1 / [E u m (£)} a , qua function of w, are 
at a set of points u 1} it^, ... Un which are none of them periods or half periods. 


* This definition of the function F n m (£) is due to Heine, Journal filr Math. xm. (1845), 
p. 194. 
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Near any one of these points we have an expansion of the form 

fin™ (?) = &i (u - Ur) + h (u — Wr) a + K (u—uff + ..., 

and, by substitution of this series in the differential equation, it is found that 
k* is zero. 

Hence the principal part of 1 f{E n m (?)}* near u r is 

1 

k? {u — u r Y 9 

and the residue is zero. 

Hence we can find constants A r such that 


2 A r Q(u-Ur) 

r=l 

has no poles at any points congruent to any of the points u r ; it is therefore 
a constant A, by Liouville’s theorem, since it is a doubly periodic^ function 
of u. 

Hence = A u - ^2 A r {£ (u - Ur) + ? («,)!• 

Now the points Uy can be grouped in pairs whose sum is zero, since 
E n m (?) is an even function of u. 

If we take v^ r — — u r+1 , we have 


r 

J 0 


iS 


Au — 2 A r {?(«- Mr) + ?(tt + Mr)} 


r=l 

A r id ( U) 

= Au-2^(u) 2 A r - 2 ,: ¥ 1; —,, 

and therefore 

*V"(f)-(2« + l) {Au-2$(u) 2 (£) + *>'(«)«/*„_i(f)> 

r=l 


where ^j n «i(?) is a polynomial in ? of degree — 1. 

Example, Obtain formulae analogous to this expression for F n m (£) when jE , w> m (£) is of 
the second, third or fourth species. 


23*5. LanU's equation in association with Jacobian elliptic functions. 

All the results which have so far been obtained in connexion with Lam6 
functions of course have their analogues in the notation of Jacobian elliptic 
functions, and, in the hands of Hermite (cf. § 23*71), the use of Jacobian 
elliptic functions in the discussion of generalisations of Lam6s equation has 
produced extremely interesting results. 

Unfortunately it is not possible to use Jacobian elliptic functions in which 
all the variables involved are real, without a loss of symmetry. 
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The symmetrical formulae may be obtained by taking new variables 
a, ft, 7 defined by the equations 

fa — iK' + u V(ej — e,), 

■ ft = %K’ + v Vte —O, 

.7 = iK’ + w V(«i - *»), 

and then the formulae of § 23*31 are equivalent to 

# = As* n/(a 2 — c*). sn a sn ft an 7, 

- y = — (Jd*/k') a/(o 5 — c 5 ). cn a cn /S cn 7 , 

^ V(a*— c 1 ). dn a dn /9 dn 7 , 

the modulus of the elliptic functions being 

(a*-frx 


7 ( 5 = 5 ' 


The equation of the quadric of the confocal system on which a is con¬ 
stant is 

X* _ F* _ Z 8 

(a 8 — 6 *) sn* a (a 2 — 6 *)cn*a (a 2 — c 8 ) dn-a 
This is an ellipsoid if a lies between iK' and K + iK' ; the quadric on which 
fi is constant is an hyperboloid of one sheet if fi lies between K + iK' and 
K ] and the quadric on which 7 is constant is an hyperboloid of two sheets if 
7 lies between 0 and K ; and with this determination of (a, fi, 7 ) the point 
(x 9 y, z) lies in the positive octant. 

It has already been seen (§ 23*4) that, with this notation. Lamp’s equation 
assumes the form 

^-7 = {n(n4-l)A*sn 8 <r+.4} A, 


and the solutions expressible as periodic functions of a will be called* JE n m (a). 
The first species of Lam£ function is then a polynomial in sn 2 o, and generally 
the species may be defined by a scheme analogous to that of § 23*2, 


sn a, cn a dn a, 
- 1 , cna, dn a sn a, 
dna, snacna, 




sn a cn a dn a V 


II (sn*a — sn 2 «p). 

p 


23*6. The integral equation satisfied by Lame functions of the first and 


We shall now shew that, if E n m (a) is any Lam^ function of the first 
species (n being even) or of the second species (» being odd) with sna as a 

* There is no risk of confosing these with the corresponding functions JE?„ w (|). 
t This integral equation and the corresponding formulae of § 23*62 associated with ellipsoidal 
harmonics were given by Whittaker, Proc. London Math. Soc. (2) nv. (1915), pp. 260-268. 
Proofs of the formulae involving functions of the third and fourth species have not been 
previously published. 
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factor, then E n m (a) is a solution of the integral equation 

E n m (a) = XI P n (kmam0) E n m (0)d0; 

J - 2 JT 

where X is one of the ‘ characteristic numbers* (§ 11*23)* 

To establish this result we need the lemma that P n (k sn a sn 8) is 
annihilated by the partial differential operator 

- §£ —* (*+ 1 >■* (***'* - sn * 

To prove the lemma, observe that, when /z is written for brevity in place 
of k sn a sn 0 , we have 




= l? {cn 2 a dn 2 a sn ! 0 —cn 2 0 dn 2 0 sn* a} P n " (ji) 

+ 2&* sn a sn 0 (sn* a—sn 2 0) P n ' (jt) 

= A? (sn 2 a - sn 2 0) [(m* -1 ) P n " 0*) + tyPn (/*)] 

= A? (sn 2 a - sn 2 8)n{n + 1) P n (n), 

when we use Legendre’s differential equation (§ 15’13). And the lemma is 
established. 

The result of Applying the operator 


n(n + l) A?sn 2 a- A n m 


riK 

L 1 


P n (k sn a sn 0) E n m (6) d0 


to the integral 

is now seen to be 
j —n (» +1) A? sn 2 o — A n m j P n (k sn a sn 0 ) E n m (0) d0 

= J £ — n (n + 1) A? sn* 0 — A„ m | P„ (k sn a sn 0)J E„ m (0) d0, 

and when we integrate twice by parts this becomes 

+J P n (&snasn0) jjgj —ra( 7 z + l)^sn 2 0“-4 n w jp n w (0).d0 = O. 

Hence it follows that the integral 

r2JT 

P n (k sn a sn 8) E n m ( 8) dd 

J —2JKT 


is annihilated by the operator 


dot 2 
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and it is evidently a polynomial of degree n in sn 2 a. Since Lamp’s equation 
has only one integral of this type*, it follows that the integral is a multiple 
of E n m (a) if it is not zero; and the result is established. 

It appears that every characteristic number associated with the equation 

/(a)=X r (*sn a sn B) f{6) 

J -2K 

yields a solution of Lamp’s equation; cf. Ince, Proc. Royal Roc. Edin. xlii. (1922), pp. 43-53. 

Example 1. Shew that the nucleus of an integral equation satisfied by Lamd functions 
of the first species (n being even) or of the second species (n being odd) with cn a as a 
factor, may be taken to be 

cnacn *)' 

Example 2. Shew that the nucleus of an integral equation satisfied by Lamd functions 
of the first species (n being even) or of the second species (n being odd) with dn a as a 
factor, may be taken to be 

P n Q, dnadnd^. 

23*61. The integral equation satisfied by Larfie functions of the third and 
fourth species. 

The theorem analogous to that of § 23*6, in the case of Lam6 functions of 
the third and fourth species, is that any Lam^ function of the fourth species 
(n being odd) or of the third species (n being even) with cn a dn a as a factor,, 
satisfies the integral equation 

r2X 

E n m (a) = \ I cn adn a cn 0 dn 6P ! n " (k sn a sn 8) P n m (8) d8. 

J -2K 

The preliminary lemma is that the nucleus 

cn a dn a cn 6 dn 0P n '' (fc sn a sn 0 ), 
like the nucleus of § 23*6, is annihilated by the operator 

^ - l^“ M(w+1 ^ snSa-sn3 ^' 

To verify the lemma observe that 

02 

r—t fen a dn aP n " ( k sn a sn 0)} 
dcr 

= k? cn 3 a dn 3 a sn* 0P n iv 0*) — 3& sn a cn a dn a sn 8 (dn 2 a + A 2 cn 2 a) Pf" (fi) 
- cn a dn a (dn 2 a -b k? cn 2 a - 4A* sn 2 a) P n " (p) } 

and so 

. {cn a dn a cn 0 dn 8P n " (k sn a sn 0)} 

** k cn a dn a cn 8 dn 0 (sn 2 a — sn 2 0) {(/i 2 — 1) P n iv (jjl) + 6 fiPf" (p) + 6 P n " (/*)} 
= k* cn a dn a cn 0 dn 8 (sn 2 a — sn 2 6) {(p? — 1) P n ' (a*)} 

= £*n (n + l)cn adn acn 0 dn 8 (sn 3 a — sn 2 8) P n " (/x), 

* The other solution when expanded in descending powers of sna begins with a term in 
(sn a) _n_1 . 
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and the lemma is established. The proof that E n m (a) satisfies the integral 
equation now follows precisely as in the case of the integral equation of § 23*6. 

Example 1. Shew that the nucleus, of an integral equation which is satisfied by Lam6 
functions of the fourth species (n being odd) or of the third species (n being even) with 
snadn a as a factor, may be taken to be 


sn a dn a sn 6 dn 6P n " cn a cn . 


Example 2. Shew that the nucleus of an integral equation which is satisfied by Lam6 
functions of the fourth species (n being odd) or of the third species (n being even) with 
sn a cn a as a factor, may be taken to be 


sn a cn a sn 0 cn 6P„ dn a dn B^ . 


Example 3. Obtain the following three integral equations satisfied by Lame functions 
of the fourth species (n being odd) and of the third species (?i being even): 


/ 2 K d f 1 dE n m (B)) 

-sK p * (jfc sn am6) de \cnT<0 dt~) d6. 


f2K fii A 

1 d \ 

r 1 

dE~(8)\ 

l J -2K Pn \V V 

^ d6 1 

[sn S dn 6 

de j 

■fZc p -(i dDadna ) 

, d J 

r i 

dE^{8)\ 

'd6 1 

[sn B cn B 

de ] 




in the case of functions of even order, the functions of the different types each satisfy one 
of these equations only. 


23 * 62 . Integral formulae for ellipsoidal harmonics . 

The integral equations just considered make it possible to obtain elegant 
representations of the ellipsoidal harmonic G n m (#, y, z) and of the corre¬ 
sponding homogeneous harmonic S n m (x, y, z) in terms of definite integrals. 

From the general equation formula of § 18*3, it is evident that H n m O, y, z) 
is expressible in the form 

H n m (x, y,z)=f (sc cos t + y sin t + iz) n f(t) dt, 


where f(t) is a periodic function to be determined. 

Now the result of applying Niven’s operator - D 2 to (x cos t + y sin t + iz) n is 
tt (n-l)(a* cos 3 1 + b* sin 3 1 — c 2 ) (x cos t + y sin t + iz) n 
and so, by Niven’s formula (§ 23'25) we find that G„ m (x, y, z) is expressible 
in the form 


G n m (x, y, z) 



n (n — 1) 
2 (2n -1) 


ya-a Sgs 


+ 


n (n - 1) (n - 2)(n- 3) an _ 4 5 g 4 
2.4 (2n — 1) (2n — 3) 
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where 21 s x cos t + y sin t + iz, 

S3 s — c*) cos* t +(6* — c*) sin* t), 

so that 


\ 2*. (n !)* [" cn~ n ( acoi 

Gn {X ’ y ' Z) ~ (2»)! J 8 Pn Wl(a*^ 


cos 6 4- y sin t + iz 


cos 2 1 + (6* — c 2 ) sin 2 £} 


)/(<) dt. 


Now write sin $ = cd 8 y the modulus of the elliptic functions being, as 
usual, given by the equation 


jfc 2 


~ a a -c*‘ 


The new limits of integration are - SK and K , but they may be replaced 
by — 2 K and 2K on account of the periodicity of the integrand. 

It is thus found that 


/■*«/ x f** n {Jcxsn8 + ycn8 + izdii8\ . /AX 7/1 
<?»»(*, V, s)-]^ Pn (=—;7(6TT^)—^j + w 


where £ (0) is a periodic function of independent of re, y, which is, as yet, 
to be determined. 


If we express the ellipsoidal harmonic as the product of three Lam6 
functions, with the aid of the formulae of § 23*5 we find that 


EJ* (a) E* 08) E” ( 7 ) - G f** P n (?) <f> (8) d6 y 

J -XX* 

where G is a known constant and 


? = sn a sn £ sn y sn 8 — (A 2 /# 2 ) cn a cn £ cn 7 cn 0 

— (1 jlc - 2 ) dn a dn £ dn 7 dn 8, 

If the ellipsoidal harmonic is of the first species or of the second species 
and first type, we now give 0 and 7 the special values 

0 = IT, 7 = JT + t-ST', 

and we see that 

(7 f P n (A? sn a sn 8) <}> (8) d8 
J -2 K 

is a solution of Lamp's equation, and so, by § 23*6, <f> (8) is a solution of Lame’s 
equation which can be no other * than a multiple of E n m (8 ). 

Hence it follows that 


<?,-<«,», -XJ“ p. 


where X is a constant. 


If <p(6) involved the second solution, the integral would not converge. 
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If G n m ( x , y, z) be of the second species and of the second or third type 
we put 

£ = 0 , 7 = K + iK\ 

or $ * 0 , 7 = K 

respectively, and we obtain anew the same formula. 

It thus follows that if G n m (#, y, z) be any ellipsoidal harmonic of the first 
or second species, then 

r2K 

G n m (cCj y,z) = \ P n (fi) E n m (6) dd, 

J —22T 

H n m (x, y, z) = \. ^ : ^ J {k'ccsnd + y cn 0 + iz dn d) n E n m (6)d6, 

where p = (lex sn 9 4 - y cn 0 -f iz dn 0)/*/(b 2 — c 2 ). 


23-63. 


Integral formulae for ellipsoidal harmonics of the third and fourth 


In order to obtain integral expressions for harmonics of the third and 
fourth species, we turn to the equation of § 23*62, namely 

E n m (a) E™ (£) E™ (y) = G [* r P n ( M ) $ ( 6) d0 y 

J -1 XT 

where 

g, = fe*sn a sn /9 sn y sn 6 — (JcP/k' 2 ) cn a cn £ cn y cn 0 — (1 /A?' 2 ) dnadn£dnydn 0 ; 
this equation is satisfied by harmonics of any species. 

Suppose now that E n m (a) is of the fourth species or of the first type of 
the third species so that it has cn a dn a as a factor. 

We next differentiate the equation with respect to # and y, and then put 

p = K t y = K + iK\ 

It is thus found that 


f 2J 

“ C /-: 


y=K+i A" 

** r gp»o*) i 


2 K L 3^97 J(0=A' y=A+iA' 


4>(6)d6. 


Now P-g r ^ l = - (ilk') dn adn/9 dn 0P„' O), 


so that 


VPnVf 

dfidy ](p=K,y=K+iK') 


= — k cn a dn a cn 9 dn 6 P n " Qc sn a sn 6 ). 


Hence I cn a dn a cn 0 dn 6 P n " (k sn a sn 8) <j> (d) dd 

J -2K 

is a solution of Lamd’s equation with cn a dn a as a factor; and so, by § 23*61, 
<f> (0) can be none other than a constant multiple of E n m (a). 
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We have thus found that the equation 

riK 

Gn n (a, y, *) = x P. 0*) E n m (*) d0 

J -ax¬ 
is satisfied by any ellipsoidal harmonic which has cnadna as a factor; the 
corresponding formula for the homogeneous harmonic is 

Hn m (x>y, = X—— -^ yi ——- 7 - [ (k'xsnti+ycn0 + izdnd) n E n m (6)d6. 

V * 9 2*(nlY (b*-c*)i n J- 2 X K * 

Example. Shew that the equation of this section is satisfied by the ellipsoidal 
harmonics which have sn a dn a or sn a cn a as a factor. 


23 * 7 . Generalisations of Lame's equation. 

Two obvious generalisations of Lamp’s equation at once suggest them¬ 
selves. In the first, the constant B has not one of the characteristic values 
B n m , for which a solution is expressible as an algebraic function of f (u); and 
in the second, the degree n is no longer supposed to be an integer. The first 
generalisation has been fully dealt with by Hermite* and Halphenf, but the 
only case of the second which has received any attention is that in which n is 
half of an odd integer; this has been discussed by BrioschiJ, Halphen§ and 
Crawford ||. 

We shall now examine the solution of the equation 


^j={w(n + l)p(u) + P} A, 


where B is arbitrary and n is a positive integer, by the method of Lindemann- 
Stieltjes already explained in connexion with Mathieus equation (§§ 19*5- 
19*52). 


The product of any pair of solutions of this equation is a solution of 
U - 4 {» (n +1) p (u) + B} ^ - 2n (n + 1) p' (u) X « 0, 
by § 19*52. The algebraic form of this equation is 
* <*-«.) (t-*)|£+8(6 

-4{(n*+n-3)f+P}^-2n(» + l)X = 0. 
If a solution of this in descending powers of £ — e% be taken to be 
Z = S c r (f - a 2 ) n r , (c Q = 1) 

r=0 


* Comptet Rendvs, lxxxv. (1877), pp. 689-695, 728-732, 821-826. 
t Fouctiont Elliptiques, ii. (Paris, 1888), pp. 494-502. 
t Comptes Rendu* , lxxxvi. (1878), pp. 313-315. 

§ Fonctione Elliptiques t n. (Paris, 1888), pp. 471-473. 
ii Quarterly Joumal t xxvu. (1895), pp. 93-98. 



571 


237] 


lame’s equation 


the recurrence formula for the coefficients c r is 
4r (n - r -f J) (2 n — r + 1) c r 

= (n — r 4- 1) {12e 2 (n — r) (n — r 4- 2) - 4^ (n* 4- w — 3) — 41?} c r _ x 
- 2 (n — r -f-1) (n - r 4- 2) (« x — e 2 ) — 0 3 ) (2» — 2r 4* 3) c r _*. 

Write r = n 4-1, and it is seen thatc n+ i = 0; then write r=*n + 2 and c n+a = 0; 
and the recurrence formulae with r>w-f-2 are all satisfied by taking 

Cn-r3 * ^n+4 — • • • = 0. 

Hence Lame’s generalised equation always has two solutions whose product 
is of the form 

2 CrCS-eJr*. 

r =0 

This polynomial may be written in the form 

n {jpw-piar)}, 

r=l 

where a 1} a ... a n are, as yet, undetermined as to their signs; and the two 
solutions of Lamp’s equation will be called A lf A 2 . 

Two cases arise, (I) when A 1 /A 2 is constant, (II) when Aj/A* is not 
constant. 


(I) The first case is easily disposed of; for unless the polynomial 

n {*-fp(0,)} 

r= 1 


is a perfect square in f, multiplied possibly by expressions of the type % — e lt 
£ — — e 3} then the algebraic form of Lamp’s equation has an indicial 

equation, one of whose roots is J, at one or more of the points f = fp (a r ); and 
this is not the case (§ 23*43). 

Hence the polynomial must be a square multiplied possibly by one or 
more of f — e lt £ — e 2 , f — e 3 , and then A! is a Lam 6 function, so that B has 
one of the characteristic values B n m ; and this is the case which has been 
discussed at length in §§ 23*1-23*47. 


(II) In the second case we have (§ 19*53) 


c 2A 2 a c?A.j 




du 


= 2g, 


where ® is a constant which is not zero. Then 


r d log A g _ d log Ai _ 2@ 
du du X ’ 

- 

d log A 2 + d_logAi_ 1^ dX 
die du X du * 

d log A x 1 dX ® d log A 2 __ 1 dX K 
~du 2 Xdu~X’ du "2 Xdu^X' 


so that 
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A! = *JX exp j- ® |. 

Again, if we differentiate the equation 


[chap. XXIII 


we find that 


JL_dA l=ss 

A x du 2X du X * 


1 d* A x 

Ax du* 


fl dAx) g _1 d?X 1 fdX y 6 dX 

l A x du j 2X du* 2X 2 \du) + X* du 9 


and hence, with the aid of Lamp’s equation, we obtain the interesting 
formula 

/ . 1 &X (1 dX\* & 

»(* + l)F(«) + -B- 2Z du „ ( 2 x du) + X‘* 

If now = jp (Or), we find from this formula (when multiplied by X’), 
that, if u be given the special value Or, then 

(dX y 4<P 

V#/*-* Vfor)* 

We now fix the signs of Oj, a,, ... a* by taking 
/tfX\ 2® 


(f) 


f=fr + |>'(«r)’ 

And then, if we put 20/X, gua function of f, into partial fractions, it is seen 
that 


2 ® * 

~X “ g—pjar) = r =i “““»•) ?(* + ^r) + 2f(a r )}, 

and therefore 

A i = [n(F(*)-F<«r)}] § 

X eX P [5 ^ (®r + M ) ~ log <T (a, — «) — 2 m£ (ffl r )} J , 

whence it follows that (§ 20*53, example 1) 


f'(Or) 


and 




The complete solution has therefore been obtained for arbitrary values of the 
constant B. 
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23 * 71 . The Jacobian form of the generalised Lame equation. 
We shall now construct the solution of the equation 

= {n (n + 1) sn 2 a + A] A, 

for general values of A, in a form resembling that of § 23*6. 

The solution which corresponds to that of § 23*6 is seen to be* 




where p, a lt a*,... a* are constants to be determined. 
On differentiating this equation it is seen that 

1 dA = * f H x (a + ccr) ©'(«) ) 

A da { H (a + Or) © (a) 


+ P 


- 2 {Z (a + or + iK ')- Z (a)} + p + i niri/K, 


r=1 


80 ^ = J i {d nS («+«r + ^ / )- d I‘ Sa }> 

and therefore, since A is a solution of Lamp’s equation, the constants />, cc u 
... On are to be determined from the consideration that the equation 

n {n +1) A? an 3 a + A = 2 {dn 2 (a 4- Or + iK') — dn 2 a} 

r=l 

+ £ 2 {Z (a + — Z (a)} + p + JtMrt/JrJ 

is to be an identity; that is to say 
n a &*sn 2 a + n-hA + 2 cs 2 (a-h«r) 

s f I {Z(a+ar+iK’)-Z{a)}+p+\nirilK\. 


r=l 


Lr-i 


J 


Now both sides of the proposed identity are doubly periodic functions of 
a with periods 2 jBT, 2iK' } and their singularities are double poles at points 
congruent to — %K\ — a l9 — the dominant terms near — iK' and 

— a r are respectively 

n a 1 

(cx+iKJ 9 (a + Oyf 

in the case of each of the expressions under consideration. 

The residues of the expression on the left are all zero and so, if we choose 
p, a 1} Oo, ... ctn so that the residues of the expression on the right are zero, 

* This solution was published in 1872 in Hermite’s lithographed notes of his lectures delivered 
at the Ecole polytechnique. 
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it will follow from Liouville’s theorem that the two expressions differ by a 
constant which can be made to vanish by proper choice of A . 

We thus obtain n+ 2 equations connecting p, a lf a,, ... a» with A , but 
these equations are not all independent. 

It is easy to prove that, near — Or, 

2 {Z (a + Or + iff # ) — Z (a)} + p + inwt /K 

r=l 

= — 7 — + 2' Z (flU, - Or + fJT') + nZ (ctr) + p + % (jl - 1 ) 7Tt/Z + 0 (a + O*.), 

a-t-Or p=l 

where the prime denotes that the term for which p «* r is omitted; and, near 

-iff', 

2 {Z(a + a, + iZ') - Z(a)} + p + inmjK 

r—1 

= ~ + r ?i^^ + p-f 0(a-f iff'). 

Hence the residues of 

2 {Z (a4* flr + iff 7 ) “* Z (a)} + p + ^7i7rt/iLj 
will all vanish if p, a l3 Og, ... o» are chosen so that the equations 
2 7 Z (ctp — cir + ifiT 7 ) + nZ ( a ,.) + p 4* ^ (ti — 1) *m/S^ = 0, 

p=i 

2 Z (Or) + P — 0 

\r=l 

are all satisfied. 

The last equation merely gives the value of p, namely 

- 2 Z {dr), 

r=l 

and, when we substitute this value in the first system, we find that 
2 7 [Z (op—Or H- iK') 4- Z (a,.) — Z (ctp) + ^Tri/if] = 0, 

p»i 

where r = 1, 2,... w. By § 22*735, example 2, the sum of the left-hand sides 
of these equations is zero, so they are equivalent to n — 1 equations at most; 
and, when a u o,, ... a* have any values which satisfy them, the difference 

j^n*A?sn 2 o-f n-f A + 2 cs 2 (o + Or)J 

- {Z (a + a r + tiT) - Z (a) - Z (a,.) + 
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is constant. By taking a = 0, it is seen that the constant is zero if 

n + A+ 2 cs’Or*!" 2 {Z (a, + »2T / ) — Z (a,) + | , 

r~l Lr-=1 J 

{ n "Jan 

2 cnardsor}* — 2 ns 2 a r = A. 

r=l J r=l 

We now reduce the system of n equations; with the notation of § 22*2, if functions of 
a,,, a,, be denoted by the suffixes 1 and 2, it is easy to see that' 

Ziap—Of+iK') -\~Z(a r ) — Z(ap)+^7ri/K 

— Z (dp — a,. 4-1^) + Z (c^) — Z (ap 4* iK r ) 4- Ci<£il$i 
=& sn (ap+ iK') sn sn (a p 4* iK* — ctr) 4 - C\d x fa 
H , c \d x 


*1 sn (Op-Or) 8i 

__ *2 (*i °2 4- s^Cydi) 4- Ci dj fa 2 - ^g 2 ) 
*1 

__ ^xCidi4-^Ca<^2 
“ *i*-*a* * 

Consequently a solution of Lamp’s equation 

/ 7 a a 

grj- = {n (n 4-1) A? sn 2 a4- ^4} A 


is 




provided that «i, Og, ... ct n be chosen to satisfy the n independent equations 
comprised in the system 

/ *, sn cn a p dn cip 4 - sn a r cn ccydn a r _ ^ 

L-i sn 2 o^ —sn 2 « r ~ * 


] * 1* n 

2 cn a,, ds Or — 2 ns 2 a, = A ; 
V L r =l J r=l 


and if this solution of Lamp’s equation is not doubly periodic, a second 
solution is 


j 1 [ j W eip(aZ(gf)1 ] =0, 


The existence of a solution of the system of n +1 equations follows from 
§ 23-7. 

REFERENCES. 

G. Lam£, Journal de Math. n. (1837), pp. 147-188; iv. (1839), pp. 100-125, 126-163, 351- 
385; vm. (1843), pp. 397-434. Lemons sur let fonctions inverses des transcendantes et 
let surfaces isothermes (Paris, 1857). Lemons sur let coordonnees curvilignes (Paris, 1859). 
E. Heine, Journal fur Math. xxix. (1845), pp. 185-208. Theorie der Kugelfunctionen , n. 
(Berlin, 1880). 

C. Hermits, Comptes Rendus, lxxxv. (1877), pp. 689-695,728-732,821-826; Ann . di Mat . 
(2) ix. (1878), pp. 21-24. Oeuvres Mathematiques (Paris, 1905-1917). 



576 


THE TRANSCENDENTAL FUNCTIONS [CHAP. XXIII 

G. H. Halphen, Functions EUiptiquet, n. (Paris, 1888). 

F. Lindemann, Math. Ann. xix. (1882), pp. 323-386. 

K. Heun, Math. Ann. xxxm. (1889), pp. 161-179, 180-196. 

L. Crawford, Quarterly Journal, xxvii. (1895), pp. 93-98; xxix. (1898), pp. 196-201. 

W. D. Niven, Phil. Trans, of the Royal Society , 182 a (1891), pp. 231-278. 

A. Caylet, Phil. Trans, of the Royal Society , 165 (1875), pp. 675-774. 

G. H. Darwin, Phil. Trans . of the Royal Society , 197 a (1901), pp. 461-557; 198 a (1901), 

pp. 301-331. 


Miscellaneous Examples. 


1 . Obtain the formula 


<*’**>=w/.* 


2 . Shew that 


Pn (jjj e~*du. ffn (x, y, z). 

(Niven, Phil. Tram. 182 A (1891), p. 245.) 


w (l 1 d\ 1 (~)V(2 n)l Mnfry,z) 

*\dz’ cy ’ dzj J(j*+y*+£) 2 *.n! (x*+y*+z*) n H' 

(Hobson, Proc. London Math. Soc. xxiv.) 

3. Shew that the ‘ external ellipsoidal harmonic 5 F n m (£) ir* 1 * ( 9 ) (0 is a constant 

multiple of 

n (1 1 4 2)4 - 1 ^ 1 

*\azr’ fy’ V 2.(27i+3)^2.4(2»+3)(2^+5)“ h# '7^+y»H-^)- 

(Niven; and Hobson, Proc. London Math. Soc. xxrv.) 

4 Discuss the confluent form of Lamp’s equation when the invariants g 2 and g 3 of the 
Weieratrassian elliptic function are made to tend to zero; express the solution in terms of 
Bessel functions. 

(Haentzschel, Zeitschrift fUr Math, und Phys. xxxl) 

5. If v denotes exp [{A - Z (/*)} a\ where A and p are constants, shew that 

Lamp’s equation has a solution which is expressible as a linear combination of 
d*~ 1 v d*~*v d*~ b v 

d a— 1 ’ da*"*' da*-*'"'' 

where X s and sn 2 p are algebraic functions of the constant A. 

6 . Obtain solutions of 


(Hermite.) 


1 ^= 1 2i»8n**-4(l+i»)±5 J(l -P+&). 

(Stenberg, Acta Math, x.) 

Discuss the solution of the equation 




z(x-l)(«-<r)-^+[(a4*^+1) «**-{a+0-8*fl+(y-l-8)a}2+ay] ^jjj-+a&(z-q)y**Q 
in the form of the series 

1 +O 01 fl. ( 7 ) («/«)» . 

«,!»!•, (y+l)...(y+»)’ 

where G x (q)*=q, (q) « a/3 q* + {(a +j 8 - 8 +1) + (y+ 8 ) a} q - ay, 

G*+i(Q)—[ n {(, a +&~~ 3-f n)'+(y+ 8 +n — l)a}4-a/S$’] G n (q) 

-(a+n-1) ( 0 +n-1) (y+n-1) na^ fa). 

(Heun, JtoA. Ann. xxxrn.) 



lamp’s equation 577 

8 . Shew that the exponents at the singularities 0, 1, a, go of Heun’s equation are 

(0,1-y), (0,1-*), (0,1-4 («,£), 

where y+$+ <5 »<*+£+l. 

(Heun, Math. Ann. nun.) 

9. Obtain the following group of variables for Heun’s equation, corresponding to the 
group 

. 11 * z-l 

*• ’ ~z’ z- 1* 

for the hypergeometric equation: 


*> 

l-z, 

ii * *-i 

*’ 1-*’ *-l» 2 ’ 

z 

a-z 

a a z z—a 

a 7 

a 7 

z 7 a—z J z—a 7 z 7 

8 

1 

N 

z- 1 

1 —a a— 1 z—a z-l 

1 -a 7 

a-1’ 

z—a 7 z—1 7 z—1 7 z — a 

1 

s\ 

8 

1 

1 )£ ®C 

z-l) a (z-l) z-a 


(1 -a)z 


(Heun, Math. Ann. xxxnr.) 

10 . If the series of example 7 be called 

obtain 192 solutions of the differential equation in the form of powers of z, z-l and z—a 
multiplied by functions of the type F. 

[Heun gives 48 of these solutions.] 

11 . If u=2vj shew that Lamp’s equation 


may be transformed into 

by the substitution 


■fop = {* (»+l) P (*)+-£} A 




12 . If f= p (v), shew that a formal solution of the equation of example 11 is 

L— 2 b r (f—ea) a ~ r , 

r*sO 

provided that (a— 2 n) (a— n +£) ««0 

and that 

4 (a—r—2w) (a—r — n4*i) ft r +[12«j(a—r-f-l) (a—r— 2»-b l)+4«27i (2?i— 1) —45] 6 r _i 

- 4 («j - (e* - as) (a- r+2) (a - r - n+f) b r _ *=0. 

(Briosohi, Compte* Rendu* , lxxxvi . (1878), pp. 313-315 and Halphen.) 

13. Shew that, if 7 i is half of an odd positive integer, a solution of the equation of 
example 11 expressible in finite form is 
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provided that 

4r(»-r+i) fc r +[12e*<2»~r+l)(r-1) -4e s n(2n-l)+4B]b r ^ 1 

+4(«!-«*) (es-«s) (2n-r+2 ) (n~r+f) h r -2®0, 
and B is so determined that W=°- ... .. . 

(Bnoschi and Halphen.) 

14 Shew that, if n is half of an odd integer, a solution of the equation of example 11 
expressible in finite form is 

L’- m *v<£-4r*-*, 

JJ=0 

provided that 

4p(n+p+i)bp' -[12«,(»-p+$)(n+jp-i)-4« s »(2»-l)+45]6'.p_ 1 , 

+4 («i-ej) («s-e 3 ) (n-p+ 1) (y-1) 6' p _*»0 
and ^ + j*=0 is the equation which determines B, 

(Crawford.) 

15. With the notation of examples 13 and 14 shew that, if 

V- (-)’ (fii - «*)'(«» - «•)*’ 

the equations which determine e 0 , c u are identical with those which determine 

KK j; and deduce that, if one of the solutions of Lamp’s equation (in which n is 
half of an odd integer) is expressible as an algebraic function of $> (t>), so also is the other. 

(Crawford.) 

16. Prove that the values of B determined in example 13 are real when e u and e 3 
are real 

17. Shew that the complete solution of 

is A-{p'(i«)r i {^p(§»)+-B} 1 

where A and B are arbitrary constants. 

(Halphen, J (4m. par diver* savants , xxvm. (i), (1880), p. 105.) 

18. Shew that the complete solution of 

is A^sn^U-o).®* (C'-«)dnJ(C'-a)}-i{A + 5sn» J (C-a)}, 

where A and B are arbitrary constants and C~2K+iK'. 


(Jamet, Comptes Rendu*, cxi.) 
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THE ELEMENTARY TRANSCENDENTAL FUNCTIONS 

A*l. On certain results assumed in Chapters I-IV. 

It was convenient, in the first four chapters of this work, to assume some of the 
properties of the elementary transcendental functions, namely the exponential, logarithmic 
and circular functions ; it was also convenient to make use of a number of results which 
the reader would be prepared to accept intuitively by reason of his familiarity with the 
geometrical representation of complex numbers by means of points in a plane. 

To take two instances, (i) it was assumed (§ 2*7) that lim (exp z) =exp (lim z), and 
(ii) the geometrical concept of an angle in the Argand diagram made it appear plausible 
that the argument of a complex number was a many-valued function, possessing the 
property that any two of its values differed by an integer multiple of 2 ir. 

The assumption of results of the first type was clearly illogical; it w*is also illogical to 
base arithmetical results on geometrical reasoning. For, in order to put the foundations 
of geometry on a satisfactory basis, it is not only desirable to employ the axioms of 
arithmetic, but it is also necessary to utilise a further set of axioms of a more definitely 
geometrical character, concerning properties of points, straight lines and planes*. And, 
further, the arithmetical theory of the logarithm of a complex number appears to be 
a necessary preliminary to the development of a logical theory of angles. 

Apart from this, it seems unsatisfactory to the aesthetic taste of the mathematician to 
employ one branch of mathematics as an essential constituent in the structure of another; 
particularly when the former has, to some extent, a material basis whereas the latter is of 
a purely abstract nature f. 

The reasons for pursuing the somewhat illogical and unaesthetic procedure, adopted in 
the earlier part of this work, were, firstly, that the properties of the elementary transcen¬ 
dental functions were required gradually in the course of Chapter h, and it seemed 
undesirable that the course of a general development of the various infinite processes 
should be frequently interrupted in order to prove theorems (with which the reader was, 
in all probability, already familiar) concerning a single particular function ; and, secondly, 
that (in connexion with the assumption of results based on geometrical considerations) 
a purely arithmetical mode of development of Chapters i-iv, deriving no help or illus¬ 
trations from geometrical processes, would have very greatly increased the difficulties of 
the reader unacquainted with the methods and the spirit of the analyst. 

* It is not*our object to give any account of the foundations of geometry in this work. They 
are investigated by various writers, suoh as Whitehead, Axioms of Projective Geometry (Cambridge 
Math. Tracts, no. 4, 1906) and Mathews, Projective Geometry (London, 1914). A perusal of 
Chapters i, xx, xxii and xxv of the latter work will convince the reader that it is even more 
laborious to develop geometry in a logical manner, from the minimum number of axioms, than 
it is to evolve the theory of the circular functions by purely analytical methods. A complete 
account of the elements both of arithmetic and of geometry has been given by Whitehead and 
Russell, Principia Mathematica (1910-1913). 

t Cf. Merz, History of European Thought in the Nineteenth Century, n. (London, 1903), pp. 631 
(note 2) and 707 (note 1), where a letter from Weierstrass to Schwarz is quoted. See also 
Sylvester, Phil. Mag. (5), ii. (1876), p. 307 [Math. Papers , hi. (1909), p. 50]. 
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A*ll. Summary of the Appendix. 

The general oourse of the Appendix is as follows: 

In §§ A*2-A*22, the exponential function is defined by a power series. From this 
definition, combined with results contained in Chapter n, are derived the elementary 
properties (apart from the periodic properties) of this function. It is then easy to deduce 
corresponding properties of logarithms of positive numbers (§§ A*3-A*33). 

Next, the sine and cosine are defined by power series from which follows the connexion 
of these functions with the exponential function. A brief sketch of the manner in which 
the formulae of elementary trigonometry may be derived is then given (§§ A*4-A*42). 

The results thus obtained render it possible to discuss the periodicity of the exponential 
and circular functions b j purely arithmetical methods (§§ A*5, A *51). 

In §§ A*52-A*522, we consider, substantially, the continuity of the inverse circular 
functions. When these functions have been investigated, the theory of logarithms of 
complex numbers (§ A*6) presents no further difficulty. 

Finally, in § A*7, it is shewn that an angle, defined in a purely analytical manner, 
possesses properties which are consistent with the ordinary concept of an angle, based on 
our experience of the material world. 

It will be obvious to the reader that we do not profess to give a complete account of 
the elementary transcendental functions, but we have confined ourselves to a brief sketch 
of the logical foundations of the theory*. The developments have been given by writers 
of various treatises, such as Hobson, Plane Trigonometry ; Hardy, A course of Pure 
Mathematics ; and Bromwich, Theory of Infinite Series. 

A'12. A logical order of development of the elements of Analysis. 

The reader will find it instructive to read Chapters i-iv and the Appendix a second 
time in the following order : 

Chapter i (omitting + all of § 1*5 except the first two paragraphs). 

Chapter n to the end of § 2*61 (omitting the examples in §§ 2*31-2*61). 

Chapter hi to the end of § 3*34 and §§ 3*5-3*73. 

The Appendix, §§ A*2-A*6 (omitting §§ A*32, A*33). 

Chapter n, the examples of §§ 2*31-2*61. 

Chapter m, §§ 3*341-3*4. 

Chapter it, inserting §§ A*32, A*33, A*7 after § 4*13. 

Chapter ii, §§ 2*7-2*82. 

He should try thus to convince himself that (in that order) it is possible to elaborate 
a purely arithmetical development of the subject, in which the graphic and familiar 
language of geometry J is to be regarded as merely conventional. 

* In writing the Appendix, frequent reference has been made to the article on Algebraic 
Analysis in the Encijklopadie der Math. Wissenschaften by Pringsheim and Faber, to the same 
article translated and revised by Molk for the Encyclopedic des Sciences Math., and to Tannery, 
Introduction a la Thedrie des Fonctions dune Variable (Paris, 1904). 

t The properties of the argument (or phase) of a complex number are not required in the 
text before Chapter v. 

X E.g. * a point’ for 4 an ordered number-pair, 7 ‘the circle of unit radius with centre at the 
origin’ for ‘the set of ordered number-pairs (x, y) which satisfy the condition 3 2 +y a =l,’ ‘the 
points of a straight line’ for ‘the set of ordered number-pairs (x, y) which satisfy a relation of 
the type Ax + By + C=0, * and so on 
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A *2. The exponential function exp z. 

The exponential function, of a complex variable 2 , is defined by the series* 

2 «3 00 2* 

«p*=l + _ + _ + _ + ... = l+2 i 

This series converges absolutely for all values of 2 (real and complex) by D’Alembert’s 
ratio test (§ 2*36) since lim | (zjn) |=0<1; so the definition is valid for all values of 2 . 


Further, the series converges uniformly throughout any bounded domain of values of 2 ; 
for, if the domain be such that | z | ^ R when z is in the domain, then 

\(z*/n))\^I!*/nl> 

and the uniformity of the convergence is a consequence of the test of Weierstrass (§ 3*34), 

ao 

by reason of the convergence of the series 1+2 (R n jn !), in which the terms are indepen- 

n=l 

dent of z. 


Moreover, since, for any fixed value of n, z n jn ! is a continuous function of 2 , it follows 
from § 3*32 that the exponential function is continuous for all values of z; and hence 
<cf. § 3*2), if z be a variable which tends to the limit f, we have 

lim exp 2 =exp (. 


A *21. The addition-theorem for the exponential function.^ and its consequences. 

From Cauchy’s theorem on multiplication of absolutely convergent series (§ 2*53), it 
follows that+ 

(exp 2l )(expc 2 )=(l+A +|^+...) ( 1 + fi + ^ + -) 

1 1 «i*+g»i*i+*** , 

1! 2! ■'■••• 

=exp («!+**), 

so that expfa+ 22 ) can be expressed in terms of exponential functions of z l and of z 2 by 
the formula 

exp fo +e 2 ) = (exp z x ) (exp z 2 ). 

This result is known as the addition-theorem for the exponential function. From it, 
we see by induction that 

(exp z x ) (exp z 2 )... (exp z n ) = expfa+a 2 +... +*«)> 

and, in particular, 

{exp 2 } {exp (- 2 )}—exp 0 = 1. 

From the last equation, it is apparent that there is no value of z for which exp 2=0 ; 
for, if there were such a value of 2 , since exp (— 2 ) would exist for this value of 2 , we 
should have 0=1. 

It also follows that, when x is real, exp #>0 ; for, from the series definition, exp x ^ 1 
when x >0; and, when #<0, exp.r= 1/exp (- o?)>0. 

* It was formerly customary to define exp 2 as lim ( 1 + -) , cf. Cauchy, Cours d'Analyse, 1 . 

\ n/ 

p. 167. Cauchy (ibid. pp. 168, 309) also derived the properties of the function from the series, 
but his investigation when z is not rational is incomplete. See also Schl5milch, Handbuch der 
dig. Analysis (1889), pp. 29, 178, 246. Hardy has pointed out (Math. Gazette , in. p. 284) that 
the limit definition has many disadvantages. 

t The reader will at once verify that the general term in the product series is 

... +zf)/}il = (z 1 +zj*ln !. 
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Further, exp > 2 ; is an increasing function of the real variable x; for, if A>0, 
exp (x + k )—exp x =exp x . {exp k — 1 } > 0 , 
because exp x>0 and exp k> 1 , 

Also, since {exp h - 1}/A* 1 -f (A/ 2 !) + (A 2 /3!) + ..., 

and the series on the right is seen (by the methods of § A-* 2 ) to be continuous for all 
values of A, we have 

lim {expA- 1 }/A= 1 , 
h-*o 

, dexpz exp (z+A)-exp z 

and so —*= lim—— J ^ = expz. 


A'22. Farzotw properties of the exponential function. 

Returning to the formula (exp z x ) (exp z ^)... (exp z n ) = exp (zi+*>+•••+^n)? we see that, 
when 71 is a positive integer, 

(exp 2 )*=exp (nz), 

and (exp z )“*=1 /(exp z)* = 1 /exp (tiz)= exp (- nz). 

In particular, taking z =1 and writing e in place of exp 1 = 2*71828..., we see that, 
when 77 i is an integer, positive or negative, 

e m =exp 771 = 1 + (mjl !) + (m 2 /2 !) + .... 

Also, if ft be any rational number (=p/q, where p and q are integers, q being positive) 
(exp fi ) q =exp fiq =exp p=e», 

so that the 5 th power of exp y. is e p ; that is to say, exp y is a value of e v!q —e* t ‘ i and it is 
obviously (§ A*21) the real positive value. 


If x be an irrational-real number (defined by a section in which a l and are typical 
members of the Z-class and the i?-class respectively), the irrational power e* is most 
simply defined as exp-r; we thus have, for all real values of x, rational and irrational. 


«*=! + 


II 


+ 



an equation first given by Newton* 


It is, therefore, legitimate to write e? for exp x when x is real, and it is customary to 
write e* for expz when z is complex. The function e* (which, of course, must not be 
regarded as being a power of e\ thus defined, is subject to the ordinary laws of indices, viz; 


«*. e f=« s +f «-*=!/«*. 


[Note. Tannery, Legons dAlgebre et d*Analyse (1906), 1 . p. 45, practically defines e*, 
when x is irrational, as the only number A r such that e ai for every a x and a^. 

From the definition we have given it is easily seen that such a unique number exists. 
For exp.r (=A) satisfies the inequality, and if X* ( 4 s X) also did so, then 

expa 2 -expa 1 =e <h “e ai A’''~AT|, 

so that, since the exponential function is continuous, a 2 — a x cannot be chosen arbitrarily 
small, and so (a u a 2 ) does not define a section.] 


* Be Analysi per aequat . num. term. inf. (written before 1669, but not published till 1711); 
it was also given both by Newton and by Leibniz in letters to Oldenburg in 1676 ; it was first 
published by Wallis in 1685 in his Treatise on Algebra, p. 848. The equation when x is irrational 
was explicitly stated by Schlomilch, Handbuch der alg. Analysis (1889), p. 182. 
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A *3. Logarithms of positive numbers *. 

It has been seen (§§ A*2, A*21) that, when x is real, exp# is a positive continuous 
increasing function of x, and obviously exp #-»-+ao as x-^+co, while 

exp#=l/exp( —as 

If, then, a be any positive number, it follows from § 3*63 that the equation in x, 

exp #=o, 

has one real root and only one. This root (which is, of course, a function of a) will be 
written t Log, <z or simply Log a; it is called the Logarithm of the positive number a . 

Since a one-one correspondence has been established between x and a, and since a is 
an increasing function of x, x must be an increasing function of a ; that is to say, the 
Logarithm is an increasing function. 

Example. Deduce from § A *21 that Log a +Log b =Log ab . 

A *31. The continuity of the Logarithm. 

It will now be shewn that, when a is positive, Log a is a continuous function of a . 

Let Log a—#, Log(a+A)=#+A, 

so that e x =a i eF* k ~a+h f l-f(A/a)=e*. 

First suppose that A> 0 , so that ir> 0 , and then 

1 + (A/a) = 1 +A+AA 2 + ...> 1 + 
and so 0 <A<A/a, 

that is to say 0<Log (a + h) -*■ Log a ch/a . 

Hence, h being positive, Log (a+A) — Log a can be made arbitrarily small by taking A 
sufficiently small. 

Next, suppose that A< 0 , so that k< 0 , and then a/(a+h)—e~ k . 

Hence (taking 0 < - Ac^o, as is obviously permissible) we get 
a/(a+A)«=l+(-A)+JA 2 +...>l-^, 
and so — h<— l+a/(a+A) = — A/(a-f A)< — 2h/a. 

Therefore, whether A be positive or negative, if < be an arbitrary positive number and 
if | A | be taken less than both and we have 

|kog(«+^)-I'Og CE l <«> 

and so the condition for continuity (§ 3*2) is satisfied. 

A *32. Differentiation of the Logarithm. 

Retaining the notation of § A*31, we see, from results there proved, that, if A -*-0 
{a being fixed), then also Therefore, when a> 0 , 

rfLog® i. b 11 

da «* 

Since Log 1 =0, we have, by § 4*13 example 3, 

Log a*= j r~ l dt . 

* Many mathematicians define the Logarithm by the integral formula given in § A*32. The 
reader should consult a memoir by Hurwitz (Math. Ann. lxx. (1911), pp. 33-47) on the founda¬ 
tions of the theory of the logarithm. 

f This is in agreement with the notation of most text-books, in which Log denotes the 
principal value (see § A*6) of the logarithm of a complex number. 
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A'33. The expansion of Log (I -f a) in powers of a. 
From § A *32 we have 


Log (!+“)*■ I" 


(l+ 0 _1 * 




where JS K =(—1^(1+t)~ 1 di. 

Now, if - l<a<l, we have 

=|a|-^{(n+l)(l-|a|)}-> 

-►0 as n-^oo. 

Hence, when -l<a<l, Log ( 1 -fa) can be expanded into the convergent series* 
Log (I+«)=«-Jo^+Jcs 3 - ...= 2 ( — ) n ~ 1 a H ln. 

n=l 

If a— +1, 

12 e»|= j^ i t a (l + t)~ 1 clt< j 1 l*dt=(n+l)~ 1 -+-Q as n-*-oo 3 
so the expansion is valid when a=+l; it is not valid when a~ - 1 . 


Example. Shew that 
[We have 


lim (l -f =«. 
n) 


= 1 , 


and the result required follows from the result of § A *2 that lim e**=«C] 

A*4. The definition of the sine and cosine. 

The functions + sin z and cos z are defined analytically by means of power series, thus 

00 (—) w 2 2n + 1 

■Jo (S»+l)l ’ 


2 > . * 

‘ Z 3! + 5!~* 


cos * =i -S + S--= i+ * 


(- Yff . 


21 41 - »=! ( 2 n)! 1 

these series converge absolutely for all values of z (real and complex) by § 2*36, and so the 
definitions are valid for all values of z. 


On comparing these series with the exponential series, it is apparent that the sine and 
cosine are not essentially new functions, but they can be expressed in terms of exponential 
functions by the equations J 

2 i sin 2 =exp ( iz )—exp ( — is), 2 cos 2 =exp (iz) 4 - exp (— iz). 


* This method of obtaining the Logarithmic expansion is, in effect, due to Wallis, Phil. 
Trans, n. (1668), p. 754. 

t These series were given by Newton, De Analyst... (1711), see § A *22 footnote. The other 
trigonometrical functions are defined in the manner with which the reader is familiar, as 
quotients and reciprocals of sines and cosines. 

t These equations were derived by Euler [they were given in a letter to Johann Bernoulli in 
1740 and published in the Hist . Acad. Berlin, v. (1749), p. 279] from the geometrical definitions 
of the sine and cosine, upon which the theory of the circular functions was then universally 
based. 
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It is obvious that sin 2 and cos 2 are odd and even functions of 2 respectively; that is 
to say 

sin (- 2) — - sin 2 , cos (- 2 )=cos 2 . 

A * 41 . The fundamental properties of sin z and cos 2 . 

It may be proved, just as in the case of the exponential function (§ A*2), that the series 
for sin 2 and cos 2 converge uniformly in any bounded domain of values of 2 , and con¬ 
sequently that sin 2 and cos 2 are continuous functions of 2 for all values of 2 . 

Further, it may be proved in a similar manner that the series 



defines a continuous function of 2 for all values of 2, and, in particular, this function 
is continuous at 2=0, and so it follows that 

lim (2” 1 sin z) = 1 . 

A *42. The addition-theorems for sin 2 and cos 2. 

By using Euler’s equations (§ A* 4 ), it is easy to prove from properties of the exponential 
function that 

sin (z x +2 2 )=sin z t cos z % 4-cos z x sin 2* 
and cos (z 1 +z 2 ) - cos z x cos — sin z x sin 2* ; 

these results are known as the addition-theorems for sin 2 and cos 2. 

It may also be proved, by using Euler's equations, that 

sin 2 2 4* cos 2 2=1. 

By means of this result, sin(2 l +2 2 ) can be expressed as an algebraic function of sin?! 
and sin z 2y while cos 4-22) can similarly be expressed as an algebraic function of cos?! 
and cos z?; so the addition-formulae may be regarded as addition-theorems in the strict 
sense (cf. §§ 20 * 3 , 22*732 note). 

By differentiating Euler’s equations, it is obvious that 

dsin? dcoaz 

—=cos 2, —3— = - am 2. 

dz dz 

Example, Shew that 

sin 2?=2 sin z cos 2, cos 2z—2 cos 2 2 — 1 ; 
these results are known as the duplication-formulae. 

A*5. The periodicity of the exponential function. 

If z x and 22 are such that exp z x =exp z 2y then, multiplying both sides of the equation by 
exp (- 2j), we get exp (21-22) = 1 ; and writing y for z 1 -z 2 , we see that, for all values of 2 
and all integral values of n, 

exp (2 4 - ny) =exp 2. (exp y) n =exp 2. 

The exponential function is then said to have period y, since the effect of increasing 
2 by y, or by an integral multiple thereof, does not affect the value of the function. 

It will now be shewn that such numbers y (other than zero) actually exist, and that all 
the numbers y, possessing the property just described, are comprised in the expression 

2 nni, (»=± 1 , ± 2 , ± 3 ,...) 

where ir is a certain positive number* which happens to be greater than 2 V 2 and less 
than 4 . 

* The fact that x is an irrational number, whose value is 3*14159..., is irrelevant to the 
present investigation. For an account of attempts at determining the value of x, concluding 
with a proof of the theorem that x satisfies no algebraic equation with rational coefficients, see 
Hobson's monograph Squaring the Circle (1913). 
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A* 51 . The solution of the equation exp y—1. 

Let y=a+ifi, where a and p are real; then the problem of solving the equation 
expy=l is identical with that of solving the equation 

exp a . exp *£= 1. 

Comparing the real and imaginary parts of each side of this equation, we have 
expa.cos£=l, expa.sin£=0. 

Squaring and adding these equations, and using the identity cos 2 £-fsin 2 £== 1, we get 

exp 2a= 1. 

Now if a were positive, exp 2a would be greater than 1, and if a were negative, exp 2a 
would be less than 1; and so the only possible value for a is zero. 

If follows that cosj3=l, siny9=0. 

Now the equation sinj3 = 0 is a necessary consequence of the equation cos£=l, on 
account of the identity eos 2 £+sm 2 j3= 1. It is therefore sufficient to consider solutions 
(if such solutions exist) of the equation cos0—1. 

Instead, however, of considering the equation cos/9 = 1, it is more convenient to 
consider the equation* cos x =0. 

It will now be shewn that the equation cos^—0 has one root, and only one, lying 
between 0 and 2, and that this root exceeds >/2; to prove these statements, we make use 
of the following considerations: 


(I) The function cos a? is certainly continuous in the range 0<#^2. 

(II) When 0 ^ x ^ v '2, we have t 


** a*. 






1 2! 5 * 0 ’ 4! 6!^°’ 8! 10!’ 

and so, when 0 ^x ^^2, cos# > 0. 

(III) The value of cos 2 is 

1 - ,+ *-®( , -o)-S( , -irH)-"—»-■<“• 

(IV) When 0 <x ^2, 

sin or / x*\ or 4 /_ x 2 \ , _ .r 2 . 

x \ 6') + 12o( 1 6.7,) + "' >1 

and so, when 0 ^ x ^ 2, sin x > \x. 

It follows from (II) and (III) combined with the results of (I) aud of § 3*63 that the 
equation cosx—0 has at least one root in the range <J2<x< 2 , and it has no root in the 
range 0 ^x<v/2. 


Further, there is not more than one root in the range J2<x<2\ for, suppose that 
there were two, x x and x 2 (x % >x {); then 0<x 2 -x 1 <2-J2<1, and 
sin (x % -#{)*= sin x 2 cos x x -sin x^ cosx 2 =0 , 
and this is incompatible with (IV) which shews that sin (x 2 —a^) ^ J (x $ - x^). 

The equation cosj?«0 therefore has one and only one root lying between 0 and 2. This 
root lies between */2 and 2, and it is called \n ; and, as stated in the footnote to § A *5, its 
actual value happens to be 1*57079.... 


* If cos x=0, it is an immediate consequence of the duplication-formulae that cos 2x = -1 
and thence that cos4x=l, so, if x is a solution of cos x=0, 4x is a solution of cos /9=1. 

t The symbol ^ may be replaced by > except when x—»J2 in the first place where it occurs, 
and except when £=0 in the other places. 
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From the addition-formulae, it may be proved at once by induction that 
cos nr =(— 1 )*, 8intt7r*»0, 

where n is any integer. 

In particular, cos2nrr=l, where n is any integer. 

Moreover, there is no value of 0, other than those values which are of the form 2 nv y 
for which cos 0=1; for if there were such a value, it must be real*, and so we can 
choose the integer m so that 

— ir ^.2mir — 

We then have 

sin | mrr - £0 j « + sin (mtr - J0) = ± sin $0= ± 2“^ (1 - cos 0)^=0, 
and this is inconsistent + with sin | mjr-$01 ^ J | mtr - |01 unless 0=2 mtr. 

Consequently the numbers 2nir , (n=0, +1, ±2,...), and no other a, have their cosines 
equal to unity. 

It follows that a positive number n exists such that exp z has period 2m* and that 
exp 2 has no period fundamentally distinct from 2m. 

The formulae of elementary trigonometry concerning the periodicity of the circular 
functions, with which the reader is already acquainted, can now be proved by analytical 
methods without any difficulty. 

Example 1. Shew that sin hr is equal to 1, not to —1. 

Example 2. Shew that tan x>x when 0<#< 

[For cos#>0 and 

oo 

sin # *— # cos x = 2 

n=l 

and every term in the senes is positive.] 

Example 3. Shew that 1 - ~ ^ ^ is positive when #=—, and that 1 - y + ^ 

vanishes when #=(6 — 2 mm 1*5924...; and deduce that J 

3*125 <ir <3T85. 

A*52. The solution of a pair of trigonometrical equations . 

Let X, fi be a pair of real numbers such that X 2 +/i 2 =l. 

Then, if X+ -1, the equations 

cos#=X, sina? = ji 

have an infinity of solutions of which one and only one lies between § -ir and ir. 

First, let X and p be not negative; then (§ 3*63) the equation cos #=X has at least one 
solution #i such that since cos 0*1, cos£?r=0. The equation has not two 

solutions in this range, for if x x and x s were distinct solutions we could prove (cf. § A*51) 
that sin (x 1 -x 2 )—0, and this would contradict § A*51 (IV), since 

Further, sin#!= +V(1 — cos 2 #i)= +s/(l — X 2 )—/i, so x l is a solution of both equations. 

* The equation cos0=1 implies that exp t*0=l, and we have seen that this equation has no 
complex roots. 

+ The inequality is true by (IV) since 0 < | mx - $01 < \r<2. 

J See De Morgan, A Budget of Paradoxes (London, 1872), pp. 316 et seq., for reasons for 
proving that t>3|. 

§ If X= -1, are solutions and there are no others in the range (- a*, ir). 


(4 n 


[»-l ( j* l . 

=IU r- # “5Sl}' 
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The equations have no solutions in the ranges (-rr, 0 ) and (£w, ir) since, in these 
ranges, either sin# or cos# is negative. Thus the equations have one solution, and only 
one, in the range (—ir, tr). 

If X or ft (or both) is negative, we may investigate the equations in a similar manner; 
the details are left to the reader. 

It is obvious that, if x x is a solution of the equations, so also' is # 1 4 * 2 « 7 r, where n is 
any integer, and therefore the equations have an infinity of real solutions. 

A‘521. The principal solution of the trigonometrical equations. 

The unique solution of the equations cos#*=X, sin#**/* (where X 2 -f/* 2 =l) which lies 
between - ir and n is called the principal solution *, and any other solution differs from it 
by an integer multiple of 2tt. 

The principal value t of the argument of a complex number z (=# 0 ) can now be defined 
analytically as the principal solution of the equations 

\z\cm(f>=R( 2 ), jz| sin <£ = /(*), 
and then, if z=\z\. (cos d+i sin 6), 

we must have 6=<(>+2nir, and 6 is called a value of the argument of 2 , and is written 
arg 2 (cf. § 1*5). 


A*522. The continuity of the argument of a complex variable. 

It will now be shewn that it is possible to choose such a value of the argument 6 ( 2 ), of 
a complex variable 2, that it is a continuous function of 2, provided that 2 does not pass 
through the value zero. 

Let zq be a given value of 2 and let 6 0 be any value of its argument; then, to prove that 
3 ( 2 ) is continuous at z 0 , it is sufficient to shew that a number 61 exists such that #i=arg z 1 
and that [ 3 X - 3 0 I can be made less than an arbitrary positive number e by giving J z t -zq | 
any value less than some positive number rj. 

Let «b=# 0 +*y 0 » zi=^i + iyi. 

Also let | z x -zq I be chosen to be so small that the following inequalities are satisfied % : 

(I) | # x - # 0 1 < i |^0 i j provided that # 0 4= 0, 

(II) |yi-y 0 |<ilyol, provided that y Q *0, 

(ill) |*i—*o|<ifkl> lyi-yol<i«KI- 

From (I) and (II) it follows that # 0 #i and y 0 yi are not negative, and 
#o#i^# 0 2 , Wi>iyo 2 , 

so that # 0 #! +y 0 yi^i\ *o I 2 * 

Now let that value of &i be taken which differs from 3 0 by less than n; then, since 
# 0 and x x have not opposite signs and y 0 and y x have not opposite signs §, it follows from 
the solution of the equations of § A *52 that 3 1 and 6 0 differ hy less than far. 


tan 

xoxi+yoyi 


* If X= -1, we take +ir as the principal solution; cf. p. 9. 

f The term principal value was introduced in 1845 by Bjorling; see the Archiv der Math, 
und Phys. ix. (1847), p. 408. 

t (I) or (II) respectively is simply to be suppressed in the case when (i) # 0 =0, or when 
(ii) y 0 =0. 

§ The geometrical interpretation of these conditions is merely that 2 0 and z 2 are not in 
different quadrants of the plane. 
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and so (§ A*51 example 2), 

1 *»*i+yoyi 
„. !*>> (yi-yb)-yo(^-*»)l 
«b*i+yoyi 

< 212 b |“ s {| *o |. |yi-y« |+| y 0 1 .| * 1 -* 61 }. 
But |* 0 |<|*ol also |yol<|*o| > therefore 

I dj - d 0 J < 21 *o I" 1 {| yi - y» I+l*i “ |}< *• 


Further, if we take \ii- Zq| less than J|a%|, (if «*+<)) and£|yo|) (ifyo* 0 ) and J«|s 0 |, 
the inequalities (1), (II), (III) above are satisfied; so that, if 17 be the smallest of the 
three numbers* J|A* 0 |,ilyo|j i« I * 01 > by taking |-* 01 < 17 , we have j 0 i-d o |<«; and this 
is the condition that 6 (z) should be a continuous function of the complex variable a 


A *6. Logarithms of complex number*. 

The number {is said to be a logarithm of z if z=ef. 

To solve this equation in f, write +i»j, where £ and 17 are real; and then we have 

(cos Tf+i sin 17 ). 

Taking the modulus of each side, we see that |*|=c*, so that (§ A *3), £=Log|z|; and 
then 

| z |(cos 17 + i sin 17 ), 

so that 17 must be a value of argz. 

The logarithm of a complex number is consequently a many-valued function, and it 
can be expressed in terms of more elementary functions by the equation 

log zxs Log | z J + % aig z. 

The continuity of logs (when * 4 = 0 ) follows from § A*31 and § A*522, since \z\ is a 
continuous function of z. 

The differential coefficient of any particular branch of log 2 (§ 5*7) may be determined 
as in § A*32; and the expansion of § A*33 may be established for log (1 + a) when | a | < 1 . 

Corollary. If a* be defined to mean e z lo * a , a* is a continuous function of z and of a 
when a 4 = 0 . 


A*7. The analytical definition of an angle. 

Let z u 22 , z 3 be three complex numbers represented by the points P u P 2 , P 3 in the 
Argand diagram. Then the angle between the lines (§ A* 12 , footnote) P\P% and P\P 3 is 
defined to be any value of arg (*$ - z i) - &rg ( z 2 - z i)- 

It will now be shewn+ that the area (defined as an integral), which is bounded by two 
radii of a given circle and the arc of the circle terminated by the radii, is proportional to 
one of the values of the angle between the radii, so that an angle (in the analytical sense) 
possesses the property which is given at the beginning of all text-books on Trigonometry J. 

* If any of these numbers is zero, it is to be omitted. 

f The proof here given applies only to acute angles ; the reader should have no difficulty in 
extending the result to angles greater than and to the case when OX is not one of the 
bounding radii. 

X Euclid’s definition of an angle does not, in itself, afford a measure, of an angle; it is shewn 
in treatises on Trigonometry (cf. Hobson, Plane Trigonometry (1918), Ch. 1 ) that an angle is 
measured by twice the area of the sector which the angle cuts off from a unit circle whose centre 
is at the vertex of the angle. 
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1M (# 1 , jfj) be any point (both of whose coordinates are positive) of the circle 
Let 0 be the principal value of argfo+iyi), so that Q<.6<\ir. 
Thee the ana bounded b y OX and the line joining (0, 0) to (x 1} y x ) and the arc of the 

ctfrie joining (*,, jr t > to {«, 0) is J* f(*)dx> where* 

tan 0 (0 < * < a cos d), 

/(jr)»(a*-d^)^ (acoed<x<a), 
if an ana be defined as meaning a mutably chosen integral (cf. p. 61). 

It remains to be proved that j* f(x) dx is proportional to 6. 

**• r. f(x)ds—j* xtau 6dx+j (a*-x*)ldx 

- Ja*«n 6 ooe 6 +Jja* (a* -a?) ~ i +^ x (a*- x*)ij- dx 

=*$»* f (a*~x*)~ $dx 
J •*»$ 

on writing x—at and using the example worked out on p. 64. 

th- Th * t_*i *° **?’ **" **** ** ***• aector “ proportional to the angle of the sector. To 
7* *"**» *• »ewn that the popular conception of an angle is consistent with 
the analytical definition. 


Ths read*- *01 easily 


the geometrical interpretation of the integral by drawing a 
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[The numbers refer to the pages . References to theorems contained in a few of 
the more important examples are given by numbers in italics] 

Abel's discovery of elliptic functions, 429, 512; inequality, 16 ; integral equation, 211, 229, 230 ; 
method of establishing addition theorems, 442, 496, 497 , 530 , 534; special form, 4> m {z), of 
the confluent hypergeometric function, 353 ; test for convergence, 17; theorem on continuity 
of power series, 57; theorem on multiplication of convergent series, 58, 59 
Abridged notation for products of Theta-functions, 46S, 469; for quotients and reciprocals of 
elliptic functions, 494, 498 

Absolute convergence, 18, 28; Cauchy’s test for, 21; D’Alembert’s ratio test for, 22; De 
Morgan’s test for, 23 
Absolute value, see Modulus 

Absolutely convergent double series, 28; infinite products, 32; series, 18, (fundamental 
property of) 25, (multiplication of) 29 

Addition formula for Bessel functions, 357 , 380 ; for Gegenbauer’s function, 335 ; for Legendre 
polynomials, 326, 395; for Legendre functions, 328; for the Sigma-function, 451; for 
Theta-functions, 467; for the Jacobian Zeta-function and for E («), 518, 534 ; for the 
third kind of elliptic integral, 523 ; for the Weierstrassian Zeta-function, 446 
Addition formulae, distinguished from addition theorems, 519 

Addition theorem for circular functions, 535; for the exponential function, 531; for Jacobian 
elliptic functions, 494, 497, 530; for the Weierstrassian elliptic function, 440, 457; proofs 
of, by Abel’s method, 442, 496, 497, 530, 534 

Affix, 9 

Air in a sphere, vibrations of, 399 
Amplitude, 9 

Analytic continuation, 96, (not always possible) 98; and Borel’s integral, 141; of the hyper¬ 
geometric function, 288. See also Asymptotic expansions 
Analytic functions, 82-110 (Chapter v); defined, 83 ; derivates of, 89, (inequality satisfied by) 91; 
distinguished from monogenic functions, 99; represented by integrals, 92; Biemann’s 
equations connected with, 84; values of, at points inside a contour, 88; uniformly convergent 
series of, 91 

Angle, analytical definition of, 589; and popular conception of an angle, 589, 590 

Angle, modular, 492 

Area represented by an integral, 61, 589 

Argand diagram, 9 

Argument, 9, 588; principal value of, 9, 588; continuity of, 588 

Associated function, of Borel, 141; of Biemann, 183; of Legendre.[P n m ( 2 ) and Q n m ( 2 )], 323-326 
Asymptotic expansions, 150-159 (Chapter vm); differentiation of, 153; integration of, 153; 
multiplication of, 152; of Bessel functions, 368, 369, 371, 373, 374; of confluent hyper¬ 
geometric functions, 342,343; of Gamma-functions, 251, 276; of parabolic cylinder functions, 
347, 348.; uniqueness of, 153, 154 

Asymptotic inequality for parabolic cylinder functions of large order, 354 

Asymptotic solutions of Mathieu’s equation, 425 

Auto-functions, 226 

Automorphic functions, 455 

Axioms of arithmetic and geometry, 579 

Barnes’ contour integrals for the hypergeometric function, 286, 289; for the confluent hyper¬ 
geometric function, 343-345 
Barnes’ O-function, 264, 278 
Barnes’ Lemma, 289 
Basic numbers, 462 

BeraouUian numbers, 125 ; polynomials, 126,127 
Bertrand’s test for convergence of infinite integrals, 71 

Bessel coefficients [J*( 2 )], 101, 355; addition formulae for, 357; Bessel’s integral for, 362; 
differential equation satisfied by, 357; expansion of, as power series, 355; expansion of 
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functions in series of (by Neumann), 374, 875, 384, (by Schlomilch), $77; expansion of 
(t - z)~ l in series of, 374, 375, 376 ; expressible as a confluent form of Legendre functions, 
367; expressible as confluent hypergeometric functions, 358; inequality satisfied by, 379 ; 
Neumann’s function O n (z) connected with, see Neumann's function; order of, 356; recur- 
rence formulae for, 359; special case of confluent hypergeometric functions, 358, See also 
Bessel functions 

Bessel functions, 355-385 (Chapter xvn), J n (z) defined, 358-360; addition formulae for, 380 ; 
asymptotic expansion of, 368, 369, 371, 373, 374; expansion of, as an ascending series, 358, 
371; expansion of functions in series of, 374, 375, 377, 381; first kind of, 359; Henkel 5 s 
integral for, 365; integral connecting Legendre functions with, 364, 401 ; integral properties 
of, 380, 381, 384, 385; integrals involving products of, 380 , 383, 385; notations for, 356, 

372, 373; order of, 356; products of, 379, 380, 383, 385, 428 ; recurrence formulae for, 359, 

373, 374; relations between, 360, 371, 372; relation between Gegenbauer’s function and, 
378; Schlafli's form of Bessel's integral for, 362, 372; second kind of, Y* (z) (Hankel), 370; 
!'(*> (z) (Neumann), 372; Y n (z) (Weber-Schlafli), 370; second kind of modified, K n (z), 373; 
solution of Laplace's equation by, 395; solution of the wave-motion equation by, 397; 
tabulation of, 378; whose order is large, 368, 383; whose order is half an odd integer, 364; 
with imaginary argument, I n (z), K n (z), 372, 373, 384; zeros of, 361, 367, 378, 381. See 
also Bessel coefficients and Bessel’s equation 

Bessel’s equation, 204, 857, 373; fundamental system of solutions of (when n is not an integer), 
359, 372 ; second solution when n is an integer, 370, 373. See also Bessei functions 
Billet’s integrals for log T (z), 248-251 
Binomial theorem, 95 

Bdcher’s theorem on linear differential equations with five singularities, 203 

Bolzano's theorem on limit points, 12 

Bonnet's form of the second mean value theorem. 66 

Borel's associated function, 141; integral, 140; integral and analytic continuation, 141; method 
of * summing ’ series, 154; theorem (the modified Heine-Borel theorem), 53 

Boundary, 44 

Boundary conditions, 387 ; and Laplace’s equation, 398 
Bounds of continuous functions, 55 
Branch of a function, 106 
Branch-point, 106 

Burmann's theorem, 128; extended by Teixeira, 131 
Cantor's Lemma, 183 

Cauchy’s condition for the existence of a limit, 13; discontinuous factor, 123; formula for the 
remainder in Taylor’s series, 96; inequality for derivatives of an analytic function, 91; 
integral, 119; integral representing T ( 2 ), 248; numbers, 372 ; tests for convergence of series 
and integrals, 21, 71 

Cauchy’s theorem, 85; extension to curves on a cone, 87; Morera's converse of, 87, 110 
Cell, 430 

Ces&ro’s method of ‘ summing 5 series, 155; generalised, 156 

Change of order of terms in a series, 25; in an infinite determinant, 37; in an infinite product, 33 
Change of parameter (method of solution of Mathieu’s' equation), 424 

Characteristic functions, 226; numbers, 219; numbers associated with symmetric nuclei are 
real, 226 

Chartier’s test for convergence of infinite integrals, 72 
Circle, area of sector of, 589; limiting, 98 ; of convergence, 30 

Circular functions, -435, 584; addition theorems for, 585; continuity of, 585; differentiation 
of, 585; duplication formulae, 585; periodicity of, 587; relation with Gamma-functions, 
239 

Circular membrane, vibrations of, 356, 396 
Class, left (L), 4 ; right (R), 4 
Closed, 44 
Cluster-point, 13 

Coefficients, equating, 59; in Fourier series, nature of, 167,174; in trigonometrical series, values 
of, 163,165 

Coefficients of Bessel, see Bessel coefficients 

Comparison theorem for convergence of integrals, 71; for convergence of series, 20 
Complementary moduli, 479, 493; elliptic integrals with, 479, 501, 520 

Complete elliptic integrals [E, K, E', K r ] (first and second kinds), 498, 499, 518; Legendre’s re¬ 
lation between, 520; properties of (qua functions of the modulus), 484, 498, 499, 501, 521; 
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series for, 299 ; tables of, 518 ; the Gaussian transformation, 583; values for small values 
of |ft|, 521; values (as Gamma-functions) for special values of k, 524-527 ; with comple¬ 
mentary moduli, 479, 501, 520 
Complex integrals, 77 ; upper limit to value of, 78 
Complex integration, fundamental theorem of, 78 

Complex numbers, 3-10 (Chapter i), defined, 6 ; amplitude of, 9 ; argument of, 9, 588; dependence 
of one on another, 41; imaginary part of (I), 9 ; logarithm of, 589; modulus of, 8 ; real part 
of (12), 9; representative point of, 9 
Complex variable, continuous function of a, 44 

Computation of elliptic functions, 485; of solutions of integral equations, 211 
Conditional convergence of series, 18; of infinite determinants, 415. See also Convergence and 
Absolute convergence 
Condition of integrability (Riemann’s), 63 
Conditions, Dirichlet’s, 161, 163, 164, 176 
Conduction of Heat, equation of, 387 
Confluence, 202, 337 
Confluent form, 203, 337 

Confluent hypergeometric function [ff\ m (*)], 337-354 (Chapter xv); equation for, 337; general 
asymptotic expansion of, 342, 345; integral defining, 339; integrals of Barnes’ type for, 
343-345 ; Rummer’s formulae for, 338; recurrence formulae for, 352 ; relations with Bessel 
functions, 360; the functions W km (z) and M ktm (z), 337-339; the relations between functions 
of these types, 346; various functions expressed in terms of ( 2 ), 340, 352 , 353 , 360. See 
also Bessel functions and Parabolic cylinder functions 
Confocal coordinates, 405, 547; form a triply orthogonal system, 548; in association with 
ellipsoidal harmonics, 552; Laplace’s equation referred to, 551; uniformising variables 
associated with, 549 

Congruence of points in the Argand diagram, 430 
Constant, Euler’s or Mascheroni’s, [ 7 ], 235, 246, 248 

Constants e x , e 2 , e 3 , 443; E, E', 518, 520; of Fourier, 164; rji » ^ 2 » 446, (relation between 
and 172 ) 446 ; G, 469, 472 ; K, 484, 498, 499; K\ 484, 501, 503 
Construction of elliptic functions, 433, 478, 492; of Mathieu functions, 409, (second method) 
420 

Contiguous hypergeometric functions, 294 
Continua, 43 
Continuants, 36 

Continuation, analytic, 96, (not always possible^ 98; and Borel’s integral, 141; of the hyper¬ 
geometric function, 288. See also Asymptotic expansions 
Continuity, 41; of power series, 57, (Abel’s theorem) 57 ; of the argument of a complex variable, 
588; of the circular functions, 585 ; of the exponential function, 581; of the logarithmic 
function, 583, 589; uniformity of, 54 

Continuous functions, 41-60 (Chapter in), defined, 41; bounds of, 55; integrability of, 63; of a 
complex variable, 44 ; of two variables, 67 
Contour, 85; roots of an equation in the interior of a, 119 ,123 

Contour integrals, 85; evaluation of definite integrals by, 112-124; the Mellin-Barnes type of, 
286, 343 ; see also under the special function represented by the integral 
Convergence, 11-40 (Chapter 11 ), defined, 13, 15; circle of, 30; conditional, 18; of a double 
series, 27; of an infinite determinant, 36; of an infinite product, 32; of an infinite integral, 
70, (tests for) 71, 72; of a series 15, (Abel’s test for) 17, (Dirichlet’s test for) 17 ; of Fourier 
series, 174-179 ; of the geometric series, 19; of the hypergeoraetric series, 24; of the series 
19 ; of the series occurring in Mathieu functions, 422; of trigonometrical series, 161; 
principle of, 13 ; radius of, 30 ; theorem on (Hardy’s), 156. See also Absolute convergence, 
Non-uniform convergence and Uniformity of convergence 
Coordinates, confocal, 405, 547 ; orthogonal, 401, 548 
Cosecant, series for, 135 
Cosine, see Circular functions 

Cosine-integral [Ci(js)], 352 ; -series (Fourier series), 165 
Cotangents, expansion of a function in series of, 139 
Cubic function, integration problem connected with, 452, 512 
Cunningham’s function [w w , m (z)], 353 

Curve, simple, 43 ; on a cone, extension of Cauchy’s theorem to, 87 ; on a sphere (Seiffert’s 
spiral), 527 
Cut, 281 

Cylindrical functions, 355. See Bessel functions 
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D’Alembert’s ratio test for convergence of series, 22 

Barbour’ formula, 125 

Decreasing sequence, 12 

Dedekind’s theory of Irrational numbers, 4 

Deficiency of a plane curve, 455 

Definite Integrals, evaluation of, 111-124 (Chapter vz) 

Degree of Legendre functions, 302, 307, 324 

De la Vall4e Poussin's test for uniformity of convergence of an infinite integral, 72 
Do Morgan's test for convergence of series, 23 
Dependence of one complex number on another, 41 

Derangement of convergent series, 25; of doable series, 28; of infinite determinants, 37; of 
infinite products, 33, 34 

Derlv&tes of an analytic function, 89 : Cauchy’s inequality for, 91; integrals for, 89 
Derivates of elliptic functions, 430 
Determinant, Had&mard’s, 212 

Determinants, infinite, 36; convergence of, 36, (conditional) 415; discussed by Hill, 36, 415; 

evaluated by Hill in a particular case, 415 ; rearrangement of, 37 
Difference equation satisfied by the Gamma-function, 237 

Differential equations satisfied by elliptic functions and quotients of Theta-functions, 436, 477, 
492; (partial) satisfied by Theta-functions, 470; Weierstrass’ theorem on Gamma-functions 
and, 236. See also Linear differential equations and Partial differential equations 
Differentiation of an asymptotic expansion, 153; of a Fourier series, 168; of an infinite 
integral, 74 ; of an integral, 67; of a series, 79, 91; of elliptic functions, 430, 493 ; of the 
circular functions, 585; of the exponential function, 582; of the logarithmic function, 583, 
589 

Dirichlet’s conditions, 161, 163, 164, 176; form of Fourier’s theorem, 161, 163, 176; formula 
connecting repeated integrals, 75, 76, 77 ; integral, 252; integral for $ (z), 247 ; integral for 
Legendre functions, 314; test for convergence, 17 
Discontinuities, 42; and non-uniform convergence, 47; of Fourier series, 167, 169; ordinary, 42; 

regular distribution of, 212; removable, 42 
Discontinuous factor, Cauchy’s, 123 

Discriminant associated with Weierstrassian elliptic functions, 444, 550 
Divergence of a series, 15; of infinite products, 33 

Domain, 44 

Double circuit integrals, 256, 293 
Double integrals, 68, 254 

Double series, 26; absolute convergence of, 28; convergence of (Stolz’ condition), 27; methods 
of summing, 27; a particular form of, 51; rearrangement of, 28 
Doubly periodic functions, 429-535. See also Jacobian elliptic functions, Theta-function* and 
Weierstrassian elliptic functions 

Duplication formula for the circular functions, 585 ; for the Gamma-function, 240; for the 
Jacobian elliptic functions, 498 ; for the Sigma-function, 459 , 460 ; for the Theta-functions* 
488; for the Weierstrassian elliptic function, 441; for the Weierstrassian Zeta-funotion, 459 


Electromagnetic waves, equations for, 404 

Elementary functions, 82 

Elementary transcendental functions, 579-590 (Appendix). See also Circular functions. 
Exponential function and Logarithm 

Ellipsoidal harmonics, 536-578 (Chapter xxm); associated with oonfocal coordinates, 562; 
derived from Lame’s equation, 538-543, 552-554; external, 576; integral equations con¬ 
nected with, 567; linear independence of, 560; number of, when the degree is given, 546; 
physical applications of, 547; species of, 537; types of, 537. See also Lamp’s equation 
and Lam6 functions 

Elliptic cylinder functions, see Mathieu functions 

Elliptic functions, 429-535 (Chapters xx-xxn); computation of, 485; construction of, 433, 478; 
derivate of, 430 ; discovery of, by Abel, Gauss and Jacobi, 429, 512, 524; expressed by 
means of Theta-functions, 473; expressed by means of Weierstrassian functions, 448-451; 
general addition formula, 457 ; number of zeros (or poles) in a cell, 431, 432; order of, 
432; periodicity of, 429, 479, 500, 502, 503; period parallelogram of, 430; relation be¬ 
tween zeros and poles of, 433; residues of, 431, 504; transformations of, 508; with no 
poles (are constant), 431; with one double pole, 432, 434; with the same periods (relations 
between), 452; with two simple poles, 432, 491. See also Jacobian elliptic functions, 
Theta-functions and Weierstrassian elliptic functions 
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Elliptic integrals, 429, 512; first kind of, 515; function E (u) and, 517; function Z (w) and, 
518; inversion of, 429, 452, 454, 480, 484, 512, 524; second kind of, 517, (addition formulae 
for) 518, 519, 534 f (imaginary transformation of) 519; third kind of, 522, 523, (dynamical 
application of) 523, (parameter of) 522; three kinds of, 514. See also Complete elliptic 
integrals 

Elliptic membrane, vibrations of, 404 
Equating coefficients, 59,186 
Equation of degree m has in roots, 120 

Equations, indici&l, 198; number of roots inside a contour, 119, 123 ; of Mathematical Physics, 
203, 386-403; with periodic coefficients, 412. See also Difference equation. Integral 
equations. Linear differential equations, and under the names of special equations 
Equivalence of curvilinear Integrals, 83 
Error-function [Erf {x) and Erfe (.t)], 341 
Essential singularity, 102; at infinity, 104 
Eta-function [H (a)], 479, 480 

Eulerian integrals, first kind of [B (m, n)], 253; expressed by Gamma-functions, 254; extended 
by Pochhammer, 256 

Eulerian Integrals, second kind of, 241; see Gamma-function 

Euler’s constant [ 7 ], 235, 246, 248; expansion (Maclaurin’s), 127; method of ‘summing 1 series, 
155; product for the Gamma-function, 237; product for the Zeta-function of Riemann, 271 
Evaluation of definite integrals and of infinite Integral** 111-124 (Chapter vi) 

Evaluation of Hill’s infinite determinant, 415 

Even functions, 115,165; of Mathieu [ce^ (z, q)], 407 

Existence of derivatives of analytic function, 89; -theorems, 388 

Expansions of functions, 125-149 (Chapter vn); by Biirmann, 128, 131; by Darboux, 125; by 
Euler and Macl&urin, 127; by Fourier, see Fourier series; by Fourier (the Fourier-Bessel 
expansion), 381 ; by Lagrange, 132, 149 ; by Laurent, 100; by Maclaurin, 94; by Pincherle, 
149; by Plana, 145 ; by Taylor, 98; by Wronski, 147 ; in infinite products, 136; in series of 
Bessel coefficients or Bessel functions, 374, 875, 381 , 384; in series of cotangents, 139 ; in 
series of inverse factorials, 142; in series of Legendre polynomials or Legendre functions, 
310, 322, 330, 331 , 335 ; in series of Neumann functions, 374, 375, 384 ; in series of parabolic 
cylinder functions, 351; in series of rational functions, 134. See also Asymptotic expansions. 
Series, and under the names of special functions 

Exponential function, 581; addition theorem for, 581; continuity of, 581; differentiation of, 
582; periodicity of, 585 
Exponential-integral [Ei ( 2 )], 352 

Exponents at a regular point of a linear differential equation, 198 
Exterior, 44 

External Harmonics, (ellipsoidal) 576, (spheroidal) 403 

Factor, Cauchy’s discontinuous, 123 ; periodicity-, 463 
Factorials, expansion in a series of inverse, 142 
Factor-theorem of Weierstrass, 137 

Fej4r*s theorem on the summability of Fourier series, 169, 178 
Ferrers’ associated Legendre functions [P n m (*) and 1 Q n m ( 2 )], 323 

Flipt kind, Bessel functions of, 359; elliptic integrals of, 515, (complete) 518, (integration of) 
515; Eulerian integral of, 253, (expressed by Gamma-functions) 254; integral equation of, 
221; Legendre functions of, 307 
First mean-value theorem, 65, 96 

First species of ellipsoidal harmonic, 537, (construction of) 538 

Floquet’s solution of differential equations with periodic coefficients, 412 

Fluctuation, 56; total, 57 

Foundations of arithmetic and geometry, 579 

Fourier-Bessel expansion, 381 ; integral, 385 

Fourier constants, 164 

Fonrier series, 160-193 (Chapter ix); coefficients in, 167, 174; convergence of, 174-179; differ¬ 
entiation of, 168; discontinuities of, 167, 169; distinction between any trigonometrical 
series and, 160, 163; expansions of a function in, 163,165,175,176; expansions of Jacobian 
elliptic functions in, 510, 511; expansion of Mathieu functions in, 409, 411 ,414,420; Fej&’s 
theorem on, 169; Hurwitz-Liapounoff theorem on, 180; Parseval’s theorem on, 182; series 
of sines and series of cosines, 165; summability of, 169, 178; uniformity of convergence of, 
168,179. See also Trigonometrical series 
Fourier’s theorem, Dirichlet’s statement of, 161,163, 176 
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Fourier's theorem on integrals, 188, 211 

Fourth species of ellipsoidal harmonic, 537, (construction of) 542 
Fredholm's integral equation, 213-217, 228 
Functionality, concept of, 41 

Functions, branches of, 106; identity of two, 98; limits of, 42; principal parts of, 102; without 
essential singularities, 105; which cannot be continued, 98. See also under the name* of 
special functions or special types of functions , e.g. Legendre functions, Analytic functions 
Fundamental formulae of Jacobi connecting Theta-functions, 467, 488 
Fundamental period parallelogram, 430; polygon (of automorphic functions), 455 
Fundamental system of solutions of a linear differential equation, 197, 200, 389, 559. See alto 
under the names of special equations 

Gamma-function [r (-s)], 235-264 (Chapter xn); asymptotic expansion of, 251, 276; circular 
functions and, 239; complete elliptic integrals and. 524-527, 535 ; contour integral (Hankel’s) 
for, 244; difference equation satisfied by, 237; differential equations and, 236; duplication 
formula, 240; Euler’s integral of the first kind and, 254; Euler’s integral of the second 
kind, 241, (modified by Cauchy and Saalschritz) 243, (modified by Hankel) 244; Euler’s 
product, 237; incomplete form of, 341; integrals for, (Binet’s) 248-251, (Euler’s) 241; 
minimum value of, 253; multiplication formula, 240; series, (Kummer’s) 250 , (Stirling’s) 
251; tabulation of, 253; trigonometrical integrals and, 256; Weierstrassian product, 235, 
236. See also Eulerian integrals and Logarithmic derivate of the Gamma-function 
Gauss' discovery of elliptic functions, 429, 512, 524 ; integral for F' {z)JT (z), 246; lemniscate 
functions, see Lemniscate functions; transformation of elliptic integrals, 533 
Gegenbaueris function [C n v (z)], 329; addition formula, 335; differential equation for, 329; 
recurrence formulae, 330; relation with Legendre functions, 329; relation involving Bessel 
functions and, 385 ; Rodrigues’ formula (analogue), 329; Schlafli’s integral (analogue), 329 
Genus of a plane curve, 455 
Geometric series, 19 

Glaisheris notation for quotients and reciprocals of elliptic functions, 494, 498 
Greatest of the limits, 13 
Green's functions, 395 

Hadamard's lemma, 212 

Half-periods of Weierstrassian elliptic functions, 444 

Hankers Bessel function of the second kind, Y n (z), 370; contour integral for T (z), 244; integral 
for J n (z)t 865 

Hardy's convergence theorem, 156; test for uniform convergence, 50 

Harmonics, solid and surface, 392; spheroidal, 403; tesseral, 392, 536; zonal, 302, 392, 536; 

Sylvester’s theorem concerning integrals of, 400. See also Ellipsoidal harmonics 
Heat, equation of conduction of, 387 
Heine-Borel theorem (modified), 53 

Heine's expansion of (t - z)~ l in series of Legendre polynomials, 321 
Hermite’s equation, 204, 209 , 342, 347. See also Parabolic cylinder functions 
Hermlte's formula for the generalised Zeta-function £(s, a), 269 
Hermite's solution of Lame’s equation, 573-575 
Heun'a equation, 576 , 577 

Hill's equation, 406, 413-417; Hill’s method of solution, 413 
Hill's infinite determinant, 36, 40, 415; evaluation of, 415 
Hobson’s associated Legendre functions, 325 
Holomorphic, 83 

Homogeneity of Weierstrassian elliptic functions, 439 

Homogeneous harmonics (associated with ellipsoid), 543, 576; ellipsoidal harmonics derived 
from (Niven’s formula), 543; linear independence of, 560 

Homogeneous integral equations, 217, 219 

Hurwitx* definition of the generalised Zeta-function f(*, a), 265; formula for a ), 268; 

theorem concerning Fourier constants, 180 
Hypergeometric equation, see Hypergeometric functions 

Hypergeometric functions, 281-301 (Chapter xiv); Barnes’ integrals, 286, 289; contiguous, 294; 
continuation of, 288; contour integrals for, 291; differential equation for, 202 , 207 , 283 ; 
functions expressed in terms of, 281, 311; of two variables (Appell’s), 300; relations between 
twenty-four expressions involving, 284, 285, 290; Riemann’s P-equation and, 208, 283; 
series for (convergence of), 24, 281; squares and products of, 298; value of F {a, b; c; 1), 
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281, 293 ; values of special forms of hypergeometric functions, 298 , 301. See also Bessel 
functions, Confluent hypergeometric functions and Legendre functions 
Hypergeometric series, see Hypergeometric functions 
Hypothesis of Biemann on zeros of £(s), 272, 280 

Identically vanishing power series, 58 
Identity of two functions, 98 

Imaginary argument, Bessel functions with [ I n (z ) and Jjf n (z)], 372, 373, 384 
Imaginary part (I) of a complex number, 9 

Imaginary transformation (Jacobi's) of elliptic functions, 505, 506>535; of Theta-functions, 124 , 
474; of E ( u) and Z (u), 519 
Improper Integrals, 75 
Incomplete Gamma-functions [ 7 ( 12 , #)], 341 
Increasing sequence, 12 
Indlcial equation, 198 

Inequality (Abel's), 16; (Hadamard’s), 212; satisfied by Bessel coefficients, 379; satisfied by 
Legendre polynomials, 303; satisfied by parabolic cylinder functions, 354; satisfied by 
t (s, a), 274, 275 

Infinite determinants, see Determinants 

Infinite integrals, 69; convergence of, 70, 71, 72; differentiation of, 74; evaluation of, 111-124; 
functions represented by, see under the names of special functions; representing analytic 
functions, 92; theorems concerning, 73; uniform convergence of, 70, 72, 73. See also 
Integrals and Integration 

Infinite products, 32; absolute convergence of, 32; convergence of, 32; divergence to zero, 33; 
expansions of functions as, 136, 137 (see also under the names of special functions) ; expressed 
by means of Theta-functions, 473 , 488 ; uniform convergence of, 49 

Infinite Beries, see Series 

Infinity, 11, 103; essential singularity at, 104; point at, 103; pole at, 104; zero at, 104 
Integers, positive, 3; signless, 3 

Integrability of continuous functions, 63; Riemann's condition of, 63 
Integral, Borel's, 140; and analytic continuation, 141 
Integral, Cauchy's, 119 
Integral, Dlrichlet’s, 258 

Integral equations, 211-231 (Chapter xi); Abel's, 211, 229, 230; Fredholm's, 213-217, 228; 
homogeneous, 217, 219; kernel of, 213; Liouville-Neumann method of solution of, 221; 
nucleus of, 213; numbers (characteristic) associated with, 219; numerical solutions of, 211; 
of the first and second kinds, 213, 221; satisfied by Lame functions, 564-567; satisfied by 
Mathieu functions, 407; satisfied by parabolic cylinder functions, 231 ; Schlomilch’s, 229; 
solutions in series, 228; Yolterra’s, 221; with variable upper limit, 213, 221 
Integral formulae for ellipsoidal harmonics, 567; for the Jacobian elliptic functions, 492, 494; 

for the Weierstrassian elliptic function, 437 
Integral functions, 106; and Lamp’s equation, 571; and Mathieu’s equation, 418 
Integral properties of Bessel functions, 380, 381 , 385 ; of Legendre functions, 225, 30*5, 324; of 
Mathieu functions, 411; of Neumann’s function, 385 ; of parabolic cylinder functions, 350 
Integrals, 61-81 (Chapter iv); along curves (equivalence of), 87; complex, 77, 78; differentiation 
of, 67; double, 68, 255; double-circuit, 2.56, 293; evaluation of, 111-124; for derivates of an 
analytic function, 89; functions represented by, see under the names of the special functions ; 
improper, 75; lower, 61; of harmonics (Sylvester’s theorem), 400; of irrational functions, 
452, 512; of periodic functions, 112; principal values of, 75, 117; regular, 201; repeated, 
68, 75; representing analytic functions, 92; representing areas, 61, 589; round a contour, 
85 ; upper, 61. See also Elliptic integrals, Infinite integrals, and Integration 
Integral theorem, Fourier’s, 188, 211; of Fourier-Bessel, 385 

Integration, 61; complex, 77; contour-, 77; general theorem on, 63; general theorem on 
complex, 78; of asymptotic expansions, 153; of integrals, 68, 74, 75; of series, 78; pro¬ 
blem connected with cubics or quartics and elliptic functions, 452, 512. See also Infinite 
integrals and Integrals 
Interior, 44 

Internal spheroidal harmonics, 403 

Invariants of Weierstrassian elliptic functions, 437 

Inverse factorials, expansions in series of, 142 

Inversion of elliptic integrals, 429, 452, 454 , 480, 484, 512, 524 

Irrational functions, integration of, 452, 512 

Irrational-real numbers, 5 
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Irreducible set of zeros or poles, 430 

Irregular points (singularities) of differential equations, 197, 202 
Iterated functions, 222 

Jacobian elliptic functions [sn u, cn u, dn u] % 432,478, 491-535 (Chapter xxii) ; addition theorems 
for, 494, 497, 530, 535 ; connexion with Weierstrassian functions, 505; definitions of am u, 
sn« (sin am m), cn u, dn w, 478, 492, 494; differential equations satisfied by, 477, 492 ; 
differentiation of, 493; duplication formulae for, 498 ; Fourier series for, 510, 511, 535 ; 
geometrical illustration of, 524, 527; general description of, 504; Glaisher’s notation for 
quotients and reciprocals of, 494 ; infinite products for, 508, 532 ; integral formulae for, 492, 
494 ; Jacobi’s imaginary transformation of, 505, 506; Lamd functions expressed in terms of, 
564, 573; Landen’s transformation of, 507; modular angle of, 492; modulus of, 479, 492, 
(complementary) 479, 493; parametric representation of points on curves by, 524, 527, 527, 
533 ; periodicity of, 479, 500, 502, 503; poles of, 432, 503, 504; quarter periods, K, iK of, 
479, 498, 499, 501; relations between, 492; residues of, 504; Seiffert’s spherical spiral and, 
527; triplication formulae, 530, 534, 535 ; values of, when u is %iK f or \ ( K+iK '), 500, 
506,507 ; values of, when the modulus is small, 532 . See also Elliptic functions, Elliptic 
integrals, Lemnisc&te functions, Hie tar functions , and Weierstrassian elliptic functions 
Jacobi’s discovery of elliptic functions, 429, 512; earlier notation for Theta-functions, 479; 
fundamental Theta-function formulae, 467, 488; imaginary transformations, 124 , 474, 505, 
506, 519, 535 ; Zeta-function, see wider Zeta-function of Jacobi 
Jordan's lemma, 115 

Kernel, 213 

Klein’s theorem on linear differential equations with five singularities, 203 
Kummer’s formulae for confluent hypergeometric functions, 338; series for logT (z), 250 

Lacnnaiy function, 98 

Lagrange’s expansion, 132, 149 ; form for the remainder in Taylor’s series, 96 
Lam6 functions, defined, 558; expressed as algebraic functions, 556, 577 ; expressed by Jacobian 
elliptic functions, 573-575; expressed by Weierstrassian elliptic functions, 570-572; integral 
equations satisfied by, 564-567; linear independence of, 559; reality and distinctness of 
zeros of, 557, 558 , 578 ; second kind of, 562 ; values of, 558 ; zeros of (Stieltjes’ theorem), 
560. See also Lamp’s -equation and Ellipsoidal harmonics 
Lamp’s equation, 204, 536-578 (Chapter xxm); derived from theory of ellipsoidal harmonics, 
588-543, 552-554; different forms of, 554, 573; generalised, 204, 570, 573, 576, 577; 
series solutions of, 556, 577,578 ; solutions expressed in finite form, 459, 556, 576, 577 , 578; 
solutions of a generalised equation in finite form, 570, 573. See also Lamd functions and 
Ellipsoidal harmonics 

Landen’s transformation of Jacobian elliptic functions, 476, 507, 533 

Laplace’s equation, 386; its general solution, 388; normal solutions of, 553; solutions involving 
functions of Legendre and Bessel, 391, 395; solution with given boundary conditions, 393; 
symmetrical solution of, 399; transformations of, 401, 407, 551, 553 
Laplace’s integrals for Legendre polynomials and functions, 312, 313, 314, 319, 326, 337 

Laurent's expansion, 100 
Least of limits, 13 
Lebesgne*s lemma, 172 
Left (L-) class, 4 

Legendre’s equation, 204, 304; for associated functions, 324; second solution of, 316. See also 

Legendre functions and Legendre polynomials 

Legendre functions, 302-336 (Chapter xv); PJz), Q n (z), P n m (z), Q n m (z) defined, 306, 316, 323, 
325; addition formulae for, 328, 395; Bessel functions and, 364 , 367, 401 ; degree of, 307, 
324; differential equation for, 204, 306, 324; distinguished from Legendre polynomials, 
306; expansions in ascending series, 311, 326; expansions in descending series, 302, 317, 
326, 334 ; expansion of a function as a series of, 334; expressed by Murphy as hypergeometric 
functions, 311, 312 ; expression of Q n (z) in terms of Legendre polynomials, 319 , 320, 333 ; 
Ferrers’ functions associated with, 323, 324; first kind of, 307; Gegenbauer’s function, 
C n v (z), associated with, see Gegenbauer’s function ; Heine’s expansion of («-*)“* as a series 
of, 321; Hobson’s functions associated with, 325; integral connecting Bessel functions with, 
364; integral properties of, 324; Laplace’s integrals for, 312, 813, 319, 326, 334; Mehler- 
Dirichlet integral for, 314; order of, 326; recurrence formulae for, 307, 318; Schl&fli’s 
integral for, 304, 306; second kind of, 316-320, 325, 326; summation of 5 h n P n (z) and 
Q n (z ), 302, 321 ; zeros of, 303, 316, 335 . See also Legendre polynomials and Legendre's 
equation 

Legendre polynomials [P n (*)], 95, 302; addition formula for, 326, 387; degree of, 302; differ¬ 
ential equation for, 204, 304; expansion in ascending series, 311; expansion in descending 
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series, 302, 334 ; expansion of a function as a series of, 310, 322, 330 f 331, 332 , 335 ; 
expressed by Murphy as a hypergeometric function, 311, 312 ; Heine’s expansion of (£ - z)“ x 
as a series of, 321; integral connecting Bessel functions with, 364 ; integral properties of, 
225, 305; Laplace’s equation and, 391; Laplace’s integrals for, 312, 314 ; Menler-Diriehlet 
integral for, 314; Neumann’s expansion in series of, 322; numerical inequality satisfied by, 
803 ; recurrence formulae for, 307,309; Rodrigues’ formula for, 225 , 303; Schlafli’s integral 
for, 303, 304 ; summation of P n (z), 302; zeros of, 303 , 316. See also Legendre functions 
«egendre’s relation between complete elliptic integrals, 520 
-exnniscate functions [sin lemn <p and cos lemn <p\, 524 
dapounoff’s theorem concerning Fourier constants, 180 
jimit, condition for existence of, 13 

^imit of a function, 42; of a sequence, 11, 12; -point (the Bolzano-Weierstrass theorem), 12 

limiting circle, 98 

limits, greatest of and least of, 13 

limit to the value of a complex integral, 78 

Mndemann’s theory of Mathieu’s equation, 417; the similar theory of Lame’s equation, 570 
linear differential equations, 194-210 (Chapter x), 386-403 (Chapter xvm); exponents of, 198; 
fundamental system of solutions of, 197, 200; irregular singularities of, 197, 20*2 ; ordinary 
point of, 194; regular integral of, 201; regular point of, 197; singular points of, 194, 197, 
(confluence of) 202 ; solution of, 194, 197, (uniqueness of) 196; special types of equations: 
—Bessel’s for circular cylinder functions, 204, 342, 357, 358, 373; Gauss’ for hypergeo¬ 
metric functions, 202, 207 , 283 ; Gegenbauer’s, 329 ; Hermite’s, 204, 209, 342, 347; Hill’s, 
406, 413; Jacobi’s for Theta-functions, 463; Lamp’s, 204, 540-543, 554-558, 570-575; 
Laplace’s, 386, 388, 536, 551; Legendre’s for zonal and surface harmonics, 204, 304, 324; 
Mathieu’s for elliptic cylinder functions, 204, 406; Neumann’s, 385 ; Riemann’s for 
P-functions, 206, 283, 291, 294; Stokes’, 204; Weber’s for parabolic cylinder functions, 
204, 209, 342, 347; Whittaker’s for confluent hypergeometric functions, 337 ; equation for 
conduction of Heat, 387; equation of Telegraphy, 387; equation of wave motions, 386, 397, 
402; equations with five singularities (the Klein-Bocher theorem), 203; equations with three 
singularities, 206; equations with two singularities, 208; equations with r singularities, 
209 ; equation of the third order with regular integrals, 210 
LlOuVlUe’8 method of solving integral equations, 221 
Liouville’s theorem, 105, 431 

Logarithm, 583; continuity of, 583, 589; differentiation of, 586, 589; expansion of, 584, 589; 
of complex numbers, 589 

Logarithmic derivate of the Gamma-function (*)], 240, 241; Binet’s integrals for, 248-251; 

circular functions and, 240;. Dirichlet’s integral for, 247; Gauss’ integral for, 246 
Logarithmic derivate of the Riemann Zeta-fnnction, 279 
Logarithmic-Integral function [Liz], 841 
Lower integral, 61 

Lunar perigee and node, motions of, 406 

Macl&urin’s (and Euler’s) expansion, 127; test for convergence of infinite integrals, 71; series, 
94, (failure of) 104 , 110 
Many-valued functions, 106 
Maschteroni’e constant [ 7 ], 285, 246, 248 

Mathematical Physics, equations of, 203, 386-403 (Chapter xvm). See also under Linear dif¬ 
ferential equations and the names of special equations 
Mathieu functions [ce„(z, q), te n (z, q), in*(z, q) j, 404-428 (Chapter six); construction of, 409, 
420; convergence of series in, 422; even and odd, 407; expansions as Fourier series, 409, 
411, 420; integral equations satisfied by, 407, 409; integral formulae, 411; order of, 410; 
second kind of, 427 

Mathieu’s equation, 204, 404-428 (Chapter xix); general form, solutions by Floquet, 412, by 
Lindemann and Stieltjes, 417, by the method of change of parameter, 424; second solution 
of, 413, 420, 427 ; solutions in asymptotic series, 425; solutions which are periodic, see 
M&thieu f unct ions ; the integral function associated with, 418. See also Hill’s equation 
Mean-value theorems, 65, 66 , 96 
Mehler’s integral for Legendre functions, 314 
Mellln’8 (and Barnes’) type of contour integral, 286, 343 
Membranes, vibrations of, 356, 396, 404, 405 
Mesh, 430 

Methods of * summing ’ series, 154-156 
Minding 5 * formula, 119 
awniimitn value of r (x) , 253 
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Modified Heine-Borel theorem, 53 

Modular angle, 492 ; function, 481, (equation connected with) 482; -surface, 41 
Modulus, 430; of a complex number, 8; of Jacobian elliptic functions, 479/492, (complementary) 
479, 493; periods of elliptic functions regarded as functions of the, 484, 498, 499, 501, 521 
Monogenic, 83; distinguished from analytic, 99 
Monotonic, 57 

Morer&’s theorem (converse of Cauchy’s theorem), 87 ,110 
Motions of lunar perigee and node, 406 
M-test for uniformity of convergence, 49 

Multiplication formula for V (; z ), 240; for the Sigma-function, 460 

Multiplication of absolutely convergent series, 29; of asymptotic expansions, 152; of convergent 
series (Abel’s theorem), 58, 59 
Multipliers of Theta-functions, 463 

Murphy’s formulae for Legendre functions and polynomials, 311, 312 

Neumann’s definition of Bessel functions of the second kind, 372; expansions in series of 
Legendre and Bessel functions, 322, 374; (F. E. Neumann’s) integral for the Legendre 
function of the second kind, 320; method of solving integral equations, 221 
Neumann’s function [0*(z)]» 874; differential equation satisfied by, 385; expansion of, 374; 
expansion of functions in series of, 376, 384; integral for, 375; integral properties of, 
385; recurrence formulae for, 375 
Non-uniform convergence, 44; and discontinuity, 47 
Normal functions, 224 
Normal solutions of Laplace’s equation, 553 

Notations, for Bessel functions, 356, 372, 373; for Legendre functions, 325, 326; for quotients 
and reciprocals of elliptic functions, 494, 498; for Theta-functions, 464, 479, 487 
Nucleus of an integral equation, 213 ; symmetric, 223, 228 

Numbers, 3-10 (Chapter i); basic, 462; Bernoulli’s, 125; Cauchy’s, 379; characteristic, 219, 
(reality of) 226; complex, 6; irrational, 6; irrational-real, 5; pairs of, 6; rational, 3, 4; 
rational-real, 5 ; real, 5 

Odd functions, 115, 166; of Mathieu, [se n ( z , g)] t 407 
Open, 44 

Order (O and o), 11; of Bemoullian polynomials, 126; of Bessel functions, 356; of elliptic 
functions, 432; of Legendre functions, 324; of Mathieu functions, 410; of poles of a 
function, 102; of terms in a series, 25; of the factors of a product, 33; of zeros of a 
function, 94 

Ordinary discontinuity, 42 

Ordinary point of a linear differential equation, 194 
Orthogonal coordinates, 394; functions, 224 
Oscillation, 11 

Parabolic cylinder functions [D n ( 2 )], 347; contour integral for, 349; differential equation for, 
204, 209, 347; expansion in a power series, 347; expansion of a function as a series of, 351; 
general asymptotic expansion of, 348; inequalities satisfied by, 354; integral equation 
satisfied by, 231 ; integral properties, 350; integrals involving, 353 ; integrals representing, 
353; properties when n is an integer, 350, 353 , 354; recurrence formulae, 350; relations 
between different kinds of [L n (z) and L_ n _ 1 (i{z)], 348; zeros of, 354. See also Weber’s 
equation 

Parallelogram of periods, 430 

Parameter, change of (method of solving Mathieu’s equation), 424; connected with Theta- 
functions, 463, 464; of a point on a curve, 442, 496, 497 , 527 , 530 , 533 ; of members of 
confocal systems of quadrics, 547; of third kind of elliptic integral, 522; thermometric, 405 
Parseval’s theorem, 182 

Partial differential equations, property of, 390, 391 . See also Linear differential equations 
Partition function, 462 
Parts, real and imaginary, 9 
Pearson's function 

P-eqaation, Biemann’s, 206, 337; connexion with the hypergeometric equation, 208, 283; solu¬ 
tions of, 283, 291, (relations between) 294 ; transformations of, 207 
Periodic coefficients, equations with (Floquet’s theory of), 412 

Periodic functions, integrals involving, 112, 256. See also Fourier series and Doubly periodic 
functions 
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Periodicity factors, 463 

Periodicity of circular and exponential functions, 585-587; .of elliptic functions, 429, 434, 479, 
500, 502, 503; of Theta-functions, 463 
Periodic solutions of Mathieu’s equation, 407 
Period-parallelogram, 430; fundamental, 430 

Periods of elliptic functions, 429; qua functions of the modulus, 484, 498, 499, 501, 521 

Phase, 9 

Pincherle’a functions (modified Legendre functions), 335 

Flan&’s expansion, 145 

Pochhanuner’s extension of Eulerian integrals, 256 

Point, at infinity, 103; limit-, 12; representative, 9 ; singular, 194, 202 

Poles of a function, 102; at infinity, 104; irreducible set of, 430; number in a cell, 431; relations 
between zeros of elliptic functions and, 433; residues at, 432, 504; simple, 102 
Polygon, (fundamental) of automorphic functions, 455 

Polynomials, expressed as series of Legendre polynomials, 310; of Abel, 353; of Bernoulli, 126, 
127; of Legendre, see Legendre polynomials ; of Sonine, 352 
Popular conception of an angle, 589 ; of continuity, 41 
Positive integers, 3 

Power series, 29; circle of convergence of, 30; continuity of, 57, (Abel’s theorem) 57; expan¬ 
sions of functions in, see under the names of special functions ; identically vanishing, 58; 
Maclaurin’s expansion in, 94; radius of convergence of, 30, 32; series derived from, 31; 
Taylor’s expansion in, 93; uniformity of convergence of, 57 
Principal part of a function, 102; solution of a certain equation, 482; value of an integral, 75, 
117; value of the argument of a complex number, 9 , 588 
Principle of convergence, 13 

Prlngshelm’s theorem on summation of double series, 28 

Products of Bessel functions, 379 , 380 , 383, 385, 428; of hypergeometric functions, 298. See 
also Infinite products 

Quarter periods K, iK', 479, 498, 499, 501. See also Elliptic integrals 
Qn&rtic, canonical form of, 513; integration problem connected with, 452, 512 
Quasi-periodicity, 445, 447, 463 

Quotients of elliptic functions (Glaisher’s notation), 494, 511; of Theta-functions, 477 

Radius of convergence of power series, 30, 32 

Rational functions, 105; expansions in series of, 134 

Rational numbers, 3, 4; -real numbers, 5 

Real functions of real variables, 56 

Reality of characteristic numbers, 226 

Real numbers, rational and irrational, 5 

Real part (R) of a complex number, 9 

Rearrangement of convergent series, 25; of double series, 28; of infinite determinants, 37; of 
infinite products, 33 
Reciprocal functions, Volterra’s, 218 

Reciprocals of elliptic functions (Glaisher’s notation), 494, 511 

Recurrence formulae, for Bessel functions, 359, 373, 374; for confluent hypergeometric functions, 
352 ; for Gegenbauer’s function, 330 ; for Legendre functions, 307, 309, 318; for Neumann’s 
function, 375; for parabolic cylinder functions, 350. See also Contiguous hypergeometric 
functions 
Region, 44 

Regular, 83; distribution of discontinuities, 212; integrals of linear differential equations, 201, 
(of the third order) 210; points (singularities) of linear differential equations, 197 
Relations between Bessel functions, 360, 371 ; between confluent hypergeometric functions 
W ±k m (± 2 ) and M k ±m (z), 346; between contiguous hypergeometric functions, 294; be¬ 
tween elliptic functions, 452; between parabolic cylinder functions D n (±z) and (±iz), 
348; between poles and zeros of elliptic functions, 433 ; between Biemann Zeta-f unctions 
f,(«) and £(1 - «), 269. See also Recurrence formulae 
Remainder after n terms of a series, 15; in Taylor’s series, 95 
Removable discontinuity, 42 
Repeated Integrals, 68 , 75 
Representative point, 9 

Residues, 111-124 (Chapter vi), defined, 111; of elliptic functions, 425, 497 
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Biemann’s associated function, 183,184, 185; condition of integrability, 63; equations satisfied 
by analytic functions, 84; hypothesis concerning £(»), 272, 280 ; lemmas, 172, 184, 185; 
P-equation, 206, 283, 291, 294, (transformation of) 207, (and the hypergeometric equation) 
208, see also Hypergeometric functions ; theory of trigonometrical series, 182-188, Zeta- 
f unction, see Zeta-function (of Blemann) 

Bless* method of ‘ summing * series, 156 
Bight (R-) class, 4 

Bodxigues’ formula for Legendre polynomials, 303 ; modified, for Gegenbauer’s function, 329 
Boots of an equation, number of, 120, (inside a contour) 119, 128; of Weierstrassian elliptic 
functions («j, e 2 , e&), 443 


Baalschfitx* integral for the Gamma-function, 248 
Scblftfli’s Bessel function of the second kind, [Y % (s)], 870 

Schl&fli’s integral for Bessel functions, 362, 372 ; for Legendre polynomials and functions, 303, 
304, 306; modified, for Gegenbauer’s function, 329 
Schl&mttCh’s expansion in series of Bessel coefficients, 377; function, 352 ; integral equation, 229 
Schmidt’s theorem, 223 
Schwaxs’ lemma, 186 

Second kind, Bessel function of, (Hankel’s) 370, (Neumann’s) 372, (Weber-Schlafli), 370, 
(modified) 373; elliptic integral of [E («), Z («)], 517, (complete) 518; Eulerian integral of, 
241, (extended) 244; integral equation of, 213, 221; Lam4 functions of, 562; Legendre 
functions of, 316-320, 325, 326 
Second mean-value theorem, 66 

Second solution of Bessel’s equation, 370, 372, (modified) 373 ; of Legendre’s equation, 316 ; of 
Mathieu’s equation, 413, 427 ; of the hypergeometric equation, 286, (confluent form) 343 ; of 
Weber’s equation, 347 

Second species of ellipsoidal harmonics, 537, (construction of) 540 
Section, 4 

Seiffert’a spherical spiral, 527 

Sequences, 11; decreasing, 12; increasing, 12 

Series (infinite series), 15 : absolutely convergent, 18; change of order of terms in, 25; con¬ 
ditionally convergent, 18; convergence of, 15; differentiation of, 81, 79, 92 ; divergence of, 
15; geometric, 19; integration of, 32, 78; methods of summing, 154-156; multiplication 
of, 29, 58, 59; of analytic functions, 91; of cosines, 165; of cotangents, 139; of inverse 
factorials, 142; of powers, see Power series ; of rational functions, 134; of sines, 166; of 
variable terms, 44 (see also Uniformity of convergence) ; order of terms in, 25; remainder of, 
15; representing particular functions, see under the name of the function; solutions of 
differential and integral equations in, 194-202, 228; Taylor’s, 93. See also Asymptotic 
expansions. Convergence, Expa nsions , Fourier series, Trigonometrical series and Uniformity 
of convergence 

Set, irreducible (of zeros or poles), 430 

Sigma-functioni of Weierstrass [*(*), <r x (z), <r 2 (z), <r 3 (z)],447, 448; addition formula for, 451, 
458, 460 ; analogy with circular functions, 447; duplication formulae, 459 , 460 ; four 
types of, 448; expression of elliptic functions by, 450; quasi-periodic properties, 447; 
singly infinite product for, 448; three-term equation involving, 451 , 461 ; Theta-functions 
connected with, 448, 473, 487; triplication formula, 459 
Signless integers, 3 
Simple curve, 43; pole, 102; zero, 94 
Simply-connected region, 455 
Sine, product for, 137 . See also Circular functions 
Sine-integral [Si (*)], 352 ; -series (Fourier series), 166 
Singly-periodic functions, 429. See also Circular functions 


Sin g ular ities, 83, 84, 102, 194, 197, 202; at infini ty, 104; confluence of, 203, 337; equations 
with five, 203; equations with three, 206, 210 ; equations with two, 208 ; equations with r. 
209; essential, 102, 104 ; irregular, 197, 202; regular, 197 
Singular points (singularities) of linear differential equations, 194, 202 
Solid harmonics, 392 


Solution of Bi em aa n ’a P-equation by hypergeometric functions, 283, 288 

Solutions of differential equations, see Chapters x, xvm, xxm, and under the names of special 
equations * 


Solutions of integral equations, see Chapter xi 

Sonine’s polynomial [T m n ( 2 )], 852 

Species (various) of ellipsoidal harmonics, 537 
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Spherical harmonica, tee Harmonica 
Spherical spiral, Seiffert’s, 527 
Spheroidal harm o ni c a , 408 

Squares of Bessel functions, 379, 380; of hypergeometra {unions, 298 ; of Jacobus eiliftee 
functions (relations between), 423; of Tbete-functioss (relations between), 486 
Statement of Fourier’s theorem, Dmchiet’s, 161,168, 164,176 
Steadily tending to zero, 17 

StieltJes’ theorem on zeros of Lam4 functions, 560, (generalised) 562; theory of Mathises 
equation, 417 

Stirling’s series for the Gamma-function, 351 
Stokes’ equation, 204 

Stolz’ condition for convergence of double series, 27 
Strings, vibrations of, 160 
Successive substitutions, method of, 221 
Sum-formula of Euler and Macl&urin, 127 

Summahility, methods of, 154-156 ; of Fourier series, 168; uniform, 156 
Surface harmonic, 392 
Surface, modular, 41 
Surfaces, nearly spherical, 332 

Sylvester’s theorem concerning integrals of harmonics, 400 
Symmetric nucleus, 223, 228 

Tabulation of Bessel functions, 378 ; of complete elliptic integrals, 518; of Gamma fnnct^os, 254 

Taylor’s series, 93 ; remainder in, 95 ; failure of, 100, 104, 110 

Teixeira’s extension of Burmann’s theorem, 131 

Telegraphy, equation of, 387 

Tesseral harmonics, 392 ; factorisation of, 536 

Teste for convergence, see Infinite integrals. Infinite products and Series 
Thermometric parameter, 405 

Theta-functions (z), (z), ^,(z), ^4 (z) or * (z), © (m)J, 462-490 (Chapter xxi) ; abridged note 

tion for products, 468, 469 ; addition formulae, 467; connexion with SigsM-faxKticti*, 44a. 
473, 487; duplication formulae, 488 ; expression of elliptic functions by* 473; four types 
of, 463; fundamental formulae (Jacobi’s), 467, 488; infinite products to, 468, 473, 4m* 
Jacobi’s first notation, 9 (u) and H (u), 479; multipliers, 468; notations, 464, 479, 467; 
parameters q, r, 463; partial differential equation satisfied by, 470; periodicity teeters, 
463; periods, 463; quotients of, 477; quotients yielding Jacobian elliptic functions, 478; 
relation ^'=^ 2 ^ 3 ^ 4 * *70 ? squares of (relations between), 466 ; transformation of, {Jacob**s 
imaginary) 124, 474, (Landen’s) 476; triplication formulae for, 490; with zero argument 
3-3, ^ 4 , V)* 464 ; zeros °*» 465 

Third hind of elliptic integral, II (u, a), 522 ; a dynamical application of, 523 

Third order, linear differentia! equations of, 210 , 298, 418, 426 

Third species of ellipsoidal harmonics, 537, (construction of) 541 

Three kinds of elliptic integrals, 514 

Three-term equation involving Sigma-functions, 451, 461 

Total fluctuation, 57 

Transcendental functions, tee under the names of special functions 

T ransfo rmations of elliptic functions and Theta-functions, 568; Jacobi's imaginary, 474, SOO 
506, 519; L&nden’s, 476, 507; of Biemann’s P-eq nation, 207 
Trigonometrical equations, 587, 588 

Trigonometrical integrals, 112, 263 ; and Gamma-functions, 258 

Trigonometrical series, 160-193 (Chapter ix); convergence of, 161; values of coefficients m. 16$ . 

Biemann’s theory of, 182-188; which are not Fourier senes, 160,163. See aim Fourier senes 
Triplica tion formulae for Jacobian elliptic functions and E («), 530,534 ; for Sigro*'function 
459; for Theta-functions, 490; for Zeta-functions, 459 
Twenty-four solutions of the hypergeometric equation, 284; relations between, 2tt5, 286, 290 
Two-dimensional continuum, 43 

Two variables, continuous functions of, 67 ; bypergeometnc functions (Appeil s) of. 300 
Types of ellipsoidal harmonics, 537 

Unicursal, 455 
TJniformisation , 454 
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Uniformising variables, 455; associated with confocal coordinates, 549 
XTniformity, concept of, 52 

Uniformity of continuity, 54; of summability; 156 

Uniformity of convergence, 41-60 (Chapter m), defined, 44; of Fourier series, 172, 179, 180; of 
infinite integrals, 70, 72, 73; of infinite products, 49; of power series, 57; of series, 44, 
(condition for) 45, (Hardy’s test for) 50, (Weierstrass’ Af-test for) 49 
Uniformly convergent infinite integrals, properties of, 73; series of analytic functions, 91, 
(differentiation of) 92 

Uniqueness of an asymptotic expansion, 153; of solutions of linear differential equations, 196 
Upper bound, 55; integral, 61 

Upper limit, integral equation with variable, 213, 221; to the value of a complex integral, 78, 91 

Value, absolute, see Modulus; of the argument of a complex number, 9, 588; of the coefficients 
in Fourier series and trigonometrical series, 163, 165, 167, 174; of particular hypergeometric 
functions, 281, 293, 298 , 301 ; of Jacobian elliptic functions of \iK, \{K+iIC), 500, 
506, 507 ; of K t IT for special values of k, 521, 524, 525; of n«) for special values of s, 
267, 269 

Vanishing of power series, 58 

Variable, uniformising, 455; terms (series of), see Uniformity of convergence; upper limit, 
integral equation with, 213, 221 

Vibrations of air in a sphere, 399; of circular membranes, 396; of elliptic membranes, 404, 405; 
of strings, 160 

Volterra’s integral equation, 221; reciprocal functions, 218 

Wave motions, equation of, 386; general solution, 397, 402; solution involving Bessel functions, 
397 

Weber’s Bessel function of the second kind [Y n (z)], 370 
Weber’B equation, 204, 209, 342, 347. See also Parabolic cylinder functions 
Weierstrass’ factor theorem, 137; M-te&t for uniform convergence, 49; product for the Gamma- 
function, 235 ; theorem on limit points, 12 

Weierstrassian elliptic function [£>( 2 )], 429-461 (Chapter xx), defined and constructed, 432, 
433; addition theorem for, 440, (Abel’s method) 442; analogy with circular functions, 
438; definition of {jp(z)-e r \b, 451; differential equation for, 436; discriminant of, 444; 
duplication formula, 441; expression of elliptic functions by, 448; expression of {£> (z) - jf> (y) 
by Sigma-functions, 451; half-periods, 444; homogeneity properties, 439; integral formula 
for, 437; integration of irrational functions by, 452; invariants of, 437; inversion problem 
for, 484; Jacobian elliptic functions and, 505; periodicity, 434; roots e lf e 2 , e 3 , 443. See 
also Sigma-functions and Zeta-function (of Weierstrass) 

Whittaker’s function TF fc m (z), see Confluent hypergeometric functions 
Wronski’s expansion, 147 

Zero argument, Theta-functions with, 464; relation between, 470 
Zero of a function, 94; at infinity, 104; simple, 94 

Zeros of a function and poles (relation between), 433; connected with zeros of its derivate, 121, 
123; irreducible set of, 430; number of, in a cell, 431; order of, 94 
Zeros of functions, (Bessel’s) 361, 367, 378, 381, (Lamp’s) 557, 558, 560, 578 , (Legendre’s) 303, 
316, 335, (parabolic cylinder) 354, (Riemann’s Zeta-) 268, 269, 272, 280, (Theta-) 465 
Zeta-ftinction, Z(u), (of Jacobi), 518; addition formula for, 518; connexion with E(u), 518; 
Fourier series for, 520; Jacobi’s imaginary transformation of, 519. See also Jacobian 
elliptic functions 

Zeta-ftmction, f(s), f(s, a), (of Riemann) 265-280 (Chapter xm), (generalised by Hurwitz) 265; 
Euler’s product for, 271; Hermifce’s integral for, 269; Hurwitz’ integral for, 268; in¬ 
equalities satisfied by, 274, 275; logarithmic derivate of, - 279 ; Riemann’s hypothesis 
concerning, 272, 280; Riemann’s integrals for, 266, 273; Riemann’s relation connecting £(s) 
and f (1 - s), 269; values of, for special values of s, 267, 269 ; zeros of, 268, 269, 272, 280 
Zeta-function, f(z), (of Weierstrass), 445; addition formula, 446; analogy with circular 
functions, 446; constants t} 1 , tj 2 connected with, 446; duplication formulae for, 459; ex¬ 
pression of elliptic functions by, 449; quasi-periodicity, 445; triplication formulae, 459. 
See also Weierstrassian elliptic functions 
Zonal harmonics, 302, 392 ; factorisation of, 536 
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